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PREFACE  TO   SECOND   EDITION 

In  revising  this  work  I  have  made  use  of  various  notes 
jotted  down  from  time  to  time  on  my  own  copy,  mainly 
as  the  result  of  questions  asked,  or  of  difficulties  pointed 
out,  by  students  who  were  reading  it  with  care. 
Suggestions  of  this  kind  I  have  found  to  be  almost 
always  of  value,  as  they  tend  to  make  the  book  better 
suited  to  the  wants  of  the  class  of  readers  for  whom  in 
particular  it  was  designed. 

The  sections  dealing  with  the  theory  and  graphical 
representation  of  colours  have  been  considerably  enlarged, 
mainly  from  the  investigations  of  Clerk-Maxwell  and 
from  a  recent  paper  by  Lord  Rayleigh. 

One  large  addition,  only,  has  been  made  to  the  book. 
It  deals  with  what  is  commonly  known  as  Gauss'  method 
of  treating  approximately  the  optical  properties  of  a 
system  of  media  bounded  by  spherical  surfaces  whose 
centres  are  in  one  line.  There  can  be  no  doubt  as  to 
the  elegance  of  the  constructions  furnished  by  this 
process,  nor  as  to  the  importance  of  the  theoretical 
results  it  discloses,  but  I  cannot  sympathise  with  what 
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I  consider  the  extravagant  laudation  which  is  sometimes 
bestowed  on  it.  I  have  treated  it  at  such  length  as  to 
show  its  basis  as  well  as  the  practical  application  of  it 
— but  I  am  not  sufficiently  acquainted  with  the  works 
of  the  older  British  writers  to  be  able  to  pronounce 
how  far  Gauss  was  anticipated  by  them. 

Some  of  the  critics  of  the  first  edition  objected  to  my 
occasional  use  of  the  language  and  methods  of  the 
Corpuscular  Theory.  I  am  not  convinced  by  their 
arguments,  and  have  left  the  work  unchanged  so  far  as 
concerns  this  matter.  I  think  that  it  is  good  for  the 
student  to  see  how  far  an  erroneous  theory  can  help  in 
explaining  facts,  even  if  it  were  one  whose  methods  had 
ceased  to  be  useful — and  it  was  with  the  approval  of 
Clerk-MaxAvell  that,  in  an  analogous  but  much  more 
doubtful  case,  I  employed  the  Caloric  Theory  (so  far  as 
it  would  go)  when  WTiting  on  Thermodynamics.  But 
the  Corpuscular  Theory  is  still  useful,  when  employed 
with  proper  precautions,  and  I  should  be  most  unwilling 
to  dismiss  with  contempt  a  mode  of  treatment  which  has 
led  to  A^aluable  results  in  the  hands  of  Newton,  Laplace, 
Malus,  and  Hamilton. 


P.  G.  TAIT. 


CoLLEOE,  Edinburgh, 
August  30,  1889. 
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This  work  is,  like  the  little  treatise  on  Heat  which  I 
have  just  published,  based  upon  the  system  which,  after 
many  years'  experience,  I  have  adopted  in  my  ordinary 
Lectures.     One  of  my  chief  reasons  for  bringing  out 
such  volumes  has  been  the  impossibility  of  treating  with 
adequate  detail,  in   a   single   Session,   each  branch   of 
Experimental  Physics.     I  have  always  given,  with  the 
requisite    experimental    illustrations,    the   fundamental 
phenomena  and  laws  of  each  branch— further   detail 
being  necessarily  confined  to  two  or  three  of  them, 
which    are    varied    from    Session    to     Session.       An 
Elementary  Treatise   like    this   will   therefore    supply, 
for  the  Student's  private  reading,  what  time  does  not 
permit  his    obtaining  in    the   Lecture-room,    in    those 
Sessions    in    which    Light    is    made    to  hold    a    less 
prominent  place  than  Heat,  Sound,  or  Electricity. 

The  book  is  thus  not  designed  for  those  who  intend 
to  make  a  special  study  either  of  theoretical  or  of  ex- 
perimental Optics,  but  for  ordinary  students  who  wish 
to  acquire  familiarity  with  the  elements  of  the  subject. 
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It  is  in  no  sense  a  mere  rei^rint  of  the  article  '•  Light " 
in  the  new  edition  of  the  I!ncydo])cedia  Briiannica.  The 
plan  of  that  work  required  that  the  subject  should  be 
treated  by  instalments,  under  very  different  heads  -,  and 
my  article  was  necessarily  limited  to  a  simple  sketch, 
whose  main  object  was  to  co-ordinate  these  detached 
portions,  some  of  which  are  not  yet  even  written.  Thus, 
for  instance,  a  mere  mention  was  made  of  Caustics, 
Halos,  Fresnel's  Wave-Surface,  etc. ;  while  such  subjects 
as  Focal  Lines,  Glories,  the  effect  of  Prisms  of  large 
angle,  and  the  physical  basis  of  Spectrum  Analysis,  were 
entirely  omitted. 

This  work  was,  unfortunately,  all  in  tj^e  before  Prof. 
Stokes'  Burnett  Lectures  appeared,  so  that  I  have  not 
been  able  to  avail  myself  of  any  part  of  the  remarkable 
cumulative  argument  in  favour  of  the  Undulatory  Theory 
which  is  the  main  object  of  these  Lectures. 

As  the  book  has  been  prepared  under  the  pressure  of 
a  very  busy  session,  and  as  I  have  had  but  slight  assist- 
ance in  correcting  the  press,  I  cannot  hope  that  it  will 
be  found  altogether  free  from  error. 


P.  G.  TAIT. 


College,  Edinburgh, 
March  1,  1884. 
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LIGHT 

CHAPTER  I 

INTRODUCTORY  AND  HISTORICAL 

1.  Sound  may  be  defined  as  any  effect  on  the  sense  of 
hearing,  and  in  the  same  way  Light  may  be  defined  as 
any  effect  on  the  sense  of  sight.  This  is  the  purely 
subjective  use  of  the  terms.  But  both  terms  are  quite 
as  frequently  used  in  the  objective  as  in  the  subjective 
sense.  Thus,  as  Sound  may  be  defined  in  terms  of  the 
motion  of  the  air  in  the  cavity  of  the  external  ear, 
mechanically  affecting  the  tympanum,  so  Light  may  be 
defined  by  the  mechanical  eftect  produced  upon  the 
extension  of  the  optic  nerve  which  forms  the  sensitive 
surface  of  the  retina. 

In  treating  of  Light  it  will  be  convenient  to  use  the 
term  in  a  sort  of  mixed  sense,  at  least  until  we  come  to 
discuss  the  different  theories  which  have  been  devised  to 
account  for  the  propagation  of  the  agent  which  causes 
vision.  Then  we  shall  have  to  use  the  term  entirely  in 
the  objective  sense.  On  the  other  hand,  in  Physiological 
Optics  (about  which  a  few  words  will  be  said  in  next 
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chapter)  we  are  concerned  chiefly  with  the  subjective 
sense  of  the  term, 

2.  The  present  work  is  intended  to  give  a  general 
sketch  of  the  subject  of  Optics,  so  far  as  it  can  be  treated 
by  the  help  of  elementary  mathematics,  but  with  sufficient 
detail  to  show  the  connection  of  its  various  branches. 

Many  of  these,  such  as  the  construction  and  use  of 
Telescopes,  or  of  Microscopes,  and  the  processes  of 
Spectrum  Analysis,  in  which  the  true  theory  has  been 
at  least  partially  ascertained,  have  been  developed  to 
such  an  extent  that  the  full  treatment  of  any  one  of 
them,  even  by  elementary  methods,  would  require  at 
least  one  large  volume.  Others,  which  promise  to  become 
of  at  least  equal  importance,  especially  in  the  information 
which  we  hope  to  derive  from  them  as  to  the  nature  of 
matter  and  of  the  ether,  are  still  in  that  exceedingly 
fragmentary  and  chaotic  state  which  indicates  the  ab- 
sence of  an  adequate  theory  to  enable  us  to  marshal 
the  facts. 

3.  Comparatively  recent  discoveries  have  shown  us 
that,  just  as  there  are  sounds  too  grave  or  too  shrill  to 
be  perceived  by  the  human  ear,  so  there  are  rays  of 
light  whose  vibrations  are  too  slow  or  too  rapid  tO  affect 
the  human  eye  (see  Chapter  XVI.) 

What  was,  not  very  long  ago,  almost  universally 
called  Radiant  Heat,  which  we  discover  by  the  sense  of 
touch,  and  measure  by  the  thermo-electric  pile  and  gal- 
vanometer, is  now  known  to  be  merely  the  graver  forms 
of  luminous  vibrations. 

And  the  so-called  Actinic  Bays,  which  were  discovered 
by  their  special  activity  in  connection  mth  the  earlier 
photographic  processes,  but  which  can  now,  by  the  aid 
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of  fluorescent  substances  (§§  207-210),  be  changed  into 
visible  rays,  are  merely  vibrations  too  rapid  to  affect  the 
eyes. 

Light,  in  fact,  now  takes  its  place  alongside  of 
electric  phenomena,  as  but  one  of  the  forms  of  energy 
associated  Avith  that  wonderful  kind  of  matter  provision- 
ally called  the  ether. 

4.  It  is  to  sight  that  we  are  mainly  indebted  for  our 
knowledge  of  external  things.  All  our  other  senses  to- 
gether, except  under  very  special  conditions,  do  not 
furnish  us  with  a  tithe  of  the  information  we  gain  by  a 
single  glance.  And  sight  is  also  that  one  of  our  senses 
which  we  are  able  most  effectively  and  extensively  to 
aid  by  the  help  of  proper  apparatus — not  merely  (as  by 
spectacles,  invented  circa  1300)  for  the  cure  of  natural 
defects,  but  (as  by  the  telescope  and  microscope)  for  the 
examination  of  bodies  either  too  distant  or  too  minute 
to  be  studied  by  the  unassisted  eye. 

5.  It  is  very  remarkable,  under  these  circumstances, 
to  find  how  slowly  the  human  race  has  reached  some 
even  of  the  simplest  facts  of  optics.  We  can  easily 
understand  how  constant  experience  must  have  forced 
on  men  the  conviction  that  light  usually  moves  in  straight 
lines — i.e.  that  we  see  an  object  in  the  direction  in  which 
it  really  lies.  But  how  they  could  have  believed  for 
ages  that  objects  are  rendered  visible  by  something  pro- 
jected from  the  eye  itself — so  that  the  organ  of  sight 
was  supposed  by  the  most  enlightened  of  them  to  be 
analogous  to  the  tentacula  of  insects,  and  sight  itself  a 
mere  species  of  touch — is  most  puzzling.  They  seem 
not  till  about  350  B.C.  to  have  even  raised  the  question 
— If  this  is  how  we  see,  why  cannot  we  see  in  the  dark  1 
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or,  more  simply, — What  is  darkness?  The  former  of 
these  questions  appears  to  have  been  first  put  by 
Aristotle. 

6.  The  nature  and  laws  of  Reflection  were,  of  course, 
forced  on  the  ancients  by  the  images  seen  in  still  water ; 
and  the  geometers  of  the  Platonic  school  were  well 
acquainted  with  these  laws.  To  Hero  of  Alexandria  we 
owe  the  important  deduction  from  them  that  the  course 
of  a  reflected  ray  is  the  shortest  possible. 

7.  The  general  nature  of  Refraction  also  was  known, 
with  some  of  its  special  applications,  such  as,  for  instance, 
to  the  construction  of  burning-glasses  and  magnifiers. 
These  were  probably  either  spherical  glass  shells  filled 
with  water  or  balls  of  rock  crystal. 

8.  In  the  first  century  of  our  era  Cleomedes  pointed 
out  how  a  coin  at  the  bottom  of  an  empty  cup,  where 
the  eye  cannot  see  it,  can  be  made  visible  by  filling  the 
cup  with  water ;  and  he  showed  that,  in  a  similar  way, 
the  air  may  render  the  sun  visible  to  us  while  it  is  still 
below  the  horizon. 

Shortly  after  this  date  Ptolemy  (the  celebrated 
astronomer)  published  his  great  work  on  Optics.  He 
treats  of  vision,  reflection,  the  theory  of  plane  and  of 
concave  mirrors,  and  of  refraction.  He  measured,  with 
considerable  accuracy,  the  angles  of  incidence  and  re- 
fraction, for  rays  passing  from  air  into  water  and  into 
glass,  and  from  water  into  glass ;  it  was  not,  however, 
till  more  than  fifteen  hundred  years  had  passed  that 
the  true  relation  between  these  angles  was  discovered. 

In  addition  to  what  has  just  been  mentioned,  the 
ancients'  knowledge  of  optics  was  limited  to  a  very 
superficial  acquaintance  with  some  of  the  properties  of 
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rainbows,  halos,  mirage,  etc.  But  it  was  fragmentary  in 
the  extreme — though  it  far  surpassed  in  amount  as  well 
as  in  accuracy  their  knowledge  of  the  other  branches  of 
physical  science. 

9.  It  is  not  easy  to  understand  the  ideas  of  the 
ancients  about  Colour.  That  it  is  a  property  of  a  body 
— just  as  its  density,  its  hardness,  or  its  smell  is  a 
property — was  probably  held  by  them.  But  they  also 
imagined  that  a  body  could  communicate  its  colour  to 
light ;  thus,  for  instance,  the  clouds  were,  by  some  of 
them,  supposed  to  communicate  their  colours  to  the 
sunbeams  which  form  a  rainbow. 

10.  Our  next  glimpse  of  real  progress  dates  from  the 
end  of  the  eleventh  or  the  beginning  of  the  twelfth  century, 
when  Alhazen^  wrote,  in  Arabic,  a  treatise  on  optics 
which  for  five  hundred  years  or  more  was  in  Europe  the 
recognised  authority  on  the  subject.  It  was,  in  many 
parts,  founded  on  the  work  of  Ptolemy,  but  with  con- 
siderable additions  and  improvements.  Alhazen  gives 
an  anatomical  description  of  the  eye,  and  points  out, 
fairly  enough,  how  with  two  eyes  we  see  only  one  image. 
But  he  also  points  out  that  we  see  each  object,  however 
small,  by  a  pencil  of  diverging  rays, — not  (as  the  ancients 
imagined)  by  a  single  ray.  Alhazen  accounts  for  twi- 
light, and  shows  how  by  it  to  measure  the  height  of  the 
atmosphere.  He  also  gives  the  now  generally  received 
explanation  of  the  curious  fact  that  the  sun  and  moon 
appear  larger  when  rising  or  setting  than  when  they  are 
high  in  the  heavens. 

^  The  proper  name  of  this  geometer  is  El-Hasau  (or  by  other 
accounts  Mohammed)  ibn  el-Hasan  ibn  el-Haitham,  and  it  is  as  Ibn 
el-Haitham  that  he  is  commonly  refeiTed  to. 
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11.  The  further  progress  of  the  subjectweneednotnow 
trace.  From  the  end  of  the  sixteenth  century  that  pro- 
gress has  been  extremely  rapid.  The  dates  of  the  more 
important  steps,  and  the  names  of  their  authors,  will  be 
given  when  we  treat  of  these,  in  their  turn,  in  the  course 
of  the  work ;  and  we  will  give  them  the  additional 
interest  of  being  presented  in  the  authors'  own  words 
(if  in  English),  or  in  a  close  paraphrase  of  them. 

But  it  would  be  foreign  altogether  to  the  plan  of  this 
work  to  enter  into  a  full  discussion  of  Light  in  its 
relations  to  electric  phenomena.  This  excessively 
important  part  of  the  subject  is  still  in  its  infancy ; 
and,  without  introducing  a  great  deal  of  preliminary 
matter  connected  with  electricity,  it  would  be  impossible 
to  give  any  simple  discussion  of  even  those  points  on 
which  we  have  arrived  at  comparative  certainty. 


CHAPTER  II 

PRELIMINARY   STATEMENTS 

12.  Before  we  commence  a  more  rigorous  treatment 
of  the  subject,  it  may  be  well  to  make  a  few  preliminary 
statements  as  to  the  nature  of  Vision  and  the  conditions 
for  distinct  vision.  Properly  speaking,  these  belong  to 
Physiological  Optics,  a  subject  quite  beyond  the  proper 
range  of  this  work ;  but  it  is  impossible  to  treat  intelli- 
gibly any  part  of  ^our  subject  without  presupposing 
some,  generally  very  slight,  knowledge  of  other  parts. 
And  the  few  preliminary  statements  we  have  now  to 
make  are  in  no  respect  theoretical,  while  they  are  so 
simple  that  any  one  may  at  once  test  their  truth  for 
himself. 

The  reader  may  expect  to  feel,  in  this  short  chapter, 
the  inevitable  inconvenience  which  results  from  the  inti- 
mate interdependence  of  the  various  parts  of  our  subject. 
This  is  characteristic  of  all  branches  of  science.  No  one 
part  can  be  fully  studied  alone  ;  each  requires  assistance 
from,  or  at  least  reference  to,  others ;  so  that  the  problem 
of  how  and  where  to  begin  is  one  of  the  most  difficult 
which  an  author  has  to  face.  The  terms,  however,  which 
we  must  introduce  (without  explanation)  in  the  present 
chapter  are,  with  few  exceptions,  such  as  the  reader  may 
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reasonably  be  supposed  to  have  met  with  before.  And, 
should  he  but  imperfectly  understand  them  at  this  stage, 
he  will  be  referred  back  to  the  present  use  of  them  when 
the  opportunity  for  their  full  explanation  has  arrived. 

13.  Except  in  the  case  of  a  very  abnormal  eye  (ex- 
tremely short-sighted  or  long-sighted  as  the  case  may  be) 
there  is  a  distance  from  it — usually  somewhere  about  10 
inches — at  which  if  an  object  be  placed,  it  is  seen  more  dis- 
tinctly than  if  placed  at  any  other  distance.   Almost  every 
one,  perhaps  without  knowing  it,  habitually  places  at  or 
about  that  distance  from  his  eye  an  object  which  he  wishes 
to  examine  carefully.     When  he  places  it  at  a  smaller 
distance  he  becomes  conscious  of  the  effort  required  to  see 
it  distinctly.     He  has,  in  fact,  to  alter  the  form  of  the 
optical  machinery  of  the  eye,  by  a  muscular  effort,  so 
that  it  may  become  capable  of  bringing  to  a  focus,  on  the 
retina,  rays  more  divergent  than  those  for  which  the 
parts  were  in  their  unstrained  state  adapted.     If  the 
object  be  at  a  distance  greater  than  10  inches,  he  can 
still  see  it  distinctly;   but  he  cannot  examine  it  with 
such  detail   as  before,  because   he   necessarily  sees   it 
under  a  smaller  angle. 

14.  Hence  we  arrive  at  the  conclusion  that,  for  the 
maximum  distinctness  of  vision,  rays  should  fall  on  the 
eye  diverging  as  if  they  came  from  a  point  about  10 
inches  distant.  But  for  all  ordinary  eyes,  any  divergence, 
from  double  of  this  {i.e.  divergence  as  if  from  a  distance 
of  5  inches)  to  zero  {i.e.  parallel  rays)  is  consistent  with 
the  possibility  of  distinct  vision.  Rays  either  more 
divergent  than  the  former  limit,  or  convergent,  are  unfit 
to  produce  distinct  vision. 

15.  Hence  every  optical  instrument,  whatever  be  the 
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reflections  or  refractions  to  which  light  has  been  subjected 
in  passing  through  it,  must  allow  the  light  finally  to 
escape  either  in  parallel  rays,  or  with  a  divergence  within 
the  above  specified  limits,  if  it  is  to  be  employed  by 
an  ordinary  eye.  The  comparatively  slight  diff'erences 
which  exist  among  ordinary  eyes  are  easily  compensated 
by  the  rack-work,  or  the  screw  adjustment,  which  is  in- 
variably attached  to  the  eye-piece  of  a  good  telescope 
and  to  the  body  of  a  good  microscope.  Every  motion 
of  this  rack-work  alters  the  divergence  of  the  rays  as  they 
finally  escape  from  the  instrument. 

16.  Any  eye,  however  abnormal,  if  it  be  capable  of 
producing  distinct  vision  at  all,  has  only  to  be  furnished 
with  suitable  spectacles  in  order  that  it  may  behave 
exactly  as  does  a  normal  eye. 

[A  peculiar  defect  of  some  eyes  is  that  the  curvature  of 
the  lens  (or  of  the  cornea?)  is  not  the  same  in  two  sections 
at  right  angles  to  one  another  : — i.e.  these  bodies  are  not 
figures  of  revolution.  This  defect  can,  to  a  great  extent, 
be  corrected  by  spectacles  which  possess  similar  but 
opposite  properties.  A  glance  at  the  shading  of  figures 
(3)  and  (5),  which  follow,  will  enable  the  reader  to  dis- 
cover whether  or  not  his  eyes  have  this  peculiarity.  It 
must  necessarily  be  present  if  he  cannot  see  distinctly, 
and  simultaneously,  the  several  vertical,  horizontal,  and 
inclined  lines  in  the  shaded  parts  of  these  figures.] 

This  statement,  however,  refers  only  to  sharpness  of 
definition,  not  in  any  degree  to  colo^ir.  The  deficiency 
which  causes  Colour-Blindness  cannot  be  supplied  by  any 
conceivable  process.  A  definite  part  of  the  ordinary  organ 
of  vision  is  wanting  (or  inactive)  in  such  cases — while  the 
merely  optical  parts  of  the  eye  are  usually  in  perfect  order. 
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A  limit  to  the  angle  subtended  by  an  object  which 
can  be  seen  as  having  sensible  breadth,  or  to  the  angular 
distance  of  two  stars  which  can  be  seen  as  hvo,  is  imposed 
by  the  dimensions  of  the  "  rods  and  cones  "  of  the  retina. 
It  is  somewhere  about  1  minute  of  arc  only. 

A  limit  of  a  different  kind  (due  partly  to  the  above, 
partly  to  diffraction,  want  of  illumination,  etc.)  has  been 
assigned  by  v.  Helmholtz  and  Abbe.  It  appears  from 
their  researches  that  the  smallest  object  which  can  be 
made  distinctly  visible  by  any  conceivable  microscope  has 
a  diameter  of  about  Tao^oooth  of  an  inch. 

17.  Another  fact  which  must  be  stated  here  is  that, 
to  produce  vision  of  a  body  in  its  natural  position, 
the  image  on  the  retina,  as  seen  from  the  back, 
must  be  inverted — not  merely  as  regards  up  and  down, 
but  also  as  regards  right  and  left.  Thus,  in  the  ordinary 
astronomical  telescope,  the  image  on  the  retina  is  not  in- 
verted, and  we  therefore  see  an  inverted  image.  By  light 
reflected  from  an  ordinary  plane  mirror  the  image 
formed  on  the  retina  is  not  inverted  as  regards  right  and 
left.     Hence  we  see  a  perverted  image. 

18.  A  third  is  that  our  judgment  of  the  relative 
distances  of  various  objects,  or  of  the  parts  of  any 
one  object,  is  formed  mainly  by  the  use  of  the  two 
eyes  simultaneously.  One  eye,  kept  still,  can  inform 
us  only  of  relative  distance  in  virtue  of  the  greater  or 
less  effort  to  see  distinctly  (already  spoken  of).  With 
both  eyes,  or  with  one  eye  moved  from  side  to  side, 
parallax  comes  in,  and  gives  us  the  stereoscopic  effect,  as  it 
is  called.  This  power  of  judging  distance  is,  of  course, 
greater  as  the  eyes  are  set  more  widely  apart.  There  is, 
practically,  no  limit  to  the  effective  distance  between 
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the  eyes  when  the  proper  instrumental  methods  (as  with 
the  telestereoscope)  are  employed. 

When  two  pictures  of  the  same  object,  represented 
side  by  side  on  one  plane  as  the  object  would  be  seen  by 
either  eye  respectively,  are  looked  at  (one  by  each  eye), 
the  impression  produced  on  the  mind  is  that  of  the  solid 
figure  of  which  they  are  pictures.  If  one  type  in  a 
printed  page  has  been,  ever  so  slightly,  displaced  between 
two  impressions,  we  can  detect  it  in  a  moment  by  this 
process,  for  it  appears  to  be  above  or  below  the  plane 
in  which  the  others  he.  Similarly,  a  forged  bank-note 
may  be  detected  by  comparing  it  ■with  a  genuine  one. 

19.  It  is  also  necessary  to  premise  a  few  words  about 
colour.  The  various  homogeneous  rays  of  the  solar 
spectrum  have  each  a  colour  of  its  OAvn  which  no  refrac- 
tion can  modify.  But  what  about  the  many  colours 
which  do  not  occur  in  the  spectrum'?  To  such  a  question 
as  "What  is  yellow?"  the  answer  is,  ^^  Each  particular  hind 
of  yellow  may  he  any  one  of  an  infinite  number  of  different 
combinations  of  homogeneous  rays."  And  the  same  is  true, 
in  general,  of  all  other  colours. 

Clerk-MaxAvell  found  that  a  yellow,  equivalent  to  that 
of  the  spectrum,  can  be  obtained  by  mixing  in  proper 
proportions  certain  homogeneous  red  and  green  rays. 
This  single  example  is  sufficient  to  show  that  the  colour- 
sense  is  of  a  very  peculiar  nature. 

20.  This  question  belongs  wholly  to  Physiological 
Optics,  and,  as  such,  is  practically  outside  the  range  of 
this  work  : — but  for  our  present  purpose  it  is  necessary 
to  say  that  we  have  very  strong  reasons  for  believing 
(after  Wiinsch  and  Young)  that  the  normal  eye  has  only 
three  colour-sensations — a  red,  a  green,  and  a  violet — and 
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that  the  apparent  colour  of  any  light  which  falls  on  it 
depends  merely  on  the  relative  intensities  of  the  excitement 
produced  by  the  light  on  the  three  organs  of  sense 
corresponding  to  these  sensations.  This  is  true,  however, 
only  within  certain  limits  of  intensity  :  for  extremely 
bright  light,  whatever  be  its  real  colour,  seems  to  excite 
all  the  three  sensations  simultaneously,  much  as  Avhite 
light  does ;  and  with  very  feeble  light  (as,  for  instance, 
that  of  an  ordinary  aurora  or  of  a  lunar  rainbow)  we  are 
sometimes  scarcely  conscious  of  colours. 

In  colour-blindness  one  or  more  of  these  organs  of 
sense  is  wanting,  or  imperfect.  The  most  common  form, 
Daltonism,  depends  on  the  absence  of  the  red  sense. 
Great  additions  to  our  knowledge  of  this  subject,  if  only 
in  confirmation  of  results  already  deduced  from  theory, 
have  been  obtained  in  the  last  few  years  by  Holmgren  ;^ 
who  has  experimented  on  two  persons,  each  of  whom 
was  found  to  have  one  colour-blind  eye,  the  other  being 
nearly  normal.  In  this  way  was  obtained,  what  could 
otherwise  have  been  matter  of  conjecture  only,  a  descrip- 
tion of  colour-blind  vision  in  terms  of  (at  least  approxi- 
mately) normal  vision. 

21.  Newton  devised  a  graphical  method  of  represent- 
ing, by  points  on  a  plane,  all  colours,  whether  belonging 
to  homogeneous  light  or  not.  Young,  y.  Helmholtz, 
Clerk-Maxwell,  and  others,  have  successively  developed 
and  improved  Newton's  method.  It  has  been  shown 
experimentally  that  if  we  take  any  three  standard  colours 
(such  that  no  two  of  them  can,  in  combination,  produce 
the  third)  any  fourth  colour  can,  in  general,  be  produced 
by  combining  them  in  proper  proportions.    Let  the  stan- 

1  Froc.  Roy.  Soc,  Jau.  1881. 
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darcis  be  represented  by  A,  B,  C ;  let  x,  y,  z  be  numerical 
quantities  expressing  the  amounts  of  each  in  the  mixture, 
then  a  fourth  colour  D  can  be  represented  by  the  equa- 
tion 

If  A,  B,  C  be  properly  selected,  the  numerical  factors 
cannot  have  negative  values.  But  if,  in  consequence  of 
improper  selection  of  standards,  one  (or  two)  of  x,  y,  z 
should  be  found  negative,  the  expression  above  still 
admits  of  interpretation  as  a  colour-equation.  For  we 
have  only  to  take  the  negative  term  (or  terras)  to  the 
left  hand  side,  and  our  statement  then  is  that  D,  along 
with  a  specified  colour  or  mixture,  matches  what  remains 
on  the  right.  Such  relations  can  be  geometrically 
exhibited  in  many  simple  ways.  That  most  commonly 
employed  is  to  put  A,  B,  C  at  the  corners  of  a  standard 
triangle.  Then  if  we  conceive  a  system  of  three  parallel 
forces,  xA,  yB,  zG,  to  act  at  these  points  respectively,  D 
is  the  point  in  the  plane  called  the  centre  of  these  parallel 
forces.  If,  and  only  if,  x,  y,  z  be  all  positive,  D  lies 
within  the  triangle.  If  one  of  them  vanish  D  lies  on 
one  of  the  sides;  and  if  two  vanish  it  obviously  lies 
at  a  corner.  Maxwell  contrived  a  very  simple  method 
by  which  the  surface  of  a  circular  disc  could  be  covered 
with  sectors  of  three  highly-coloured  papers  (vermilion, 
emerald-green,  and  ultramarine)  in  such  a  way  that  the 
angles  of  the  sectors  could  be  adjusted  at  pleasure. 
"When  this  disc  (or  colour-top)  is  set  in  rapid  rotation,  we 
have  a  mixture  of  the  three  colours  in  any  desired  pro- 
portions. By  comparison  of  the  compound  colour,  thus 
produced,  with  the  various  homogeneous  rays  of   the 
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solar  spectrum,  it  is  found  that  these  can  always  be  at 
least  nearly  matched,  the  exceptional  cases  being  of 
course  those  where  D  lies  outside  the  triangle  A,  B,  C 
By  changing  the  coloured  papers  it  is  easy  to  obtain  a 
new  class  of  exceptional  cases,  and  thus  finally  to  deter- 
mine what  three  colours,  when  used  as  standards,  would 
leave  no  exceptional  cases.  These  must,  of  course, 
correspond  to  the  three  colour  sensations  respectively. 

Another  method  employed  by  Clerk-Maxwell  (after 
V.  Helmholtz)  was  to  select  definite  homogeneous  rays  of 
the  spectrum  as  the  standard  colours.  Maxwell  mixed 
these  in  a  very  ingenious  manner  in  any  desired  propor- 
tions by  means  of  his  colour-box  {Phil.  Trans.,  1860).  The 
rays  selected  were  a  scarlet  about  J  of  the  way  from  the 
Fraunhofer  line  C  (§  249)  to  D,  a  green  near  E,  and  a 
blue  \  of  the  way  from  F  to  G.  (They  correspond  to 
the  numbers  24,  44,  68  on  the  appended  scale,  which  is 
here  inserted  for  the  sake  of  a  subsequent  discussion. 
See  §  258.)  These  parts  of  the  spectrum  are  tolerably 
bright,  and  in  regions  where  the  tint  varies  but  slowly, 
so  that  their  relative  intensities  in  the  mixture  could  be 
varied  at  pleasure,  without  risk  of  error,  by  narrowing 
or  widening  the  slits  through  which  they  were  admitted. 

The  following  cut  gives  a  graphical  representation  of 
the  composition  of  the  various  parts  of  the  solar  spectrum 
as  seen  by  a  normal  eye  (that  of  Clerk -Maxwell).  The 
standard  colours  employed  are  those  spectral  ones  above 
named,  and  ordinates  of  the  dotted  curves  show  the 
proportions  in  which  these  must  be  mixed  at  each  point 
of  the  spectrum  to  produce  the  corresponding  impression 
of  colour.  Where  one  of  the  curves  lies  below  the  axis, 
the  corresponding   amount  of   that  sensation  must  be 
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combined  with  that  produced  by  the  spectrum  colour  to 
give  the  effect  of  the  other  two.     The  full  line,  whose 


Fig.  a. 


ordinates  are  the  algebraic  sums  of  those  of  the  dotted 
lines,  gives  the  whole  amount  of  sensation  at  each  point 
of  the  spectrum.  [Another  physiological  peculiarity  is 
seen  in  the  two  maxima  of  the  (dotted)  blue  curve. 
This  is  due  to  a  want  of  sensibility  (in  dark  eyes)  to 
some  special  region  of  the  spectrum.] 


FiQ.  2. 

The  next  cut  gives,  in  the  same  way,  the  correspond- 
ing result  for  a  case  of  Daltonism  (in  one  of  Maxwell's 
students). 

22.  Finally,  the  sensation  of  sight  is  not  limited  to 
the  duration  of  the  mechanical  action  on  the  eye.  It  is 
known  that  we  do  not  see  a  sudden  flash  (an  electric 
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spark,  for  instance)  until  a  measurable,  though  very 
short,  period  has  elapsed.  This  depends  on  the  rate  at 
which  an  excitation  is  propagated  along  the  optic  nerve. 
But  the  familiar  experimeat  of  whirling  a  red-hot  stick 
in  a  dark  room  shows  that  the  sensation  of  sight  lasts 
for  a  short  period  after  the  mechanical  action  which 
produced  it  has  ceased.  This  period  is  probably  different 
for  different  eyes,  and  for  different  amounts  of  excite- 
ment even  in  the  same  eye.  (If  the  light  be  very  intense 
the  effect  lasts  much  longer,  but  completely  changes  its 
character.)  For  our  present  purpose  it  may  be  assumed 
that  the  duration  is  someAvhere  about  yth  of  a  second. 
Thus,  if  the  end  of  the  red-hot  stick  describes  a  circle 
once  in  rth  of  a  second,  we  see  the  complete  circle ;  if 
in  a  longer  period,  we  see  at  once  such  a  part  of  it  only 
as  was  described  in  -fth  of  a  second. 

Connected  with  this  is  the  remarkable  result  obtained 
experimentally  by  Swan,^  that  the  amount  of  sensation 
is,  for  flashes  of  short  duration,  directly  proportional, 
not  only  to  the  brightness  of  the  flash,  but  also  to  its 
duration.  A  flash  which  lasts  for  xVth  of  a  second  pro- 
duces the  full  effect  on  the  eye ;  but  an  electric  spark, 
such  as  an  ordinary  {not  a  reciprocating)  flash  of  light- 
ning, which  certainly  does  not  endure  for  more  than 
loooooiyth  of  a  second,  produces  at  most  only  xWtroirth 
of  the  effect  it  would  produce  if  it  lasted  yVth  of  a  second. 
23.  On  this  short,  though  essentially  finite,  duration  of 
visual  impressions  depends  the  action  of  the  thaimmtrope, 
the  wheel  of  life,  etc.  In  the  former  we  are  presented 
with  views  of  two  different  objects,  or  of  different  parts 
of  the  same  object,  in  rapid  succession  ;  and  we  combine 
^  Trans.  Roy.  Soc.  Edin.,  1849,  1861. 
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them  into  one  picture.  In  the  second,  a  succession 
of  views  of  an  object,  in  different  positions  or  forms, 
is  presented  to  the  eye,  each  for  a  brief  interval. 
The  result  is  that  we  fancy  we  see  one  and  the  same 
object  going  through  a  species  of  continuous  motion,  or 
of  change  of  form,  Avhich  would  present  it  to  the  eye  in 
these  successive  positions  or  forms.  Thus,  a  tadpole 
may  be  represented  as  wriggling  about,  or  as  developing 
continuously  into  a  frog,  etc.  Kecent  improvements  in 
photography  have  made  it  possible  to  take  successive 
instantaneous  pictures,  of  a  horse  in  the  act  of  trotting, 
at  intervals  sufficiently  short  to  enable  us,  by  the  use  of 
the  wheel  of  life,  to  reproduce  fully  the  action  of  the 
horse's  legs. 


c 


CHAPTER  III 

SOURCES  OF  LIGHT 

24.  This  subject  is  really,  from  the  theoretical  point  of 
view,  the  question  of  the  origin  of  Eadiation;  Avhile 
from  the  practical  point  of  view  it  expressly  includes 
the  whole  subject  of  candles,  lamps,  electric  lighting,  etc. 
The  former  of  these  is  a  legitimate  part  of  our  work,  and 
will  be  treated  with  some  little  detail  farther  on ;  the 
latter  is  altogether  beyond  our  province.  But  the  general 
theory  must  be  learned  by  the  student  from  some  of 
the  recent  really  scientific  works  upon  Heat,  Thermody- 
namics, or  Energy  generally.  For  our  present  purpose 
a  very  brief  summary  of  the  question  will  suffice ;  as  we 
do  not  for  the  moment  require  to  investigate  the  process 
by  which,  in  any  case,  the  light  is  produced. 

25.  The  main  source  of  light  is  Licandesccnce.  (It  is 
usually  understood  that  to  be  incandescent  a  body  must 
be  at  a  high  temperature.)  This  may  be  due  to  any  of 
a  number  of  causes,  such  as  the  following  : — 

(a)  The  Potential  Energy  of  Gravitation  of  Scattered 
Fragments  of  Matter. — When  these  fall  together,  as  in  the 
formation  of  the  sun  and  stars,  heat  enough  may  be 
generated  l^y  impact  to  render  the  Avhole  vividly  in- 
candescent.     It  is  probable  that  the  light  of  nebulae. 
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and  the  proper  light  of  comets,  is  due  to  this  cause.  The 
proximate  cause,  in  all  these  cases,  is  the  kinetic  energy 
of  the  fragments  before  impact.  To  this  class,  therefore, 
can  be  reduced  the  light  given  out  when  a  target  is 
struck  by  a  cannon  shot. 

(h)  The  Kinetic  Energy  of  Current  Electricity  or  of  an 
Electric  Discharge. — Here  we  have  lightning,  the  electric 
light  (whether  it  be  the  arc-light  or  the  incandescent 
light),  and  probably  also  the  light  of  the  aurora. 

(c)  The  Potential  Energy  of  Chemical  Afjinity. — The 
lime-light,  gas-light,  candle  and  lamp-light,  fire-light,  the 
magnesium-light,  etc.;  also  phosphorus,  etc.,  glowing  in 
the  dark. 

(fZ)  Friction,  as  in  the  trains  of  sparks  from  a  grind- 
stone or  brake ;  though  here,  in  general,  chemical  affinity 
also  has  a  share. 

(e)  Sudden  great  Compression  of  a  Gas,  as  of  air  by 
meteoric  stones  and  falling  stars. 

26.  Another  very  curious  source,  not  (so  far  as  is 
known)  reducible  to  incandescence,  is  the  giving  out 
{usually  in  an  altered  form)  of  light  previously  absorbed : 
— fluorescence,  phosphorescence,  luminous  paints,  etc. 
Sometimes  a  body  is  rendered  phosphorescent  by  com- 
paratively moderate  heating,  with  the  exclusion  of  all 
visible  light. 

27.  A  third  source  is  one  which,  for  the  present, 
must  be  treated  as  physiological : — fire-flies,  glow-worms. 
Medusa,  Nyctophanes,  the  Bacteria  on  dead  fish,  etc. 
These,  from  their  very  nature,  cannot  be  discussed  here. 

28.  Any  not  black  and  not  transparent  body,  ex- 
posed to  any  of  these  sources  of  light,  becomes  in  its  turn 
what  may  for  our  purpose  also  be  treated  as  a  source. 
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29.  As  will  be  shown  when  we  deal  with  Radiation, 
the  only  bodies  which,  when  incandescent,  give  every 
constituent  of  white  light,  are  bodies  which  are  black 
in  the  sense  of  absorbing  each  and  every  ray  which  falls 
upon  them.  Such  bodies  are  not  necessarily  solids — 
they  may  be  liquids,  or  even  gases  (in  great  thickness), 
though  the  best  examples  we  have  of  them  are  lamp- 
black, and  (somewhat  less  perfect)  charcoal,  and  gas-coke. 

30.  Newton's  speculations  on  this  subject,  taken  from 
the  "  Queries  "  at  the  end  of  his  Optics,  give  an  exceed- 
ingly interesting  sketch  of  the  state  of  human  know- 
ledge in  his  time.  We  quote  a  few  of  the  more  curious. 
There  is  a  strange  admixture  of  errors,  but  a  still  more 
strange  anticipation  of  some  of  the  most  important  of 
modern  discoveries. 

"  Query  6.  Do  not  Black  bodies  conceive  heat  more 
easily  from  light  than  those  of  other  colours  do,  by 
reason  that  the  light  falling  on  them  is  not  reiiected 
outwards ;  but  enters  the  bodies,  and  is  often  re- 
flected and  refracted  within  them,  until  it  be  stifled  and 
lost? 

"Query  8.  Do  not  all  Fixed  bodies,  when  heated 
beyond  a  certain  degree,  emit  light  and  shine;  and  is 
not  this  emission  performed  by  the  vibrating  motions  of 
their  Parts.  And  do  not  all  bodies,  which  abound  with 
Terrestrial  parts,  and  especially  with  Sulphureous  ones, 
emit  light,  as  often  as  those  parts  are  sufficiently 
agitated ;  whether  that  agitation  be  made  by  heat,  or  by 
friction,  or  percussion,  or  putrefaction,  or  by  any  vital 
motion,  or  any  other  cause  ?  .  .  . 

"Query  9.  Is  not  Fire  a  body  heated  so  hot,  as  to 
emit  light  copiously  1    For  what  else  is  a  red-hot  iron 
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than  fire  1  And  what  else  is  a  burning  coal  than  red- 
hot  wood  1 

"Query  10.  Is  not  Flame  a  vapour,  fume,  or  exhala- 
tion heated  red-hot,  that  is,  so  hot  as  to  shine  1  For 
bodies  do  not  flame  without  emitting  a  copious  fume, 
aud  this  fume  burns  in  the  flame.  The  Ignis  Fatims  is 
a  vapour  shining  without  heat;  and  is  there  not  the 
same  difierence  between  this  vapour  and  flame,  as 
between  rotted  wood  shining  Avithout  heat  and  burning 
coals  of  fire  1  In  distilling  hot  spirits,  if  the  head  of  the 
still  be  taken  off",  the  vapour,  which  ascends  out  of  the 
still,  will  take  fire  at  the  flame  of  a  candle,  and  turn  into 
flame,  and  the  flame  will  run  along  the  vapour  from  the 
candle  to  the  still.  Some  bodies  heated  by  motion  or 
fermentation,  if  the  heat  grow  intense,  fume  copiously ; 
and  if  the  heat  be  great  enough,  the  fumes  will  shine, 
and  become  flame.  Metals  in  fusion  do  not  flame  for 
want  of  a  copious  fume,  except  spelter,  which  fumes 
copiously,  and  thereby  flames.  All  flaming  bodies,  as 
oil,  tallow,  wax,  wood,  fossil  coals,  pitch,  sulphur,  by 
flaming  waste  and  vanish  into  burning  smoke  ;  which 
smoke,  if  the  flame  be  put  out,  is  very  thick  and  visible, 
and  sometimes  smells  strongly,  but  in  the  flame  loses  its 
smell  by  burning ;  and,  according  to  the  nature  of  the 
smoke,  the  flame  is  of  several  colours;  as  that  of  sulphur, 
blue ;  that  of  copper  opened  with  sublimate,  green ;  that 
of  tallow,  yellow;  that  of  camphire,  white.  Smoke 
passing  through  flame  cannot  but  grow  red-hot;  and 
red-hot  smoke  can  have  no  other  appearance  than  that 
of  flame.  .  .  . 

"Query  11.  Do  not  Great  bodies  conserve  their  heat 
the  longest,  their  parts  heating  one  another ;  and  may 
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not  Great  dense  and  Fixed  bodies,  when  heated  beyond 
a  certain  degree,  emit  light  so  copiously,  as  by  the 
emission  and  re-action  of  its  light,  and  the  reflections 
and  refractions  of  its  rays  within  its  pores,  to  grow  still 
hotter,  till  it  comes  to  a  certain  period  of  heat,  such  as 
is  that  of  the  sun  1  And  are  not  the  sun  and  fixed  stars 
great  earths  vehemently  hot;  whose  heat  is  conserved 
by  the  greatness  of  the  bodies,  and  the  mutual  action 
and  re-action  between  them,  and  the  light  which  they 
emit ;  and  whose  parts  are  kept  from  fuming  away,  not 
only  by  their  Fixity,  but  also  by  the  vast  weight  and 
density  of  the  atmospheres  incumbent  upon  them,  and 
very  strongly  compressing  them,  and  condensing  the 
vapours  and  exhalations  which  arise  from  them  1  .  .  . 
And  the  same  great  weight  may  condense  those  vapours 
and  exhalations,  as  soon  as  they  shall  at  any  time  begin 
to  ascend  from  the  sun,  and  make  them  presently  fall 
back  again  into  him;  and  by  that  action  increase  his 
heat,  much  after  the  manner  that  in  our  earth  the  air 
increases  the  heat  of  a  culinary  fire.  And  the  same 
weight  may  hinder  the  globe  of  the  sun  from  being 
diminished,  unless  by  the  emission  of  light,  and-a  very 
small  quantity  of  vapours  and  exhalations." 


CHAPTER  IV 

THEORIES   OF   PROPAGATION   OF  LIGHT 

31.  We  may  begin  by  assuming  that  the  sensation  of 
light  is  due  to  a  mechanical  action  on  the  retina.^  Now 
such  a  mechanical  action  must  have  a  mechanical  cause, 
and,  as  far  as  we  can  judge  with  our  present  knowledge, 
the  latter  must  consist  of  impacts  on  the  retina,  due 
to  moving  matter.  This  matter  may  have  travelled  all 
the  way  from  the  source  of  light,  or  it  may  have  been 
set  in  motion  in  the  eye  by  a  disturbance  (analogous  to 
a  wave)  which  has  travelled  from  the  source.  What  is 
transferred,  or  what  moves,  is  a  quite  independent  ques- 
tion. Light  must,  as  far  as  we  can  conceive,  consist  in 
the  motion  of  particles  of  some  kind  from  external  objects 
to  the  eye,  or  in  the  propagation  of  some  disturbance  or 
wave-motion  in  an  as  yet  unknown  medium.  Though  it 
has  been  proved,  as  we  will  presently  show,  that  many 
of  the  consequences  of  the  first  supposition  are  entirely 
inconsistent  ^^^th  observed  facts,  the  nature  of  the  pro- 
pagation of  the  supposed  luminous  particles  is  still  a  very 
interesting  study,  and  indeed  many  of  the  fundamental 

^  [We  make  the  assumption  because  tlic  question  belongs 
purely  to  Physiological  Optics,  a  subject  mth  which  we  do  not 
profess  to  deal  except  to  the  very  limited  extent  involved  in  the 
preliminary  statements  given  in  Chap.  II.  above.] 
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propositions  in  optics  follow  more  easily  from  this 
hypothesis  than  from  the  other.  We  will  therefore  not 
at  present  dismiss  this  hypothesis,  but  will  refer  freely 
to  it  now  and  then,  until  its  truth  is  shown  to  be  incon- 
sistent with  experiment. 

32.  This  hypothesis,  Avhich  is  associated  Avith  the 
names  of  Newton,  Laplace,  and  Biot,  is  known  as  the 
Corpuscular  Theory  of  light. 

A  very  formidable  objection  to  it,  in  limine,  will  be 
easily  seen  to  be  furnished  by  the  speed  of  light.  Since 
every  point  of  every  visible  body  must  (on  this  theory) 
constantly  send  such  corpuscles  to  the  eye,  moving,  as  we 
shall  find,  at  a  rate  of  nearly  186,000  miles  per  second, 
their  masses  must  be  inconceivably  minute  in  order  that 
their  united  momentum  may  not  amount  in  one  second 
to  something  comparable  with  that  of  a  cannon  shot. 

But,  as  we  shall  see,  there  are  other  grounds  of  objec- 
tion, and  such  as  no  mere  smallness  of  mass  or  size  of  each 
corpuscle  can  explain  away.  It  must  be  allowed  that 
not  only  does  this  theory  give  us  the  most  simple  explana- 
tion of  some  of  the  elementary  facts  (and,  in  consequence, 
even  now  enable  us  to  investigate  certain  classes  of  pheno- 
mena with  great  simplicity  as  well  as  with  accuracy),  but 
that,  in  the  hands  of  som-e  of  the  extremely  able  men  who 
maintained  its  truth,  it  was  adapted  with  great  skill  to 
the  explanation  of  many  much  more  profound  experi- 
mental results.  It  became  obvious,  however,  that  it  had 
to  be  made  more  complex  in  its  assumptions  for  each 
fresh  fact  that  was  forced  under  its  sway,  until  it  reached 
such  a  pitch  of  complexity  that  it  must  have  of  itself 
broken  down,  even  if  we  had  not  been  in  possession  of  a 
rival  theory. 
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33.  The  rival  theory  labours  under  considerable  dis- 
advantages, both  from  the  scientific  and  from  the  popular 
point  of  view,  inasmuch  as  the  subject  of  wave-propaga- 
tion is  very  much  more  obscure  and  difficult  than  that 
of  the  motion  of  free  particles ;  but  the  student,  who 
has  mastered  the  fundamental  difiiculties  of  sound,  which 
presents  a  fair  although  not  an  exact  analogy,  will  find 
it  comparatively  easy  to  obtain  a  clear  conception  of  the 
fundamental  principles  of  the  explanation  off'ered  by  the 
Unchilatonj  Thewy  of  light.  He  will  find  that  large  classes 
of  the  more  common  phenomena  can  be  explained  on 
this  hypothesis  without  any  assumptions  as  to  the  nature 
of  the  wave-motion,  other  than  the  necessary  characteristic 
of  periodicity ;  and  thus  that,  without  anj^  enforced  com- 
plexity, half  of  the  ground  is  already  gone  over.  A^Tien, 
however,  the  phenomena  of  double  refraction  and  polar- 
isation have  to  be  explained,  the  hitherto  unlimited  form 
of  wave-motion  has  to  be  restricted,  to  vibrations  in  which 
no  change  of  density  of  the  vibrating  medium  can  occur. 

34.  The  diff'erence  between  these  two  theories  of  light 
may  be  illustrated  by  contrasting  wind  moving  at  the 
rate  of  1100  feet  per  second  (80  corresponds  to  a  violent 
hurricane),  and  sound,  gentle  or  violent,  moving  at 
precisely  the  same  rate — yet  how  difl"erent  in  its  eff"ects  ! 

35.  This  brief  mention  of  these  rival  and  contrasted 
theories,  with  the  extent  to  which  each  has  succeeded 
in  explaining  phenomena,  gives  us  a  hint  as  to  the 
future  division  of  our  subject.  One  large  part  is,  to 
a  great  extent,  a  branch  of  elementary  geometry 
being  merely  the  mathematically-developed  consequences 
of  experimental  facts  which  either  theory  is  capable  of 
explaining.     Though  some  of  the  explanations  given  by 
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the  corpuscular  theory  may  afterwards  be  found  incon- 
sistent with  other  facts  of  experiment,  we  need  not  for 
the  time  discard  it.  Our  division  will  then  be  into  two 
parts  : — the  first,  based  entirely  on  a  few  general  experi- 
mental laws  which  follow  from  either  theory,  is  merely 
a  sort  of  extended  geometry;  the  second,  to  which 
further  experimental  facts  come  in,  enables  us  to  select 
one  of  these  theories  as  alone  compatible  with  this 
further  knowledge, 

36.  A  simple  illustration  of  the  nature  of  this  divi- 
sion will  be  found  in  the  different  conditions  of  fluid 
equilibrium  according  as  we  do  not  or  do  take  account 
of  molecular  forces  in  the  fluid  and  with  the  containing 
vessel.  In  the  first  or  hypothetical  case  it  is  known 
that  the  free  surface  must  be  horizontal,  and  that  all 
its  separate  parts  must  lie  in  the  same  plane;  in  the 
second,  i.e.  the  actual,  case  we  find  molecular  action 
modifying  these  results,  sometimes  indeed  to  a  very 
large  extent,  so  that  no  part  of  the  free  surface  is  plane, 
and  no  two  finite  portions  of  it  are  at  the  same  level. 

So,  in  what  is  called  Geometrical  Optics,  it  is  as- 
sumed from  experiment  that  light  moves  in  straight  lines 
in  ordinary  air,  while  Physical  Optics,  or  the  undulatory 
theory,  agrees  with  experiment  in  showing  that  under 
certain  circumstances  a  ray  of  light  bends  round  an 
obstacle.  But  as,  in  obtaining  the  main  facts  of  fluid 
equilibrium,  capillary  forces  may  be  neglected,  so,  for 
the  explanation  of  the  ordinary  phenomena  of  light,  even 
with  accuracy  sufficient  for  the  construction  of  the 
very  finest  telescopes  and  microscopes,  it  suffices  that 
Geometrical  Optics,  based  on  laws  nearly  verified  by 
experiment,  be  followed  out  to  its  consequences.     The 
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residual  phenomena  then  come  in  to  be  treated  by  the 
undulatory  theory,  as  some  of  them  are  found  to  be  in- 
consistent with  the  corpuscular  theory.  [Pouillet  divides 
the  subject,  in  consequence  of  this  distinction,  into  two 
parts,  viz.  (1)  that  in  which  we  deal  with  the  direction 
only  of  the  rays,  and  (2)  that  in  which  we  deal  with  the 
physical  properties  of  the  rays  themselves.  This  mode 
of  division,  however,  is  not  a  very  accurate  one,  as  will 
be  seen  when  we  deal  with  double  refraction.] 

37.  In  this  order  we  will  consider  the  subject,  giving 
the  explanations  of  the  approximate  experimental  laws 
of  Geometrical  Optics,  as  we  reach  them,  in  the  language 
of  either  theory.  But  before  we  come  to  the  residual 
phenomena  we  shall  have  found  that  the  corpuscular 
theory  must  be  rejected,  and  we  will  therefore  give, 
with  as  much  detail  as  is  consistent  with  our  limits,  the 
principles  of  the  undulatory  explanation.  The  immedi- 
ately succeeding  chapters  will  therefore  be  devoted  to 
Geometrical  Optics. 


CHAPTER  V 

RECTILINEAR   PROPAGATION    OF   LIGHT 

38.  It  is  approximately  true  that,  in  any  homogeneous 
medium,  Light  moves  in  straight  lines.  In  this  sense  we 
speak  of  a  ray  of  light.  If  the  ray  have  a  sensible  cross- 
section,  it  is  usual  to  speak  of  it  as  a  pencil  of  rays,  or 
simply  Si  pencil. 

If  an  opaque  body  be  placed  anywhere  in  the  straight 
line  between  the  eye  and  an  object,  the  object  is  con- 
cealed. Through  a  long  straight  tube  no  objects  can  be 
seen  but  those  situated  in  the  direction  of  its  axis  pro- 
duced. This  is  so  fundamental  a  fact,  or  it  is  so  evident 
a  result  of  experience,  that  it  is  the  foundation  of  every 
process  which  involves  the  direction  in  space  of  one 
object  as  regards  another — whether  it  be  for  the  aiming 
with  a  rifle,  or  for  the  delicate  observations  of  a  geodetic 
survey.  But  we  must  carefully  observe  the  restrictions 
under  which  the  statement  is  made.  Not  merely  is  it 
said  to  be  only  approximately  true,  but  it  is  so  only  in 
a  homogeneous  medium.  To  both  of  these  restrictions 
we  will  revert  later. 

39.  On  this  is  founded  the  geometrical  theory  of 
Shadoivs — a  subject  of  some  importance,  especially  as 
regards  eclipses.     In  this  application  the  results  may  be 
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considered  as  absolutely  true,  though,  as  we  shall  see  in 
a  subsequent  page,  the  statement  is  liable  in  certain 
delicate  cases  to  somewhat  startling  exceptions. 

When  an  opaque  body  is  placed  between  a  screen  and 
a  luminous  point,  it  casts  a  shadow  on  the  screen.  (The 
sun's  image,  formed  by  a  lens  or  burning  glass  of  short 
focus,  is  our  best  mode  of  attempting  to  realize  the  con- 
ception of  a  luminous  point ;  but  a  fair  approximation 
may  be  made  by  piercing  a  small  needle-hole  in  a  large 
plate  of  thin  metal,  and  placing  it  close  to  any  bright 
flame  or  incandescent  body.)  The  outline  of  the  shadow 
Is,  of  course,  to  be  found  by  dra"\ving  straight  lines  from 
the  luminous  point  so  as  to  touch  the  opaque  body  all 
round.  These  lines  form  a  cone.  The  points  of  contact 
form  a  line  on  the  opaque  body,  separating  the  illumin- 
ated from  the  non-illuminated  portions  of  its  surface. 
Similarly,  when  these  lines  are  produced  to  meet  the 
screen,  their  points  of  intersection  with  it  form  a  line 
which  separates  the  illuminated  from  the  non-illuminated 
parts  of  the  screen. 

40.  This  line  is  called  the  boundary  of  the  geometrical 
shadow.  A  common  but  beautiful  instance  of  it  is  seen 
when  a  very  small  gas-jet  is  burning  in  a  ground-glass 
shade,  near  the  wall  of  a  room.  In  this  case  the  cone, 
above  mentioned,  is  usually  a  right  cone  with  its  axis 
vertical.  Thus  the  boundary  of  the  geometric  shadow 
is  a  portion  of  a  circle  on  the  roof,  but  a  portion  of  an 
hyperbola  on  the  vertical  wall.  If  the  roof  be  not  hori- 
zontal we  may  obtain  in  this  way  any  form  of  conic 
section.  Interesting  and  useful  hints  for  the  solution  of 
problems  in  Projection  may  be  obtained  by  observing  the 
shadows  of  bodies  of  various  forms  cast  in  this  way  by 
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rays  which  virtually  diverge  from  one  point :  e.g.  how 
to  place  a  plane  (uncrossed)  quadrilateral  of  given  form 
so  that  its  geometric  shadow  may  be  a  square ;  how  to 
place  an  elliptic  disk,  with  a  small  hole  anywhere  in  it, 
so  that  the  shadow  may  be  circular  with  a  bright  spot 
at  its  centre,  etc. 

41.  When  there  are  more  luminous  points  than  one, 
we  have  only  to  draw,  separately,  the  geometrical 
shadows  due  to  each  of  the  sources,  and  then  superpose 
them.  A  new  consideration  now  comes  in.  There  will 
be,  in  general,  portions,  of  all  the  separate  geometrical 
shadows,  which  overlap  one  another  in  some  particular 
regions  of  the  screen.  In  such  regions  we  still  have  full 
shadoAv ;  but  around  them  there  will  l>e  other  regions, 
some  illuminated  by  one  of  the  sources  alone,  some  by 
two,  etc.,  until  finally  we  come  to  the  parts  of  the  screen 
which  are  illuminated  directly  by  all  the  sources.  There 
will  evidently  be  still  a  definite  boundary  of  the  parts 
wholly  unilluminated,  i.e.  the  true  shadow  or  Umbra, 
and  also  a  definite  boundary  of  the  parts  wholly  illumin- 
ated. The  region  between  these  boundaries — i.e.  the 
partially  illuminated  portion — is  called  the  Pemtmhra. 

42.  Fig.  3  shows  these  things  very  well.  It  repre- 
sents the  shadow  of  a  circular  disk  cast  by  four  equally 
luminous  points  arranged  symmetrically  opposite  to  it 
as  the  corners  of  a  square, — the  disk  being  large  enough 
to  admit  of  a  free  overlapijing  of  the  separate  shadows. 
The  amount  of  want  of  illumination  in  each  portion  of 
the  penumbra  is  roughly  indicated  by  the  shading.  The 
separate  shadows  arc  circular,  if  the  disk  is  parallel  to 
the  screen. 

If  AV'c  now  suppose  the  number  of  sources  to  increase 
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indefinitely,  so  as  finally  to  give  the  appearance  of   a 
luminous  surface  as  the  source  of  light,  it  is  obvious  that 


the  number  of  degrees  of  darkness  at  difiereut  portions 
of  the  pcniunbra  will  also  increase 
indefinitely,  and  the  ahnijH  changes 
of  illumination  Avill  mcrtrc  into 
sft'a<h/  change  ;  i.e.  there  will  be  a 
gradual  increase  of  brightness  in 
the  penumbra,  from  total  dark- 
ness at  the  edge  next  the  geo- 
metrical shadow  to  full  illumina- 
tion at  the  outer  cdsre. 

It  is  most  instructive  to   contrast  with  the   above 
figure  that  now  given  (fig.  4),  in  which  the  size  of  the 
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disk  is  considerably  diminished — everything  else  being 
unchanged.  Here  there  is  no  true  shadow — only  four 
equally  bright  portions  of  the  penumbra,  each  illuminated 
by  three  of  the  sources. 

43.  Thus  we  see  at  once  why  the  shadows  cast  by 
the  sun  or  moon  are  in  general  so  much  less  sharp  than 
those  cast  by  the  electric  light  (when  it  is  not  surrounded 
by  a  semi-opaque  screen  of  porcelain  or  ground-glass). 
I'or,  practically,  at  moderate  distances  from  the  electric 
arc,  it  appears  as  a  mere  luminous  point.  But,  if  we 
place  a  body  at  a  distance  of  a  foot  or  two  only  from 
the  arc,  the  shadow  cast  will  have  as  much  of  penumbra 
as  if  the  sun  had  been  the  source.  The  breadth  of  the 
penumbra,  when  the  source  and  screen  are  nearly  equi- 
distant from  the  opaque  body,  is  equal  to  the  diameter 
of  the  luminous  source. 

Simple  as  is  the  question  from  the  point  of  view  we 
have  adopted,  it  may  to  some  persons  appear  simpler  to 
imagine  themselves  placed  (as  spectators)  on  the  screen 
in  different  parts  of  the  shadow  or  penumbra,  and  to 
consider  what  portions  of  the  luminous  source  they 
would  then  be  in  a  position  to  see. 

44.  This  is  the  Avay  in  which  we  regard  it  when  we 
observe  an  eclipse  of  the  sun.  When  the  eclipse  is  total, 
there  is  cast  on  the  earth  a  real  geometrical  shadow — 
very  small  compared  Avith  the  penumbra  (for  the  apparent 
diameters  of  the  sun  and  moon  are  nearly  equal,  but 
their  distances  are  as  370  :  1) ;  when  the  eclipse  is 
annular,  the  shadow  is  all  penumbra.  In  a  lunar  eclipse, 
on  the  other  hand,  the  earth  is  the  shadow-casting  body, 
and  the  moon  is  the  screen,  and  we  observe  things 
according  to  our  first  point  of  view. 
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45.  Suppose,  next,  that  the  body  which  casts  the 
shadow  is  a  large  one,  such  as  a  wall,  with  a  hole  in  it. 
If  we  were  to  plug  the  hole,  the  whole  screen  would  be 
in  geometrical  shadow.  Hence  the  illumination  of  the 
screen  by  the  hght  passing  through  the  hole  is  precisely 
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Fig. 


what  would  be  cut  off  by  a  disk  which  fits  the  hole. 
5,  which  is  the  complement  of  fig.  3,  gives  therefore  the 
eflfect  of  four  equal  sources  of  light  shining  on  a  wall 
through  a  circular  hole. 

And  it  is  evident  that,  with  the  change  of  a  word  here 
and  there,  the  previous  reasoning  may  be  applied  to  this 
case  also.     The  umbra  in  the  former  case  becomes  the 
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Fig.  0. 


fully  illuminated  portion,  and  vice  versa.  The  penumbra 
remains  the  penumbra,  but  it  is  now  darkest  where  be- 
fore it  was  brightest,  and  vice  versa. 

For  further  information  we  subjoin  the  complement 
(fig.  6)  of  the  second  case  above — the  same  four  sources 

but  the  smaller  hole.  Here 
we  have  four  equally  bright, 
separate  images — one  belong- 
ing to  each  of  the  sources. 

46.  Thus  we  see  how, 
when  a  small  hole  is  cut  in 
the  window-shutter  of  a  dark 
room,  a  picture  of  the  sun, 
and  of  bright  clouds  about  it, 
is  formed  on  the  opposite 
wall.  This  picture  is  ob- 
viously inverted,  and  also  perverted,  for  not  only 
are  objects  depicted  lower  the  higher  they  are,  but 
also  objects  seen  to  the  right,  when  we  look  to- 
wards them,  are  found  depicted  to  our  right  when  we 
turn  round  and  look  at  the  front  of  the  screen.  But 
it  will  be  seen  unperverted  (though  still  inverted) 
if  it  be  received  on  a  sheet  of  ground -glass  and 
looked  at  from  behind.  The  smaller  the  hole  (so  far,  at 
least,  as  Geometrical  Optics  is  concerned)  the  less  con- 
fused Avill  the  picture  be.  As  the  hole  is  made  larger 
the  illuminated  portions  from  different  sources  gradually 
overlap ;  and  when  the  hole  becomes  a  unndoio  we  have 
no  indications  of  such  a  picture  except  from  a  body 
(like  the  sun)  much  brighter  than  the  other  external 
objects.  Here  the  picture  has  ceased  to  be  one  of  the 
sun  :  it  is  now  a  picture  of  the  window.     But  if  the  wall 
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could  be  placed  100  miles  off,  the  picture  would  be  one 
of  the  sun.  To  prevent  this  overlapping  of  images,  and 
yet  to  admit  a  good  deal  of  light,  is  one  main  object 
of  the  lens  which  usually  forms  part  of  the  Camera 
obscura. 

47.  The  formation  of  pictures  of  the  sun  in  this  way 
is  well  seen  on  a  calm  sunny  day  under  trees,  where  the 
sunlight,  penetrating  through  small  chinks,  forms  elliptic 
spots  on  the  ground.  During  a  partial  eclipse  these 
pictures  have,  of  course,  a  crescent  form. 

When  detached  clouds  are  drifting  rapidly  across  the 
sun,  we  often  see  the  shadows  of  the  bars  of  the  window 
on  the  walls  or  floor  suddenly  shifted  by  an  inch  or  two, 
and  for  a  moment  very  much  more  sharply  defined. 
They  are,  in  fact,  shadows  cast  by  a  small  portion  of  the 
sun's  limb,  from  opposite  sides  alternately. 

Another  beautiful  illustration  is  easily  obtained  by 
cutting  with  a  sharp  knife  a  very  small  T  aperture  in  a 
piece  of  note-paper.  Place  this  close  to  the  eye,  and  an 
inch  or  so  behind  it  place  another  piece  of  paper  with  a 
fine  needle -hole  in  it.  The  light  of  the  sky  passing 
through  the  needle-hole  forms  a  bright  picture  of  the 
T  on  the  retina.  The  eye  perceives  this  picture,  and 
in  consequence  receives  the  impression  of  the  T  much 
magnified,  but  turned  upside  down. 

48.  Another  curious  phenomenon  may  fitly  be  referred 
to  in  this  connection,  -vdz.  the  Phantoms  which  are  seen 
when  we  look  at  two  parallel  sets  of  palisades  or  railings, 
one  behind  the  other,  or  when  we  look  through  two 
parallel  sides  of  a  meat-safe  formed  of  perforated  zinc. 
The  appearance  presented  is  that  of  a  magnified  set  of 
bars  or  apertures,  which  appear  to  move  rapidly  as  we 
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slowly  walk  past.  Their  origin  is  the  fact  that,  where 
the  bars  appear  nearly  to  coincide,  the  apparent  gaps 
bear  the  greatest  ratio  to  the  dark  spaces ;  i.e.  these  parts 
of  the  field  are  the  most  highly  illuminated. 

The  exact  determination  of  the  appearances  in  any 
given  case  is  a  mere  problem  of  convergents  to  a  con- 
tinued fraction.  But  the  fact  that  the  apparent  rapidity 
of  motion  of  this  phantom  may  exceed  in  any  ratio  that 
of  the  spectator,  is  of  importance, — because  it  enables 
us  to  see  how  velocities,  apparently  of  impossible  magni- 
tude, may  be  accounted  for  by  the  mere  running  along 
of  the  condition  of  visibility,  among  a  group  of  objects  no 
one  of  which  is  moving  at  an  extravagant  rate. 

49.   Another  important  consequence  of  the  law  of 

'^rectilinear  propagation  of  light  is  that,  if  the  medium  he 

transparent,  the  intensity  of  illumination  ivhich  a  luminous 

point  can  produce  on  a  small  lohite  surface  directly  exposed  to 

it  is  inversely  as  the  square  of  the  distance. 

The  word  transparent  implies  that  no  light  is  absorbed 
or  stopped.  Whatever,  therefore,  leaves  the  source  of 
light,  must  in  succession  pass  through  each  of  a  series  of 
spherical  surfaces  described  round  the  source  as  centre. 
The  same  amount  of  light  falls  perpendicularly  on  all 
.  these  surfaces  in  succession.  The  amount  .received  in  a 
given  time  by  a  unit  of  surface  on  each  is  therefore  in- 
versely as  the  number  of  such  units  in  each.  But  the 
surfaces  of  spheres  are  as  the  squares  of  their  radii, — 
whence  the  proposition.  (We  assume  here  that  the 
speed  of  light  is  constant  in  the  medium,  and  that  the 
source  gives  out  its  light  uniformly,  and  not  by  fits  and 
starts ;  and  we  have  also  assumed,  above,  that  light  is 
unchanged  in  amount  as  it  passes  farther  from  the  source. 
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Here  we  virtually  assume  the  conservation  of  energy  in 
one  of  its  many  forms.) 

When  the  rays  fall  otherwise  than  perpendicularly  on 
the  surface,  the  illumination  produced  is  proportional 
to  the  cosine  of  the  obliquity ;  for  the  area  seen  under  a 
very  small  given  spherical  angle  increases  as  the  secant 
of  the  obliquity,  the  distance  remaining  the  same. 

50.  As  a  corollary  to  this  we  have  the  further  pro- 
position that  the  a^iparent  hightness  of  a  luminous  surface 
(seen  through  a  transparent  homogeneous  medium)  is  the  same 
at  all  distances. 

^  The  word  brightness  is  here  taken  as  a  measure  of 
the  amount  of  light  falling  on  the  pupil,  per  unit  of 
spherical  angle  subtended  by  the  luminous  surface. 
The  spherical  angle  subtended  by  any  small  surface 
whose  plane  is  at  right  angles  to  the  line  of  sight  is 
inversely  as  the  square  of  the  distance.  So  also  is  the 
whole  light  received  from  the  surface.  Hence  the  bright- 
ness is  the  same  at  all  distances. 

If  the  surface  be  inclined  to  the  line  of  sight,  the 
same  thing  is  obviously  true  provided  the  inclination  he  not 
altered.  Even  should  it  be  altered,  the  proposition 
remains  true,  but  (as  will  be  seen  in  Chap.  XVI.  below) 
cannot  be  proved  in  the  present  stage  of  our  work. 

51.  The  word  brightness  is  often  used  (even  scienti- 
fically) in  another  sense  from  that  just  defined.  Thus 
we  speak  of  a  bright  star  :  we  ask  the  question — "When 
is  Venus  at  its  brightest  1  etc.  Strictly,  such  expressions 
are  not  defensible  except  for  sources  of  light  which  (like 
a  star)  have  no  apparent  surface,  so  that  we  cannot  tell 
from  what  amount  of  spherical  angle  their  light  appears 
to  come.     In  that  case  the  spherical  angle  is,  for  want 
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of  knowledge,  assumed  to  be  the  same  for  all  the  sources, 
and  therefore  the  brightness  of  each  is  now  estimated  in 
terras  of  the  wlwle  quantity  of  light  we  receive  from  it. 
Thus  Ave  speak  of  stars  of  ihe, first,  second,  etc.,  magnitude. 
This  has  obviously  nothing  to  do  with  their  size,  it  refers 
merely  to  the  amount  of  light  we  receive  from  them. 

Stars  of  the  higher  magnitudes  can  often  be  seen  by 
daylight  with  the  naked  eye,  especially  when  the  eye  is 
protected  (as  by  a  paper  tube  blackened  internally)  from 
the  general  glare  of  the  sky.  AVith  a  telescope  they  are 
still  more  easily  observed,  for  their  brightness,  in  the 
sense  in  which  we  have  last  used  the  word,  is  increased ; 
Avhile  that  of  the  sky,  using  the  word  in  the  first  sense, 
is  diminished. 

52.  It  is  in  this  sense  only  that  we  use  the  word  when 
we  speak  of  Venus  at  its  brightest ;  for  if  we  take  the 
former  definition  of  brightness,  the  solution  of  this  once 
celebrated  problem  would  be  very  difierent  from  that 
usually  given.  As  the  question,  however,  is  an  interest- 
ing one  both  in  itself  and  historically,  we  give  an  approxi- 
mate solution  of  it.  The  approximation  assumes  what 
is  certainly  not  true,  that  the  illuminated  portion  of 
Venus  always  appears  uniformly  bright,  and  of  the  same 
degree  of  brightness  in  all  aspects. 

Let  a  be  the  radius  of  the  earth's  orbit,  h  that  of  the 
orbit  of  Venus,  both  being  supposed  circular ;  h  the  dis- 
tance between  the  planets  when  Venus  is  brightest. 

Then  if  6  be  the  apparent  angidar  distance  of  the 
earth  from  the  sun,  as  seen  from  Venus,  the  illuminated 
part  of  the  disk  of  Venus  as  seen  from  the  earth  is  only 
the  fraction 

{1  + COR  6)1 2 
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of  the  whole  disk.     Hence  the  expression 

{l+QosO)  I  ib- 
is to  be   made   a  maximum;   subject   to   the   oljvious 
trigonometrical  relation 

This  can  easily  be  effected  by  ordinary  geometrical 
methods.  But  the  shortest  and  simplest  solution  is  by 
the  differential  calculus.  Substituting  in  the  expression 
for  the  brightness  the  value  of  cos  6,  as  given  by  this 
relation,  and  employing  the  usual  process  for  finding  a 
maximum,  we  obtain  a  quadratic  equation  to  determine 
B.     Of  this  the  only  admissible  root  is  the  positive  one 


8='.^3a^  +  l"-2b. 

By  means  of  this  the  other  quantities  can  be  calculated. 

53.  But  another  fact  has  to  be  taken  into  considera- 
tion when  we  apply  the  above  definition  of  brightness 
in  practice,  at  least  if  the  object  give  a  great  deal  of 
light.  For  the  aperture  of  the  pupil  is  usually  very 
much  contracted  when  we  look  at  a  brightly  illuminated 
sky  or  cloud.  Thus  there  is  a  rough  compensation  which, 
to  a  certain  extent,  modifies  the  effect  on  the  retina. 

54.  Founded  on  the  principles  just  explained  is 
Cheseaux'  celebrated  argument  about  the  finite  dimen- 
sions of  the  visible  universe.  For  it  is  easy  to  see,  as 
below,  that  if  stars  be  scattered  through  infinite  space, 
Avith  average  closeness  and  brightness  such  as  is  presented 
by  those  nearest  us,  and  if  stellar  space  be  absolutely 
transparent,  the  whole  sky  should  appear  of  a  brightness 
comparable  to  that  of  the  sun.  Cheseaux  and  Olbers, 
entertaining  the  idea  that  the  universe  of  stars  is  infinite, 
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endeavoured  to  show  that,  because  the  sky  is  not  all  over 
as  bright  as  the  sun,  there  is  absorption  of  light  in 
stellar  space.  This  idea  was  ingeniously  developed  by 
Struve. 

Consider  a  cone  of  small  angle,  whose  vertex  is  at  the 
spectator's  eye.  The  volumes  of  parallel  slices  of  such 
a  cone,  of  equal  thickness,  are  proportional  to  the  squares 
of  their  distances  from  the  vertex.  The  number  of  stars 
in  each  slice  is  proportional  to  the  volume,  and  the  whole 
light  from  them  must  be  less  as  the  square  of  the  dis- 
tance is  greater.  Hence  every  slice  of  the  cone  sends 
the  same  amoimt  of  light  to  the  eye,  provided  that  no 
star  intercepts  the  light  coming  from  another.  This 
condition  is  unattainable,  so  that  the  conclusion  is  that 
the  brightness  is  as  great  as  it  can  be  with  the  materials 
employed.  Every  portion  of  the  background  shines  as 
if  it  were  a  star. 

It  is  to  be  observed,  however,  that  there  are  many 
considerations  which,  if  taken  into  account,  would 
seriously  modify  this  conclusion.  To  mention  only  one — 
suppose  there  are,  besides  the  incandescent  stars,  a  very 
much  larger  number  of  dark  ones  (already  cold,  or  not 
yet  heated,  it  does  not  matter  which).  If  these  be  dis- 
tributed among  the  others,  the  calculation  above  would 
no  longer  be  applicable. 

55.  A  third  very  important  fact,  connected  with  our 
present  subject,  but  not  immediately  deducible  from  our 
principle,  is — The  brightness  of  a  self-luminous  or  illumin- 
ated surface  does  not  depend  upon  its  inclination  to  the  line 
of  sight. 

Thus  a  red-hot  ball  of  iron,  free  from  scales  of  oxide, 
etc.,  appears  flat,  because  uniformly  bright,  in  the  dark; 
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SO,  also,  the  sun,  seen  through  mist,  appears  as  a  flat 
disk.  This  fact,  however,  depends  ultimately  upon  the 
second  law  of  thermodynamics,  and  its  explanation  will  be 
given  later,  Avhen  we  deal  with  Eadiation.    (Chap.  XVI.) 

It  may  be  stated,  however,  in  another  form,  in  which 
its  connection  with  what  precedes  is  more  obvious — The 
amount  of  radiation,  in  any  direction,  from  a  luminous  sur- 
face is  proportional  to  the  cosine  of  the  obliquity. 

56.  The  flow  of  light  (if  we  may  so  call  it)  in  straight 
lines  from  a  luminous  point,  with  constant  speed,  leads 
as  we  have  seen  to  the  expression  /iy'r  (where  r  is  the 
distance  from  the  luminous  point)  for  the  quantity  of 
light  which  passes  through  unit  of  surface  (perpendicular 
to  the  ray)  in  unit  of  time,  fx  being  a  quantity  indicating 
the  rate  at  which  light  is  emitted  by  the  source.  This 
represents  the  illumination  of  the  surface  on  which 
it  falls  perpendicularly. 

The  flow  through  unit  of  surface  whose  normal  is 
inclined  at  an  angle  6  to  the  ray  is,  of  course, 

^  cos  ^ , 

again  representing  the  illumination. 

These  are  precisely  the  expressions  for  the  gravitation 
force  exerted  by  a  particle  of  mass  fM  on  a  unit  of  matter 
at  distance  r,  and  for  its  resolved  part  in  a  given  direc- 
tion.    Hence  we  may  employ  an  expression 

which  is  exactly  analogous  to  the  gravitation  or  electric 
potential,  for  the  purpose  of  calculating  the  eff"ect  due  to 
any  number  of  separate  sources  of  light.     Hence  every 
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investigation  connected  with  electric  or  gravitation 
attraction  (especially  that  due  to  a  surface-distribution) 
has  an  analogue  in  the  theory  of  illumination.  And 
thus,  as  we  may  often  obtain  the  solution  of  a  for- 
midable question  in  illumination  by  thinking  of  the 
(known)  solution  of  the  corresponding  problem  in  the 
other  subjects,  so  the  illumination  problem  often  reduces 
to  extreme  simplicity  some  of  the  more  formidable  diffi- 
culties of  the  corresponding  gravitational  or  electric 
problem. 

57.  Thus  the  fundamental  proposition  in  potentials, 
viz.  that,  if  n  be  the  external  normal  at  any  point  of  a 
closed  surface,  the  integral 


ff\ 


dn 


taken  over  the  whole  surface,  has  the  value 

where  fi^  is  the  sum  of  the  values  of  jx  for  each  source 
lying  within  the  surface,  follows  almost  intuitively  from 
the  mere  consideration  of  what  it  means  as  regards  light. 
For  from  this  point  of  view  the  integral  represents  the 
excess  of  the  amount  of  light  which  has  gone  into  the 
surface,  over  that  which  has  gone  out,  in  unit  of  time. 
Now  it  is  clear  that  every  source  external  to  the  closed 
surface  sends  in  light  which  goes  out  again.  But  the 
light  from  an  internal  source  goes  wholly  out ;  and  the 
amount  per  second  from  each  unit  source  is  47r,  the  total 
area  of  the  unit  sphere  surrounding  the  soiu'ce. 

It  is  well  to  observe,  however,  that  the  analogy  is  not 
quite  complete,  so  far  as  illumination  is  concerned.     To 
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make  it  so,  all  the  sources  must  lie  on  the  same  side  of 
the  surface  Avhose  illumination  we  are  dealing  with. 
This  is  due  to  the  fact  that,  in  order  that  a  surface  may 
be  illuminated  at  all,  it  must  be  capable  of  scattering 
light,  i.e.  it  must  be  to  some  extent  opaque.  Hence 
the  illumination  depends  mainly  upon  those  sources 
which  are  on  the  same  side  as  that  from  which  it  is 
regarded. 

[Though  this  process  bears  some  resemblance  to  the 
heat  analogy  employed  by  Sir  W.  Thomson  for  investi- 
gations in  statical  _  electricity  {Camhridge  Matlmiudical 
Journal,  1842)  and  to  Clerk-Maxwell's  device  of  an  in- 
compressible fluid  without  mass  {Cam.  Phil.  Trans.,  1856), 
it  is  by  no  means  identical  with  them.  Each  method 
deals  with  a  substance,  real  or  imaginary,  which  flows 
in  conical  streams  from  a  source  so  that  the  same  amount 
of  it  passes  per  second  through  every  section  of  the  cone. 
J3ut  in  the  present  process  the  speed  is  constant  and  the 
density  variable,  while  in  the  others  the  density  is  virtu- 
ally constant  and  the  speed  variable.] 

58.  "We  have  said  that  lisht  moves  in  straight  lines 
in  a  homogeneous  medium.  This  rectilinear  path  follows 
at  once  from  the  corpuscular  theory,  as  well  as  from  the 
undulatory  theory  of  light :  in  the  first  case  there  is  no 
deflecting  cause,  so  each  corpuscle  moves  in  a  straight 
line ;  in  the  second,  we  know  that  the  direction  of  pro- 
pagation of  a  plane  wave  in  a  uniform  isotropic  medium 
is  always  perpendicular  to  its  front.  [It  will  be  seen 
later  that  the  word  isotropic  is  essential  to  the  general 
accuracy  of  this  statement.] 

59.  Looking  along  a  hot  poker,  or  the  boiler  of  a 
steamboat,  we  see  objects  beyond  distorted;  i.e.  we  no 
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longer  see  each  point  in  its  true  direction ;  and  thus  the 
light  no  longer  moves  in  straight  lines.  Here  we  have 
a  non-homogeneous  medium,  the  air  being  irregularly 
expanded  in  the  neighbourhood  of  the  hot  body.  To 
this  simple  cause,  want  of  homogeneity,  are  due  the 
phenomena  of  mirage,  the  fata  morgana,  the  duplication 
of  images  of  a  distant  object  seen  through  an  irregularly 
heated  atmosphere,  the  scintillation  or  twinkling  of  stars, 
and  the  uselessness  of  even  the  best  telescopes  at  certain 
times,  etc.  It  is  interesting  to  note  here,  with  reference 
to  the  recently  established  "mountain"  observatories, 
that  Newton^  says:  —  "Long  telescopes  may  cause 
objects  to  appear  brighter  and  larger  than  short  ones 
can  do ;  but  they  cannot  be  so  formed  as  to  take  away 
that  confusion  of  the  rays,  which  arises  from  the 
tremors  of  the  atmosphere.  The  only  remedy  is  a 
most  serene  and  quiet  air,  such  as  may  perhaps  be 
found  on  the  tops  of  the  highest  mountains,  above  the 
grosser  clouds." 

60.  The  principle  above  explained  suggests  many 
simple  methods  of  comparing  the  amounts  of  light  given 
by  different  sources. 

If,  for  instance,  a  porcelain  plate,  or  even  a  sheet  of 
paper,  of  uniform  thickness,  have  one  half  illuminated 
directly  by  one  source  of  light,  the  other  by  a  diff"erent 
source,  and  if  one  or  other  of  these  sources  be  moved  to 
or  from  the  plate  till  the  halves  appear  equally  illumin- 
ated, it  is  obvious  that  the  amounts  of  light  given  out 
by  the  two  sources  must  be  directly  as  the  squares  of 
their  distances  from  the  screen.  This  is  the  principle 
of  Ritchie's  photometer. 

^  Optics,  Book  I.,  end  of  part  i. 
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Rumforcl  suggested  the  comparison  of  the  intensity 
of  the  shadows  of  the  same  object  thrown  side  by  side 
on  a  screen  by  the  tAvo  lights  to  be  compared.  In  this 
case  the  shadow  due  to  one  source  is  lit  up  by  the  other 
alone ;  and  here  again  the  amounts  of  light  given  out 
by  the  sources  are  as  the  squares  of  their  distances  from 
the  screen  Avhen  the  shadows  are  equally  intense.  The 
shadow-casting  object  should  be  near  the  screen,  so  as 
to  avoid  penumbra  as  much  as  possible  ;  yet  not  too  near, 
so  that  the  two  shadows  may  not  overlap. 

61.  Bunsen  has  recently  suggested  the  very  simple 
expedient  of  utilising  a  grease-spot  on  white  paper  for 
photometric  purposes.  "When  the  paper  is  equally  illu- 
minated from  both  sides,  the  grease -spot  cannot  be 
seen  except  by  very  close  inspection.  In  using  this 
photometer  the  sources  are  placed  in  one  line  with  the 
grease-spot,  which  lies  between  them  and  can  be  moved 
towards  one  or  other.  To  make  the  most  accurate  de- 
terminations with  this  arrangement,  the  adjustment 
should  first  be  made  from  the  side  on  which  one  source 
lies,  then  the  screen  turned  round  and  the  adjustment 
made  from  the  side  of  the  other  source, — in  both  cases, 
therefore,  from  the  same  side  of  the  paper  screen. 
Take  the  mean  of  these  positions  (which  are  usually 
very  close  together),  and  the  amounts  of  light  emitted 
by  the  sources  are  as  the  squares  of  their  distances 
from  this  point. 

Wheatstone  suggested  a  hollow  glass  bead,  silvered 
internally,  and  made  to  describe  very  rapidly  a  closed 
path,  for  use  as  a  photometer.  When  it  is  placed 
between  two  sources,  we  see  two  ^wrrtZ/e/  curves  of 
reflected  light,  one  due  to  each  source.     Make  these, 
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by  trial,  equally  bright ;  and  the  amounts  of  light  from 
the  sources  are,  again,  as  the  squares  of  the  distances. 

62.  These  simple  forms  of  apparatus  give  results 
which  are  fairly  accurate,  so  long  at  least  as  the  qualities 
of  the  light  furnished  by  the  two  sources  are  nearly  the 
same.  But,  when  we  endeavour  to  compare  differently 
coloured  lights,  the  result  is  by  no  means  so  satisfactory. 
In  fact,  we  cannot  well  define  equality  of  illumination 
when  the  lights  are  of  different  qualities. 

In  the  undulatory  theory,  no  doubt,  we  can  distinctly 
define  the  intensity  of  any  form  of  radiation.  But  the 
definition  is  a  purely  dynamical  one,  and  has  not  neces- 
sarily any  connection  with  what  we  usually  mean  by 
intensity,  viz.  the  amount  of  effect  produced  upon  the 
nerves  of  the  retina,  which  is  a  question  of  physiological 
optics.  Thus  the  theoretical  intensities  of  a  given  violet 
and  a  given  red  source  may  be  equal,  while  one  may 
appear  to  the  eye  very  much  brighter  than  the  other. 
Think,  for  instance,  of  a  colour-blind  person,  who  might, 
under  conceivable  circumstances,  be  unable  to  see  the 
red  at  all.  We  are  all,  as  it  were,  colour-blind  as  far  as 
regards  radiations  whose  wave-lengths  are  longer  or 
shorter  than  those  included  in  the  range  of  the  ordinary 
solar  specti'um. 

63.  Other  modes  of  measuring  the  intensity  of  light 
usually  depend  upon  more  recondite  physical  principles, 
— such  as,  for  instance,  the  amounts  of  chemical  action 
of  certain  kinds  which  can  be  produced  by  an  exposure 
of  a  given  duration  to  the  light  from  a  particular  source. 
But  all  have  the  same  grand  defect  as  the  simpler  pro- 
cesses— they  are  not  adapted  to  the  comparison  of 
sources  giving  diff'erent  qualities  of  light.     And  those 
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last  mentioned  are  liable  to  another  source  of  error,  viz. 
the  action  of  radiations  which  are  not  called  light,  only 
because  they  are  not  visible  to  the  eye ;  for  in  all  other 
respects  they  closely  resemble  light,  and  are  often  more 
active  than  it  is  in  producing  chemical  changes. 

The  admittedly  imperfect  state  of  photometry  is  not, 
however,  a  reproach  to  physical  science ;  the  subject 
belongs,  except  in  some  of  its  elementary  processes, 
entirely  to  physiology.  And  we  cannot  well  expect 
that  much  will  be  done  in  it  until  physiologists  are 
able  to  measure  with  accuracy  relative  intensities  of 
other  sensations,  such  as  smell,  taste,  pain,  etc.  From 
this  point  of  view  the  prospect  is  not  a  hopeful  one. 


CHAPTER  VI 

SPEED   OF   LIGHT 

64.  Light  moves  in  interplanetary  spaces  with  a  speed 
of  nearly  186,000  miles  per  second. 

Of  this  we  have  four  perfectly  distinct  kinds  of 
proof,  each  of  Avhich  depends  on  a  method  which  is 
capable  of  giving  pretty  accurate  results. 

65.  Bomer's  Method. — By  this  the  finite  speed  of  light 
was  discovered  in  1676. 

Suppose,  to  illustrate  this,  that  at  a  certain  place  a 
cannon  is  fired,  precisely  at  intervals  of  an  hour,  and 
that  the  weather  is  perfectly  calm.  A  person  provided 
Avith  an  accurate  watch  travels  about  in  the  surrounding 
district.  When  he  first  hears  the  cannon  let  him  note 
the  time  by  his  watch,  then  on  account  of  the  non- 
instantaneous  propagation  of  sound,  if  at  the  next  dis- 
charge he  be  nearer  the  gun  than  before,  the  report  will 
arrive  at  his  ear  he/ore  the  hour's  interval  has  ela])sed ; 
if  he  be  farther  from  the  gun,  the  interval  between  the 
discharges  will  appear  longer  than  an  hour ;  and  the 
number  of  seconds  of  defect  or  excess  will  evidently 
represent  the  time  employed  by  sound  in  travelling  over 
a  space  equal  to  the  difference  of  his  distances  from  the 
gun  at  the  successive  observations. 
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Now  the  satellites  of  Jupiter  are  subject — like  our 
moon,  only  much  more  frequently — to  eclipse.  They 
move  much  faster,  especially  the  neai-er  ones,  than  does 
the  moon,  so  that  their  eclipses  appear  from  the  earth 
to  take  place  almost  suddenly,  and  the  interval  between 
two  successive  eclipses  can  easily  be  observed.  The 
almost  sudden  extinction  of  the  light  is  a  periodic 
phenomenon  similar  to  the  discharge  of  the  gun  above 
imagined;  and,  if  light  take  time  to  move  from  one 
place  to  another,  we  should  find  the  interval  between 
successive  eclipses  too  short  when  we  are  approaching 
Jupiter,  too  long  when  we  are  receding  from  him.  Such 
was  found  to  be  the  case  by  Eomer ;  and  he  also  found 
that  the  shortening  or  lengthening  of  the  interval 
depended  upon  the  rate  at  w^hich  the  earth  was  approach- 
ing to  or  receding  from  Jupiter.  The  inevitable  con- 
clusion from  these  facts  is  that  light  is  propagated  with 
finite  speed.  Eomer  calculated  from  them  that  light 
takes  about  16"?5  to  cross  the  earth's  orbit.  The  exact 
speed  deduced  by  this  method  is,  after  making  all 
corrections,  and  assuming  the  most  probable  value  of 
the  solar  parallax  (which  is  our  datum  for  measuring 
the  dimensions  of  the  earth's  orbit),  about  186,500  miles 
per  second. 

66.  Bradley's  Method. — This  depends  on  the  Aberration 
of  light,  discovered  by  Bradley  in  1728. 

When  in  a  calm  rainy  day  one  stands  still,  he  holds 
his  umbrella  vertically  in  order  to  protect  himself.  If 
he  walk  he  requires  to  hold  it  forw^ards,  and  more 
inclined  the  faster  he  walks.  In  other  words,  to  a 
person  walking  the  rain  does  not  appear  to  come  in 
the   same   direction  as  it   does  to   a   person   standing 
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still.  1  Now  the  earth's  speed  in  its  orbit  is  a  very  large 
quantity,  some  18|  miles  per  second,  or  about  xoaFoth 
of  that  of  light.  Hence  the  light  of  a  star  does  not  appear 
to  come  in  the  proper  direction  unless  the  earth  be 
moving  exactly  to  or  from  the  star,  and,  as  the  direction 
of  the  earth's  motion  is  continually  changing,  so  the 
directions  in  which  different  stars  are  seen  are  always 
changing,  and  thus  this  phenomenon,  called  the  "  aberra- 
tion of  light,"  proves  at  once  the  earth's  motion  round 
the  sun  and  the  finite  speed  of  light. 

As  an  additional  illustration  of  the  phenomenon, 
suppose  a  bullet  to  be  fired  through  a  railway  carriage, 
in  a  direction  perpendicular  to  the  sides  of  the  carriage. 
If  the  carriage  be  standing  still,  the  bullet  will  make 
holes  in  the  sides,  the  line  joining  which  is  perpendicular 
to  the  length  of  the  carriage ;  if  it  be  in  motion,  then 
the  farther  side  of  the  carriage  will  have  moved  through 
a  certain  space  during  the  interval  occupied  by  the 
bullet  in  passing  from  side  to  side,  and  thus  the  line 
joining  the  holes  in  the  sides  (i.e.  the  line  pursued  by 
the  bullet  relatively  to  the  carriage),  Avill  be  inclined  at 
an  angle  greater  than  a  right  angle  to  the  direction  of 
the  train's  motion. 

It  is  evident  that  the  path  apparently  described  by 
each  star  during  a  year,  in  consequence  of  aberration, 
will  be  found  by  laying  off  from  the  star  lines  which 
bear  the  same  ratio  to  the  star's  distance  as  the  speed  of 
the  earth  does  to  that  of  light, — their  directions  being 
always  the  same  as  that  of  the  earth's  motion  at  every 

^  In  fact,  to  estimate  the  relative  velocity  of  two  moving  bodies, 
treated  as  mere  points,  we  must  subtract  the  vector  velocity  of  the 
first  from  that  of  the  second. 
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instant.  This  is  precisely  the  definition  of  the  hodo- 
graph  of  the  earth's  orbit.  Hence,  on  account  of  the 
finite  speed  of  light,  each  star  appears  to  describe  in 
space  a  circle  (not  an  ellipse)  of  fixed  magnitude,  in  a 
plane  parallel  to  that  of  the  ecliiDtic.  As  seen  from  the 
earth,  therefore,  stars  will  aj^pear  to  describe  paths 
which  are  the  projections  of  these  circles  on  the  celestial 
sphere.  These  are  in  general  ellipses,  but  they  are  circles 
for  stars  at  the  poles  of  the  ecliptic  and  straight  lines 
for  stars  on  the  ecliptic.  These  results  are  found  to  be 
quite  consistent  with  observation ;  and  the  major  axes 
of  these  ellipses,  the  diameters  of  the  circles,  and  the 
lengths  of  the  lines,  all  subtend  equally  angles  of  about 
41"  at  the  earth.  Hence  the  speed  of  light  is  to  the 
speed  of  the  earth  in  its  orbit  as  1  :  tan  ^  41";  that  is, 
10,000  :  1. 

It  may,  however,  be  said  that  aberration  must  depend 
on  the  earth's  whole  motion  relative  to  the  line  joining 
it  with  the  star,  not  on  the  part  only  which  depends  on  its 
motion  relative  to  the  sun.  True ;  but  the  sun's  motion 
is  (we  have  every  ground  for  supposing)  sensil)ly  the 
same  both  in  direction  and  magnitude  at  least  for  periods 
of  a  few  hundred  years  or  so.  The  effect  of  this,  what- 
ever be  its  amount,  is  merely  to  affect  a  constant  displace- 
ment of  the  star  (which  we  have  as  yet  only  the  very 
roughest  modes  of  estimating)  on  which  the  aberration 
effect  we  have  just  discussed  is  simply  superposed. 
These  effects  must  be  carefully  distinguished  from  those 
of  the  (so-called)  Annual  Parallax,  and  the  Proper  Motion, 
of  a  star ;  both  of  which  would  exist  if  the  speed  of  light 
Avere  infinite.  [There  are  theoretical  considerations  of  a 
different  and  much  higher  order  of  difficulty,  connected 
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with  the  relative  motion  of  the  earth  and  the  lumini- 
feroiis  medium,  which  are  raised  by  the  problem  of 
aberration.  But  they  are  not  of  a  character  suited  to 
an  elementary  work  like  this.] 

67.  Both  of  the  methods  just  given  depend,  for  their 
final  result,  upon  an  exact  knowledge  of  the  earth's 
distance  from  the  sun.  But  the  most  accurate  measure- 
ments of  this  quantity  are  probably  to  be  obtained  fi'om 
the  speed  of  hght  itself,  this  being  independently  deter- 
mined by  the  physical  processes  next  to  be  described. 
Thus  the  earth's  distance  from  the  sun  will  probably  in 
future  be  measured  rather  by  the  constant  of  aberration, 
or  by  the  acceleration  or  retardation  of  the  eclipses  of 
Jupiter's  satellites,  than  by  a  transit  of  Venus,  by  the 
moon's  motion,  or  by  the  parallax  of  Mars.  Thus 
Eomer's  and  Bradley's  processes,  originally  devised  to 
find  the  speed  of  light,  will  be  applied  to  the  determina- 
tion of  solar  parallax. 

68.  Fizemi's  Direct  Measurement  of  the  speed  of  light. 
— To  illustrate  the  next  and  by  far  the  most  convincing 
popular  proof  of  the  finite  speed  of  light,  suppose  a 
person  looking  at  himself  in  a  mirror,  before  which  is 
moving  a  screen  with  a  number  of  apertures,  the  breadth 
of  each  aperture  being  equal  to  the  distance  between 
each  two  of  them.  If  the  screen  be  at  rest,  with  an 
aperture  before  the  mirror,  the  light  from  the  observer's 
face  passes  through  the  aperture  and  is  reflected  back, 
so  that  he  sees  himself  as  if  the  screen  were  not  present. 
Suppose  the  screen  to  be  moving  in  such  a  way  that, 
when  the  light  which  passed  through  the  aperture  returns 
to  the  screen  after  reflection,  the  unpierced  part  of  the 
screen  is  in  its  way,  it  is  evident  that  the  observer 
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cannot  see  himself  in  the  mirror.  If  the  screen  pass 
twice  as  fast,  the  hght  which  escaped  by  one  aperture 
will,  after  reflection,  return  by  the  next,  so  that  he  will 
see  his  image  as  at  first.  If  three  times  as  fast,  the 
second  unperforated  part  of  the  screen  Avill  stop  the 
returning  light ;  so  he  cannot  see  his  image. 

To  apply  this  practically,  a  thin  metallic  disk  had  a 
set  of  teeth  cut  on  its  circumference,  so  that  the  breadth 
of  a  tooth  was  equal  to  that  of  the  space  between  two 
teeth.  This  disk  could  be  set  in  very  rapid  rotation  by 
a  train  of  wheelwork,  and  the  rate  of  turning  could 
easily  be  determined  by  Savart's  method ;  depending  on 
the  pitch  of  the  note  given  by  a  spring  pressing  lightly 
on  the  teeth  of  one  of  the  wheels.  Light  passed  between 
two  teeth  to  a  mirror  situated  at  ten  miles'  distance, 
which  sent  it  back  by  the  same  course,  so  that  when  the 
wheel  was  at  rest  the  reflected  light  could  be  seen.  On 
turning  the  disk  \\ath  accelerated  speed  the  light  was 
observed  to  become  more  and  more  feeble  up  to  a  certain 
speed,  at  which  it  was  extinguished;  turning  faster  it 
reappeared,  growing  brighter  and  brighter  till  the  speed 
was  doubled ;  then  it  fell  off",  till  it  vanished  when  the 
speed  was  trebled,  and  so  on.  It  is  evident  from  the 
first  illustration  above  that  the  speed  of  light  in  air  is 
to  that  of  the  tooth,  at  the  first  disappearance  of  the 
reflected  light,  as  the  distance  of  the  mirror  from  the 
disk  is  to  the  half  breadth  of  the  tooth.   , 

It  is  not  to  be  supposed  that  the  description  Ave  have 
just  given  embodies  all  the  details  of  this  remarkable 
experiment.  On  the  contrary,  telescopes  were  used  at 
each  station  to  prevent  loss  of  light  as  much  as  possible, 
and  many  other  precautions  were  adopted  which  would 
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be   unintelligible   to   a   reader   unacquainted  with   the 
subjects  to  be  treated  farther  on. 

This  method  and  its  first  results  were  published  in 
1849  in  the  Comptes  Eendus.  The  experiments  gave,  on 
their  very  careful  repetition  by  Cornu  in  1874,  the  value 
186,700  miles  for  the  speed  in  vacuo. 

69.  FoucauU's  Method. — This  Avas  described  in   1850 
to  the  Academy  of  Sciences.     It  depends  upon  the  prin- 
ciple of  the  rapidly -revolving  plane  mirror,  introduced 
by  Wheatstone  to  demonstrate  the  non- instantaneous 
propagation  of  an  electric  discharge.     The  mirror  was 
made  to  rotate,  about  a  diameter,  from  600  to  800  times 
per  second,  by  means  of  a  siren  driven  by  steam.     A 
ray  of  sunlight  fell  upon  it  from  a  small  aperture  crossed 
by  a  grating  of  platinum  wires.     Between  the  wires  and 
the  mirror  was  placed  an  achromatic  lens — the  wires 
being  farther  from  it  than  its  principal  focus,  but  not 
twice  as  far — so  that  the  rays  falling  on  the  mirror  were 
slowly  convergent.      After    reflection   they  formed   an 
image  of  the  Avires  at  a  distance  of  about  4  metres  from 
the  mirror.     In  certain  positions  of  the  revolving  mirror, 
the  rays  fell  upon  a  concave  mirror  of  4  metres  radius, 
whose  centre  of   curvature  was  at  the  centre    of   the 
revolving  mirror.     They  were,  therefore,  reflected  back 
directly   to   the   revolving  mirror,   and,   passing   again 
through  the  lens,  formed  an  image  of  the  wire  grating 
which,  when  the  adjustment  was  perfect,  coincided  with 
the  grating  itself.     This  coincidence  was  observed  by 
reflection  from  a  piece  of  unsilvered  glass,  placed  obliquely 
in  the  track  of  the  rays,  the  image  in  which  was  magnified 
by  an  eye-piece.     It  is  obvious  that,  when  the  mirror  is 
made  to  turn,  the  light  Avhich  comes  back  to  it  after 
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passing  to  the  fixed  mirror,  finds  it  in  a  position  slightly 
different  from  that  in  which  it  left  it.  That  diff"erence  is 
due  to  the  amount  of  rotation  during  the  time  of  passage 
of  the  light  to  and  fro  along  an  air-space  of  4  metres. 
Accordingly,  so  soon  as  the  mirror  began  to  rotate  Avith 
considerable  speed,  the  coincidence  between  the  wires 
and  their  images  was  destroyed ;  and  the  two  were 
separated  more  and  more  ^ndely  as  the  speed  of  rotation 
was  increased.  It  was  easy  to  calculate,  from  the 
measured  dimensions  of  the  apparatus,  the  amount  of 
deflection,  and  the  rate  of  rotation  of  the  mirror,  the 
speed  of  light.  The  rate  of  rotation  was  calculated 
from  the  pitch  of  the  note  produced  by  the  siren. 

Foucault's  early  results  with  this  apparatus  showed 
that  the  speed  of  light  which  had  been  deduced  from  the 
old  methods  was  too  large ;  and  he  concludes  his  first 
paper  by  the  statement  that  the  determination  of  the 
distance  of  the  earth  from  the  sun  must  now  be  made 
by  physical  instead  of  astronomical  methods.  Foucault's 
process  has  recently  been  very  considerably  improved  by 
Mitchelson,  who,  in  1879,  found  for  the  speed  of  light 
in  vacuo  186,380  miles  per  second. 

70.  By  interposing  a  tube  filled  with  water,  and 
having  flat  glass  ends,  between  the  fixed  and  revolving 
mirrors,  Foucault  found  that  (for  the  same  rate  of  rota 
tion)  the  displacement  of  the  image  was  greater  than 
before  in  the  proportion  of  the  refractive  index  of  water 
to  unity.  Thus  it  was  at  once  evident,  by  a  mode  of 
experimenting  exposed  to  no  possible  doubt,  that  light 
moves  faster  in  air  than  in  water,  and,  therefore,  as  will 
be  seen  later,  that  the  corpuscular  theory  of  light  must 
be  abandoned. 
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71.  Other  methods  of  determining  the  speed  of  light 
in  air,  and  for  comparing  the  speeds  of  light  in  air  and 
water  (on  which  depends  the  most  definite  proof  of  the 
erroneousness  of  the  corpuscular  theory),  and  in  still  and 
moving  water,  will  be  afterwards  explained.  They  give 
results  of  very  great  value,  but  we  cannot  introduce  them 
here,  as  they  depend  upon  somewhat  more  recondite 
principles  belonging  to  physical  optics. 

72.  It  is  interesting  to  observe  that,  as  the  nearest 
fixed  star  is  probably  about  200,000  times  farther  from 
us  than  the  sun  is,  we  now  see  such  a  star  by  light 
which  left  it  more  than  three  years  ago.  If,  as  is  now 
supposed,  variable  stars  (such  as  Mira  Ceti)  owe  their 
rapid  periodical  changes  of  brightness  to  eclipses,  and  if 
different  homogeneous  rays  travel  with  different  speeds 
in  free  space,  it  is  evident  that  such  stars  should  show  a 
gradual  change  of  colour  as  they  wax,  and  an  ojiposite 
change  as  they  wane.  Nothing  of  the  kind  has  as  yet 
been  observed,  though  it  has  been  carefully  sought  for. 
Hence  we  have  every  reason  to  conclude  that,  in  free 
space,  all  kinds  of  light  have  the  same  speed. 

It  will  be  seen  later  that  Dispersion  has  been  ac- 
counted for  by  the  different  speeds  of  light  of  different 
wave-lengths  in  the  same  refracting  medium, — this  being 
a  consequence  of  the  ultimate  grained  structure  of  ordi- 
nary matter,  which  is  on  a  scale  not  incomparably  smaller 
than  the  average  wave-length. 
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BEHAVIOUR   OF   LIGHT   AT   THE   COMMON   SURFACE   OF 
TWO   HOMOGENEOUS   MEDIA 

73.  When  a  ray  of  light,  moving  in  one  homogeneous 
medium,  falls  on  the  bounding  surface  of  another  homo- 
geneous medium,  it  is  in  general  divided  into  several 
parts,  which  pursue  different  courses.  These  parts  are 
respectively :— (a)  reflected;  (^)  refracted  (singly  or 
doubly) ;  (7)  scattered  ;  (8)  absorbed. 

74.  (a  and  yS)  In  the  first  two  categories  the  result 
is  two  (or  three)  rays  of  light  pursuing  definite  paths 
according  to  laws  presently  to  be  given.  The  fraction 
of  the  incident  light  which  is  reflected  is  in  general 
greater  as  the  angle  of  incidence  is  greater :  ie.  as  the 
ray  is  less  inclined  to  the  reflecting  surface.  In  one 
important  class  of  cases  the  reflection  is  total.  This  Avill 
be  discussed  when  we  are  dealing  with  refraction  from 
one  medium  into  another  of  smaller  refractive  index. 
But  at  direct  incidence  the  reflected  portion  is  much 
greater  for  some  bodies,  such  as  mercury,  than  for  others, 
such  as  water  or  glass.  In  bodies  which  neither  absorb 
nor  scatter,  the  refracted  portion  of  a  ray  consists  of  all 
the  non-reflected  portion,  and  therefore  diminishes  as  the 
angle  of  incidence  increases. 
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75.  (7)  In  the  third  category  the  common  surface  of 
the  two  media  becomes  illuminated,  and  behaves  as  if  it 
were  itself  a  source  of  light,  sending  rays  in  all  directions. 
It  may  be  objected  to  this,  that  in  many  cases  the  rays 
are  scattered  while  penetrating  the  second  medium. 
But  in  such  cases  the  second  medium  cannot  be  called 
homogeneous.  This  case  will  come  up  for  discussion  when 
Ave  treat  of  absorption  and  colours. 

76.  (8)  In  the  fourth  category  the  light  ceases  (for  an 
instant  at  least)  to  exist  as  light;  but  its  energy  may  either 
become  heat  in  the  absorbing  body,  or  it  may  again  be 
given  out  by  the  absorbing  body  in  the  form  of  light, 
but  of  a  degraded  character.  This  is  called  Fluorescence, 
or  Phosphorescence,  according  as  the  phenomenon  is  prac- 
tically instantaneous  or  lasts  for  a  measurable  time. 

77.  In  category  (a)  the  light  is  sent  back  into  the 
first  medium ;  in  (/3)  it  penetrates  into  the  second ;  in 
(7)  it  goes,  in  general,  mainly  to  the  first ;  in  (8)  it  is 
shared  by  both. 

78.  It  is  by  scattered  light  that  non-luminous  objects 
are,  in  general,  made  visible.  Contrast,  for  instance, 
the  effects  when  a  ray  of  sunlight  in  a  dark  room  falls 
upon  a  plate  of  polished  silver,  and  when  it  falls  on  a 
piece  of  chalk.  Unless  there  be  dust  or  scratches  on 
the  silver  you  cannot  see  it,  because  no  light  is  given 
from  it  to  surrounding  bodies  except  in  one  definite 
direction,  into  which  (practically)  the  whole  ray  of 
sunlight  is  diverted.  But  the  chalk  sends  light  to 
all  surrounding  bodies  from  which  any  part  of  its 
illuminated  side  can  be  seen;  and  there  is  no  special 
direction  in  which  it  sends  a  much  more  powerful  ray 
than  in  others. 
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It  is  probable  that  if  we  could  with  sufficient  close- 
ness examine  the  surface  of  the  chalk,  we  should  find 
its  behaviour  to  be  of  the  nature  of  reflection,  but 
reflection  due  to  little  mirrors  inclined  in  all  conceivable 
aspects,  and  at  all  conceivable  angles,  to  the  incident 
light.  Thus  scattering  may  be  looked  upon  as  ultimately 
due  to  reflection. 

When  the  sea  is  perfectly  calm,  we  see  in  it  only  one 
intolerably  bright  image  of  the  sun.  But  when  it  is 
continuously  covered  with  slight  ripples,  the  definite 
image  is  broken  up,  and  we  have  a  large  surface  of  the 
water  shining  by  what  is  virtually  scattered  light — 
though  it  is  really  made  up  of  parts  each  of  which  is  as 
truly  reflected  as  it  was  when  the  surface  was  flat. 

79.  We  have  spoken  above  of  the  behaviour  of  light 
at  the  common  surface  of  two  media.  Now  we  do  not 
by  this  phrase  necessarily  mean  two  media  diff"erent  in 
their  chemical  composition.  We  mean  merely  media 
optically  difl'erent.  Thus  water  with  steam  above  it,  and 
(in  very  special  cases)  layers  of  water  or  air  of  difl'erent 
temperatures,  give  surfaces  of  separation  at  which  re- 
flection and  refraction  may  and  do  take  place.  But, 
except  in  such  special  cases,  we  rarely  have  an  abrupt 
change,  such  as  is  necessary  for  reflection,  between  two 
portions  of  the  same  substance  in  the  same  molecular  state. 
In  general  the  transition  is  gradual ;  and  special  mathe- 
matical methods  must  be  applied  for  the  purpose  of 
tracing  the  behaviour  of  the  ray,  which  is  now  really 
travelling  in  one  and  the  same  non  -  homogeneous 
medium. 

80.  Having  given  this  brief  analysis  of  the  phenomena 
at  a  common  bounding   surface   of   two   homogeneous 
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media,  we  must  now  examine  (in  such  detail  as  our  plan 
admits)  the  laws  according  to  which  we  determine  the 
subsequent  behaviour  of  the  light  belonging  to  each  of 
the  four  categories  above  mentioned.  We  will  also  give, 
in  each  case,  the  more  important  consequences  Avhich 
follow  from  the  experimental  laws. 

But  there  are  two  simple  though  very  important 
consequences  of  the  laws  of  reflection  and  ordinary 
refraction,  which  must  be  mentioned  here. 

81.  First,  the  principle  of  Reversal  of  a  ray.  This 
merely  asserts  that  if  a  ray,  which  has  suffered  any 
number  of  reflections  and  ordinary  refractions,  have  its 
direction  exactly  reversed  (as  by  falling  perpendicularly 
on  a  plane  mirror),  it  will  retrace  exactly  its  original  path. 
And  it  must  not  be  confounded  with  the  principle  of 
Beverdhility  which  we  meet  with  in  connection  with 
thermodynamics  and  energy  generally.  For  this  latter 
principle  would  imply  that  the  ray  not  only  retraces 
its  path,  but  returns  to  the  source  without  either  change 
of  character  or  diminution  of  intensity — a  result  quite 
unattainable  with  any  reflecting  or  refracting  bodies  yet 
met  with. 

The  principle  of  reversal  is  sometimes  very  useful  in 
our  elementary  investigations,  especially  about  the  action 
of  prisms,  etc. ;  but  we  must  be  cautious  in  using  it  for 
the  higher  parts  of  the  subject. 

On  the  corpuscular  theory,  this  proposition  is  a 
fundamental  one  in  dynamics  of  a  particle. 

On  the  wave  theory,  it  is  easily  seen  to  follow  from 
the  fact  that  waves  are  propagated  according  to  the  same 
laws  in  any  one  direction,  and  in  the  opposite. 

82.  But  another  still  more  important  proposition  is 
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suggested  (and  proved)  by  the  mere  consideration  of 
successive  positions  of  the  same  wave,  in  all  cases  in 
which  the  wave-front  is  perpendicular  to  the  ray,  viz. — 

If  a  set  of  rays  have  one  icave-front,  they  ivilt  continue  to 
have  a  common  tvave front  after  any  number  of  reflections  or 
simple  refractions;  and  the  distance  measured  along  the  various 
rays,  from  any  one  wavefront  to  another,  is  the  same  at  all 
parts  of  any  one  medium,  through  which  the  rays  pass. 

From  the  corpuscidar  point  of  view,  this  may  be 
stated  as  follows  : — If  corpuscles  of  the  same  kind  leave 
any  surface  in  the  direction  of  the  normal,  their  paths, 
after  any  number  of  reflections  or  simple  refractions,  can 
be  cut  at  right  angles  by  a  series  of  parallel  suiiaces. 

In  this  form,  the  proposition  is  easily  proved  by  a 
geometrical  process.  And  a  simple  geometrical  method, 
directly  based  on  it,  enables  us  easily  to  obtain  the  funda- 
mental formulse  for  mirrors,  lenses,  etc.,  as  they  will 
presently  be  given.  We  may  leave  this,  however,  to 
the  reader's  ingenuity — deriving  our  results,  in  the  text, 
directly  from  the  lav\^s  of  reflection  and  refraction. 

More  generally,  if  I  be  the  length  of  the  part  of  a 
ray  which  lies  within  a  medium  whose  refractive  index 
is  /i,  the  sum 

is  the  same  for  each  ray  of  the  group  between  any  two 
wave-surfaces.  We  shall  find  that  this  is  an  immediate 
consequence  of  the  fact  that  the  speed,  in  any  medium, 
is  inversely  as  the  refractive  index;  so  that  the  sum 
above  is  merely  the  tiine  of  passage  of  the  light-dis- 
turbance from  the  one  wave-surface  to  the  other,  and 
must  therefore  be  the  same  along  each  ray.  From  the 
corpuscular  point  of  view,  yu,  is  directly  as  the  speed,  so 
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that  the  sum  above  expresses  the  Action  (§  189)  of  a 
corpuscle. 

All  the  questions  treated  in  the  four  succeeding 
chapters  admit  of  direct,  and  usually  simple,  solution  by 
the  help  of  this  principle.  But  as  its  application,  except 
in  special  cases,  requires  the  use  of  the  Differential 
Calculus,  it  has  been  thought  advisable  (in  the  interests 
of  junior  students)  to  apply  geometrical  methods  instead. 


CHAPTER  VIII 

REFLECTION    OF   LIGHT 

83.  If  light  be  reflected  from  a  plane  surface  bounding 
two  homogeneous  isotropic  media,  the  incident  and  reflected 
rays  are  in  one  plane  ivith,  and  are  eqtially  inclined  (on 
opposite  sides)  to,  the  perpendicular  to  the  reflecting  surface 
at  the  point  of  incidence. 

This  is  sometimes  stated  in  the  form — The  angles  of 
incidence  and  of  reflection  are  equal  to  one  another,  and  in 
one  'plane: — these  being  deflned  as  the  angles  made  by 
the  incident  and  reflected  ray  with  the  perpendicular 
(or,  as  it  is  often  called,  the  Normal)  to  the  surface. 

The  best  experimental  proof  of  the  truth  of  this 
statement  is  deduced  from  the  use  of  a  reflecting  surface 
of  mercury  in  observations  Avith  the  mural  circle.  The 
graduation  of  such  an  instrument  is  the  most  perfect 
that  human  skill  can  accomplish,  and  no  one  has  ever 
been  able  to  find  by  it  the  slightest  exception  to  the 
preceding  statement. 

84.  The  principle  of  Hadley's  quadrant,  and  of  the 
sextant  as  now  used  (an  invention  of  Newton's)  is 
founded  on  this  fact.  If  a  plane  mirror  on  Avhich  a  ray 
falls  be  turned  through  any  angle  about  an  axis  per- 
pendicular to  the  plane  of  reflection,  the  reflected  ray  is 
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turned  through  twice  that  angle.  This  is  an  immediate 
consequence  of  the  above  ]a^y.  For,  if  the  phine  be 
turned  through  any  angle  0,  the  perpendicular  to  it  is 
turned  through  the  same  angle.  Hence  the  angle  be- 
t^yeen  the  incident  ray  and  the  perpendicular  is  increased 
or  diminished  by  6,  and  therefore  that  between  the 
incident  and  reflected  rays  (which  is  double  of  this)  is 
altered  by  20. 

A  plane  mirror  is  now  extensively  used  for  the  purpose 
of  indicating,  by  the  change  of  direction  of  a  reflected 
ray,  the  motion  of  a  portion  of  an  instrument  to  which 
the  mirror  is  attached.  Thus  the  magnetometers  of 
Gauss,  the  tuning-forks  of  Lissajoux,  and  the  electro- 
meters and  galvanometers  of  Sir  W.  Thomson,  are  all 
furnished  with  mirrors.  The  law  of  reflection  is  also  the 
basis  of  the  goniometer,  for  the  measurement  of  the 
angles  of  crystals  and  of  prisms. 

85.  It  follows  from  this  law  that,  if  a  ray  pass  from 
one  point  to  another,  after  any  number  of  reflections  at  fixed 
surfaces,  the  length  of  its  tohole  path  from  one  point  to  the 
other  is  the  least  possible — subject  to  the  condition  that  it 
shall  meet  each  of  the  reflecting  surfaces. 

For  the  point  (in  a  given  plane),  the  sum  of  whose 
distances  from  two  given  points  (on  the  same  side  of  the 
plane)  is  the  least  possible,  is  that  to  which,  if  lines  be 
drawn  from  the  points,  they  are  in  one  plane  with  the 
normal  (or  perpendicular)  to  the  given  plane  and  make 
equal  angles  with  it.  That  is,  if  one  be  the  direction  of 
an  incident  ray,  the  other  is  the  direction  of  the  corre- 
sponding reflected  ray.  And,  as  the  same  is  true  of 
each  separate  reflection,  it  is  true  for  the  whole  course 
of  the  ray,  since  for  any  one  of  the  reflecting  surfaces 
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may  be  substituted  its  tangent  plane  at  the  point  of 
incidence. 

86.  It  is  to  be  remarked  that  there  are  exceptions  to 
this  form  of  the  statement.  The  true  form  is  that  the 
actual  path  of  a  ray,  under  the  given  conditions,  is  less 
in  length  than  any  other  path  (satisfying  the  conditions) 
which  is  nowhere  finitely  divergent  from  it. 

This  may  be  best  seen  by  another  method.  Suppose 
a  series  of  ellipses  to  be  described,  whose  foci  are  the 
source  of  light  and  an  assigned  point  which  is  to  be 
reached  by  the  reflected  ray.  Let  this  system  turn 
about  the  line  joining  the  foci ;  it  generates  a  series  of 
prolate  spheroids  such  that  the  time  of  light's  passing 
from  one  focus  to  a  point  in  any  one  of  the  surfaces,  and 
thence  to  the  other  focus,  is  the  same  whatever  point  be 
chosen  on  that  particular  surface.  If  Ave  take  any  point 
witJiout  that  surface,  for  it  the  corresponding  time  is 
obviously  greater.  Hence  to  find  the  path  of  that  one 
of  a  system  of  rays  diverging  from  a  given  point  which, 
after  reflection  at  a  given  surface,  shall  pass  through  a 
second  given  point,  we  have  only  to  imagine  spheroids 
constructed  as  before.  Of  these  one  at  least  will  touch 
the  given  surface.  All  points  on  the  surface  in  the 
neighbourhood  of  the  'point  of  contact  (mark  this  limitation) 
Avill  in  general  be  outside  the  spheroid.  Hence  this 
point  gives  the  shortest  path.  But  then  the  spheroid 
and  the  reflecting  surface  have  the  same  tangent  plane, 
and  therefore  the  parts  of  the  ray  are  equally  inclined 
to  the  perpendicular  to  the  surface. 

87.  We  now  arrive  at  a  very  important  practical  part 
of  our  subject,  the  formation  of  an  Image  by  reflection  at 
a  plane  surface.    We  will  take  the  opportunity  of  making 
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some  general  remarks  on  the  subject  of  images,  which 
will  enable  us  to  avoid  further  digressions  (of  the  same 
kind)  in  future  chapters. 

We  may  assume  here — what  is  indeed  evident  from  the 
rectilinear  propagation  of  light — that  objects  are  rendered 
visible  to  the  eye  by  rays  diverging  from  them.  See, 
again,  §§  13-16.  Hence,  if  we  have  a  set  of  reflected  or 
refracted  rays  diverging  from  any  point,  or  diverging  as 
if  they  came  from  any  point,  they  will  convey  to  the  eye 
the  impression  of  the  existence  of  a  luminous  source  at 
that  point.  If  the  rays  originally  diverged  from  a  point, 
this  new  point  is  called  its  Image. 

The  eye,,  in  fact,  can  only  tell  us  Avhat  effect  is  pro- 
duced upon  it,  i.e.  what  sort  of  mechanical  action  it  is 
subjected  to.  Its  indications  must  therefore  depend 
only  upon  what  reaches  it,  and  in  no  other  sense  what- 
ever upon  the  source  or  the  path  of  light. 

[The  remark  above  gives  us  an  excellent  instance  of 
the  way  in  which  we  are  liable  to  deception  by  trusting 
to  the  direct  (or  uncontrolled)  evidence  of  our  senses. 
Some  of  the  most  perfect  illusions  which  have  ever  been 
contrived  depend  solely  upon  the  obvious  fact  above 
stated : — viz.  that  the  eye  (or  any  other  organ  of  sense) 
can  inform  us  only  as  to  what  reaches  and  affects  it;  not, 
in  any  way  whatever,  of  whence  or  how  that  which 
affects  it  managed  to  reach  it] 

88.  The  image  of  any  point  in  a  plane  mirror  is  found  by 
drawing  from  the  point  a  perp)endicular  on  the  mirror  and 
piroducing  it  till  its  length  is  doubled. 

The  extremity  of  the  line  so  drawn  is  the  image  of 
the  point ;  or,  in  other  words,  rays  proceeding  from  the 
point  to  the  mirror  diverge,  after  reflection,  as  if  they 
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came  from  the  image  so  found.  The  image  in  this  case 
is  called  virtual,  to  distinguish  it  from  cases,  subsequently 
to  be  mentioned,  where  it  is  real — the  distinction  being 
that  the  rays  have  actually  passed  through  a  real  image, 
while  they  only  appear  to  come  from  a  virtual  one. 

To  prove  this  it  is  only  necessary  to  observe  that,  if 
A  (fig.  7)  be  a  luminous  point,  or  a  point  from  which 
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rays  diverge,  and  CB  any  section  of  the  mirror  by  a 
plane  through  AB,  the  perpendicular  to  it;  and  if  we 
make  Brt  =  AB,  and  take  any  point  P  in  BC,  then, 
joining  AP,  aP,  and  producing  the  latter,  the  angles 
APB,  aPB,  and  therefore  CPQ,  are  equal ;  also  the  plane 
of  the  paper  contains  the  perpendicular  to  the  mirror  at 
P.  Hence  if  AP  be  any  incident  ray,  PQ  is  the  reflected 
ray,  or  the  ray  (which  is  any  one  from  A,  which  reaches 
the  mirror),  after  reflection,  appears  to  come  from  a. 
Hence  a  is  the  image — a  virtual  one,  as  before  noticed. 
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Also,  if  R  beany  point  whatever  in  the  plane  of  the 
mirror,  we  have  obviously  aE,  =  RA.  Hence  the  path 
AR,  RQ  is  equal  to  aR,  RQ,  two  sides  of  the  triangle 
aRQ,  of  which  aQ,  which  is  equal  to  the  actual  path 
(AP,  PQ),  is  the  third  side.  Thus,  as  in  §  85  above,  the 
course  of  the  reflected  ray  is  the  shortest  possible. 

89.  Fig.  8  represents  the  pencils  of  diverging  rays  by 
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which  two  points  of  the  image  are  rendered  visible  to  an 
eye  placed  in  front  of  the  mirror.  From  the  requisite 
modification  of  this  figure  it  follows  that  one  can  see  his 
whole  person  in  a  mirror  of  only  half  his  height  and 
breadth. 

90.  Dircks'  Ghost,  which  has  played  a  prominent  part 
in  popular  entertainments  for  some  years  back,  is  the 
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image,  in  a  large  sheet  of  unsilvered  plate  glass  hung  at 
the  front  of  the  stage,  of  an  actor  or  figure  strongly 
illuminated,  and  concealed  from  the  audience  in  a  sort 
of  enlarged  prompter's  box.  Any  one  can  see  the  pheno- 
menon completely  by  looking  into  a  plate-glass  window 
on  a  sunny  day,  when  he  sees  the  passers-by  apparently 
walking  inside  the  house. 

91.  The  principles  already  stated  suffice  fully  for  the 
explanation  of  the  curious  vistas  of  images  formed  by  two 
parallel  plane  mirrors  facing  one  another  at  opposite  sides 
of  a  room.  Each  image  formed  by  either  mirror  has  its 
own  image  in  the  other ;  and  so  on  indefinitely.  These 
form  a  series  whose  successive  distances  from  one  another 
are  alternately  double  the  distance  of  the  luminous  point 
from  one  or  other  of  the  mirrors.  The  only  additional 
observation  necessary  on  this  subject  is  that,  if  the 
mirrors  are  silvered  on  the  back,  the  light  at  each  reflection 
has  to  pass  twice  through  the  glass.  Thus,  if  the  glass  be 
pinkish  or  greenish,  the  various  images  are  more  and  more 
coloured  as  they  are  due  to  more  numerous  reflections. 

92.  These  principles  also  easily  explain  the  Kaleido- 
scope of  Sir  D.  Brewster,  Avhere  images  are  formed  by 
two  mirrors  inclined  to  one  another.  It  is  easy  to  see 
that  the  series  of  images  of  a  luminous  point  produced 
l)y  such  an  arrangement  after  one,  two,  etc.,  reflections 
must  all  lie  on  a  circle,  whose  plane  passes  through  the 
point  and  is  perpendicular  to  the  line  of  intersection  of 
the  mirrors,  in  which  line  its  centre  lies ;  also  that,  if 
the  angle  between  the  mirrors  be  an  aliquot  part  of  four 
right  angles,  these  images  will  form  a  finite  number  of 
groups,  each  consisting  of  an  infinite  number  of  images 
which  have  exactly  the  same  position. 
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93.  The  explanation  of  the  law  of  reflection  which  is 
furnished  by  the  corpuscular  theory  is  excessively  simple. 
We  have  only  to  suppose  that  at  the  instant  of  its  impact 
on  the  reflecting  surface  the  velocity  of  a  corpuscle  per- 
pendicular to  the  surface  is  reversed,  while  that  parallel 
to  the  surface  is  unchanged.  It  bounds  off,  in  fact,  like 
a  billiard-ball  from  the  cushion.  The  undulatory  theory 
gives  an  explanation,  which  is,  in  reality,  quite  as  simple, 
but  requires  a  little  more  detail  for  those  who  are  not 
familiar  with  the  common  facts  of  wave-motion.  We 
therefore  reserve  it  for  a  time. 

94.  We  must  now  consider  the  specially  important 
case  of  reflection  from  a  concave  spherical  surface.  We 
call  it  specially  important,  because  the  reader  who  has 
once  mastered  the  simple  investigation  which  it  requires 
will  find  very  slight  additional  difficulty  in  passing  to 
the  case  of  a  convex  mirror,  and  even  in  following  the 
somewhat  more  complex  cases  in  which  (at  such  surfaces) 
the  ray  is  refracted  instead  of  being  reflected. 

Let  APB  (fig.  9)  be  a  section  of  a  concave  spherical 


Fig.  y. 


mirror  by  a  plane  passing  through  its  centre  of  curvature 
0,  and  through  the  luminous  point  U.  Then,  if  any 
ray  from  U,  as  UP,  meet  the  surface,  it  will  be  reflected 
in  a  direction  PV,  such  that  UP,  PO,  and  PV  are  in  one 
plane,  and  so  that  PO  bisects  the  angle  UPV.     (This 
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follows  because  OP,  a  radius  of  the  sphere,  is  normal  to 

the  surface  at  P.) 

Hence  it  is  rigorously  true  that,  if  V  be  the  intersection 

of  PV  with  UOA, 

VO^OJJ 
VP    UP- 

The  full  consequences  of  this  exact  statement  must 
be  deferred  for  a  little.  For  our  present  purpose  an 
approximation  will  amply  suffice. 

95.  Let  us  suppose  P  to  be  so  near  to  A  that  no 
sensible  error  is  introduced  by  writing  A  for  P  in  the 
above  formula.  This  amounts  to  supposing  the  mirror's 
breadth  to  be  very  small  in  comparison  Avith  its  radius 
of  curvature ;  while  all  the  rays  Avhich  we  consider  fall 
very  nearly  perpendicularly  on  the  mirror,  i.e.  make 
very  small  angles  with  AO,  the  Axis  of  the  mirror.  [In 
mathematical  language,  our  approximation  comes  to 
neglecting  the  squares  of  these  small  quantities.  For,  to 
a  second  approximation,  we  have 

as  can  easily  be  shown  by  elementary  geometry.]  The 
near  parallelism  of  the  incident  rays  to  the  axis  is  what 
we  designate  by  the  term  direct  (opposed  to  oblique) 
incidence.     The  formula  now  becomes 


VO^OU. 
AV    AU' 


or,  what  is  the  same, 


AO-AV_AU-AO 
AV      ~      AU       ^ 
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and  V  is,  to  the  degree  of  approximation  above  stated, 

independent  of  the  position  of  the  point  P, 

96.  If  we  call  r  the  radius  AO  of  the  mirror,  u  =  AU 

the  distance  of  the  source,  and  v  =  AV  the  distance  of 

the  point  V,  from  the  mirror,  this  becomes 

r-v     ic-r          1       1       2  ,   , 

or \--= —      .     .     .     (a). 


V  u  u       V      r 

The  formula,  or  the  cut,  shows  at  once  that  this  relation 
between  U  and  V  is  reciprocal ;  i.e.  all  rays  from  V,  fall- 
ing on  the  mirror,  will  be  made  to  converge  at  U.  These 
points  are  therefore  called  Conjugate  Foci. 

97.  The  simplicity  of  (a)  is  remarkable ;  so,  also  ,is  that 
of  its  interpretation.  For  the  rays  passing  from  a  source 
to  a  given  object,  like  the  mirror,  are  less  and  less  divergent 
as  the  source  is  farther  off.  Thus  the  reciprocal  of  the 
distance  of  a  point  from  the  mirror  is  the  measure  of 
the  divergence  (or  convergence)  of  rays  passing  from  it 
to  (or  coming  to  it  from)  the  mirror.  Hence  (a)  signifies 
that  the  (algebraic)  sum  of  the  divergences  of  the  inci- 
dent and  reflected  rays  is  equal  to  that  divergence  which 
the  mirror  can  convert  into  parallelism. 

In  fact  the  rigorous  geometrical  relation  may  be 
written  in  the  form-^  AVP-j-^  AUP  =  2^  AOP,— 
which,  when  all  three  angles  are  small,  is  simply  (a). 
And,  in  this  way,  we  might  have  obtained  the  relation 
(a)  at  once.  [A  similar  statement  may  easily  be  made 
in  the  case  of  refraction,  §  142.] 

98.  Before  we  proceed  to  develop  the  consequences 
of  this  simple  formula,  Ave  may  point  out  that  it  is 
applicable  to  all  cases  of  direct  incidence  : — to  convergent 
rays  falling  on  a  concave  mirror,  to  divergent  rays  falling 
on  a  convex  mirror,  etc.  etc. 
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The  reader  may  easily  verify  this  for  himself  by  trial. 
But  it  follows  at  once  from  the  necessary  interpreta- 
tion of  the  negative  sign  in  geometry.  Thus,  if  the 
mirror  (fig.  9)  were  convex,  0  would  be  to  the  left  of  A  as 
the  figure  is  drawn ;  and  AO,  if  formerly  positive,  would 
now  be  negative.  Thus,  for  a  convex  mirror,  the 
formula  is 

u       V  r ' 

If  the  incident  rays  be  convergent,  U  is  to  the  left  of  A, 
and  therefore  AU,  or  u,  is  negative ;  and  so  on. 

99.  We  must  now  study  the  relative  positions  of  U 
and  V,  in  order  to  find  the  size  and  position  of  the 
image  for  different  positions  of  the  object. 

Eeturning  to  the  formula  (a)  above,  we  see  that  the 
following  pairs  of  values  of  «  and  v  satisfy  it : — 


Infinite. 

It. 

Greater  than  r. 

Greater  than  |r,  less  than  r. 

r 

r 

Less  tlian  r,  greater  than  \r. 

Greater  than  /•. 

Ir. 

Infinite. 

Greater  than  0,  less  tlian  hr. 

Negative. 

0. 

0. 

Negative. 

Greater  than  0,  less  than  \r. 

100.  Thus,  when  the  source  is  at  a  practically  infinite 
distance  (as  the  sun  or  a  star)  the  image  is  formed  at  a 
distance   from  the  mirror  equal  to  lialj  its  radius  of 
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curvature.  It  is  then  said  to  be  in  the  prmcipal  focus. 
[Thus  the  focal  length  of  the  concave  mirror  of  a 
reflecting  telescope  is  half  the  radius  of  the  sphere  of 
which  the  mirror  (approximately)  forms  a  portion.] 

As  the  source  comes  nearer,  the  image  comes  out  to 
meet  it,  and  they  coincide  at  the  centre  of  curvature  of 
the  mirror.  [In  fact,  a  ray  leaving  the  centre  of  the 
mirror  must  meet  the  surface  at  right  angles,  and  thus 
go  back  by  the  way  it  came.] 

When  the  source  comes  still  nearer,  the  image  goes 
farther  off,  until,  when  the  source  is  at  the  principal 
focus,  the  image  is  at  an  infinite  distance ;  that  is,  the  rays 
go  off  parallel  to  one  another.  This  is  the  mode  in  which 
a  concave  reflector  is  employed  for  lighthouse  purposes. 

AV^lien  the  source  comes  still  nearer,  the  image  is  be- 
hind the  mirror,  and  therefore  virtual: — i.e.  the  incident 
rays  are  so  divergent  that  part  of  their  divergence 
remains  after  reflection. 

This  remnant  of  divergence  becomes  greater  and 
greater  as  the  source  is  nearer  to  the  mirror,  i.e.  the  (still 
virtual)  image  comes  closer  to  the  mirror,  which  finally 
behaves,  for  a  very  near  source,  almost  precisely  like  a 
plane  mirror. 

A  very  simple  method  of  obtaining  the  formula  (a)  is 
suggested  by  the  wave-theory.  Assimilate  the  spherical 
surface  to  a  small  portion  of  the  vertex  of  an  ellipsoid  of 
revolution  of  which  OA  is  the  axis,  0  the  centre  of 
curvature  at  A,  and  U  one  focus.     (See  §  86.) 

101.  All  of  these  phenomena  can  be  beautifully  seen 
in  a  dark  room  by  employing  a  beam  of  sunlight, 
rendered  distinctly  visible,  in  the  fashion  described  by 
Lucretius,  by  the  motes  in  the  air. 
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But  they  can  also  be  instructively  studied  by  holding 
a  small  bright  object  (such  as  a  piece  of  chalk)  in  the  axis 
of  the  mirror,  and  gradually  varjang  its  distance  from  the 
surface.  By  the  necessary  effort  at  accommodation  with 
one  eye  (or  by  the  stereoscopic  effect  with  two),  we  ob- 
tain direct  information  as  to  the  position,  in  space,  of 
the  image. 

102.  For  further  explanation,  pictures  are  given  (figs. 
10,  11),  showing  the  course  of  the  pencil  of  rays  when  (1) 
a  real,  and  (2)  a  virtual,  image  is  formed  by  a  concave 
mirror.     It  will  be  seen  at  once  that,  in  the  cases  figured. 


Fu;.  10. 


Fig.  11. 


the  real  image  is  inverted  and  less  than  the  object,  the 
virtual  image  erect  and  larger. 
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In  fact  the  size  of  a  small  object  is  obviously  to  that 
of  its  image  in  proportion  to  their  distances  from  0,  the 
centre  of  curvature  of  the  mirror.  Also  the  image  is 
erect  when  it  lies  on  the  same  side  of  the  centre  of 
curvature  with  the  object ;  inverted,  if  on  the  opposite. 
In  other  words,  the  image  is  inverted  if  the  rays  cross 
one  another's  path,  erect  if  they  do  not. 

103.  When  the  breadth  of  the  mirror  is  large  compared 
with  its  radius,  the  approximation  upon  which  all  these 
results  depend  can  no  longer  be  made.  There  is  then 
no  definite  image  even  of  a  luminous  point.  It  becomes 
spread  over  what  is  called  a  Caustic,  a  section  of  which  is 
the  bright  curve  familiar  to  every  one  who  has  looked  at 
a  cup  of  milk  in  sunshine. 

104.  As  a  very  simple  example  of  a  caustic,  which 
can  be  fully  treated  by  elementary  geometry,  let  us  take 


the  case  of  a  concave  spherical  mirror  on  which  parallel 
rays  fall  (as  from  a  very  distant  source). 

Let  AP,  fig.  12,  be  a  section  of  the  mirror  through 
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its  centre,  0 ;  the  rays  falling  on  it  parallel  to  OA. 
Everything  is,  then,  symmetrical  about  the  line  OA,  so 
that  if  we  find  the  section  of  the  caustic  surface  by  the 
plane  of  the  paper,  we  have  only  to  suppose  the  whole 
to  rotate  about  OA  to  generate  the  surface. 

Let  SP  be  any  one  of  the  parallel  rays  in  the  plane 
of  the  paper,  PQ  the  reflected  ray.  Join  PO,  and  bisect 
it  in  R  On  PR,  as  diameter,  construct  a  circle ;  and 
describe  another  circle,  with  radius  OR  and  centre  0. 
Obviously  these  circles,  which  meet  at  R,  touch  one  another 
at  that  point.  Let  the  reflected  ray,  PQ,  cut  in  Q  the 
circle  PQR.  Since  PO  bisects  the  angle  SPQ  (by  the 
law  of  reflection),  and  since  SP  is  parallel  to  OA,  the 
angle  RPQ  is  equal  to  ROB.  RPQ  is  subtended,  at  the 
circumference  of  a  circle,  by  the  arc  QR ;  Avhile  ROB  is 
subtended,  at  the  centre  of  a  circle  of  double  radius,  by 
the  arc  BR.  Hence  these  arcs  are  equal;  and  if  the 
circle  PQR  were  to  roll  on  the  fixed  circle  RB,  the  point 
Q  would  ultimately  coincide  with  the  point  B.  But  the 
point  of  contact,  R,  at  any  instant  of  the  rolling,  is  for 
the  moment  fixed.  Hence  the  motion  of  Q  is,  at  every 
instant,  perpendicular  to  RQ,  i.e.  it  is  along  the  line  PQ. 
That  is,  PQ,  the  reflected  ray,  in  every  one  of  its  posi- 
tions touches  the  curve  described  by  the  point  Q.  This 
curve,  indicated  by  the  dotted  line  in  the  figure,  and 
which  is  obviously  an  epicycloid,  is  therefore  the  section 
of  the  caustic  surface  by  a  plane  passing  through  its 
axis.  It  has  a  cusp  at  the  point  B,  which  (as  we  have 
seen  in  §  100)  is  in  this  case  the  image  of  the  infinitely- 
distant  point,  i.e.  the  principal  focus  of  the  mirror. 

105.  The  same  simple  example  gives  us  the  means  of 
explaining,  by  a  particular  case,  a  quite  general  property 
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of  any  small  pencil  of  rays,  viz.  that,  when  the  pencil 
has  not  a  focus,  it  has  two  focal  lines,  situated  at  different 
points  in  its  course,  and  in  directions  at  right  angles  to 
one  another,  and  also  to  the  axis  of  the  pencil. 

For  it  is  obvious  that  every  reflected  ray,  a,s  PQ, 
passes  accurately  through  the  axis  OA  of  the  mirror. 
But  Q  is  the  intersection  of  two  successive  rays  reflected 
in  the  plane  of  the  figure ;  and,  when  the  whole  figure 
is  made  to  rotate  about  OA,  the  path  of  Q  is  a  circle 
which  cuts  the  plane  of  the  paper  at  right  angles. 
Hence,  if  we  confine  our  attention  to  rays  which  fall  on 
a  very  small  portion  of  the  spherical  mirror,  inclosing 
the  point  P,  every  one  of  them  after  reflection  will  pass 
through  a  short  line  at  Q  perj^endicular  to  the  plane  of 
the  paper,  and  also  through  a  short  portion  of  the  line 
OA;  or,  if  Ave  please,  a  short  portion  of  a  line  in  the 
plane  POA  perpendicular  to  PQ,  where  it  meets  OA. 

106.  This  is  a  perfectly  general  proposition,  easily 
established  by  the  undulatory  theory  of  light.  For  that 
theory  shows  (§82)  that  all  the  rays  of  any  reflected,  or 
simply  refracted,  pencil  are  normals  to  the  wave-surface, 
as  it  is  called.  Now  suppose  that  we  take  any  small 
portion  of  a  plane  surface,  "vWth  normals  fixed  to  it  at 
every  point.  These  will,  of  course,  form  a  set  of  parallel 
lines.  But  every  curved  surface,  as  geometry  tells  us, 
has  two  chief  curvatures  in  sections  through  the  normal 
and  perpendicular  to  one  another.  Hence,  to  make  our 
small  plane  surface  fit  the  wave-surface  of  the  pencil,  we 
must  bend  it,  in  two  planes  perpendicular  to  one  another, 
to  the  I'equisite  amounts  of  curvature.  The  first  bending 
makes  all  its  normals  (the  rays  of  the  corresponding 
pencil)  pass  through  the  axis  of  the  cylinder  into  which 
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it  is  bent.  The  second  bending  (without  altering  this 
state  of  matters  except  by  lengthening  or  shortening  the 
line  intersected  by  all  the  normals)  makes  them  all  pass 
through  the  axis  of  a  new  cylinder,  at  right  angles  to 
the  first. 

107.  Hence,  to  study  fully  the  behaviour  of  a  small 
pencil,  we  must  take  account  of  the  position  and  length 
of  each  of  the  focal  lines ;  and  then  we  have  another  pro- 
blem, that  of  the  Circle  of  Least  Confusion,  as  it  is  called. 
This  is  the  section  of  the  pencil,  between  the  two  focal 
lines,  in  which  the  rays  are  most  closely  brought  together, 
i.e.  the  section  which  will,  in  the  absence  of  a  true  focus, 
most  nearly  satisfy  the  conditions  of  such  a  focus. 

But  questions  of  this  kind  require  for  their  adequate 
treatment,  except  in  special  cases,  much  more  of  analysis 
than  we  can  introduce  here. 

108.  Even  when  the  approximation  of  §  95  is  close 
enough  for  ordinary  purposes,  it  is  not  so  for  astro- 
nomical purposes,  and  the  effect  of  its  inexactness  upon 
the  image  is  known  as  SjjJieriad  Aberration.  This  is  a 
mere  special  case  of  the  general  defect  pointed  out  in 
§  103.  For  the  fine  mirrors  of  reflecting  telescopes 
the  spherical  form  cannot  be  employed ;  the  surface  of 
the  mirror  must  be  of  ixiraholic  section.  For,  as  is  easily 
seen  from  the  fundamental  property  of  the  parabola,  any 
ray  falling  on  it  parallel  to  the  axis  is  reflected  so  as  to 
pass  exactly  through  the  focus. 

109.  As  a  simple  example  of  the  application  of  the 
law  of  reflection  at  curved  surfaces,  when  the  rigorous 
solution  is  demanded,  let  us  take  the  case  of  a  vertical 
right  cylinder,  the  object  being  a  drawing  on  a  horizontal 
plane.      Such   mirrors,   with   the   frightfully  distorted 
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drawings  necessary  to  give  an  image  of  natural  propor- 
tions, were  very  common  fifty  years  ago,  but  are  now 
rarely  seen.  They  are  still,  however,  valuable  as  illus- 
trations of  our  subject. 

Let  the  plane  of  the  object  cut  the  axis  OB  of  the 
cylinder  at  right  angles  in  0  (fig.  13),  and  let  A  be  the 
position  of  the  eye,  and  RQA  a  ray  from  a  point  R  of 
the  object,  reflected  at  Q.  Draw  QP  perpendicular  to 
the  axis.  Then  AQ  and  QR  are  in  the  same  plane  with 
QP  (the  normal  to  the  surface)  and  make  equal  angles 
with  it.  Hence,  Avhen  this  figure  is  projected  by  vertical 
lines  on  the  plane  of  the  object,  it  takes  the  form  in  fig. 
14,  where  AQ,  QR  now  make  equal  angles  Avith  OQ. 


Also,  if  AB  be  drawn  (in  fig.  13)  perpendicular  to  OP, 
the  ratio  of  AQ  to  QR  in  fig.  14  is  equal  to  that  of  BP 


to  PO  in  fig.  13 
Take 


QS : QO :  :  QR  :  QA  , 
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and  draw  ST  parallel  to  OA.     Then  it  is  obvious  that 

SR=ST=§|0A; 
QO 

and  also  that  the  angles  QSE  and  QST  are  equal.  Hence 
the  following  theorems,  which  enable  us  at  once  to  draw 
a  figure  on  the  object  plane  such  that  its  image  shall 
appear  of  any  assigned  form. 


Fig.  14. 


1.  Any  line,  such  as  QR,  on  the  object  plane,  drawn 
from  a  point  Q  in  the  section  of  the  cylinder  so  that  the 
angles  OQR  and  OQA  are  equal,  is  seen  after  reflection 
as  a  generating  line  of  the  cylinder. 

2.  If  an  epicycloid  be  described  by  lines  of  fixed 
length  OS,  SE,  turning  about  0  and  S,  respectively,  vnth 
angular  velocities  1  and  2,  and  both  at  starting  coincid- 

G 
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ing  with  OA  in  direction,  its  image  will  be  a  circular 
section  of  the  cj'linder. 

Thus,  if  we  imagine  as  dra^ii  on  the  cylinder  any 
number  of  vertical  and  horizontal  sections,  forming  a 
network,  the  object  corresponding  to  them  can  be  traced 
as  a  number  of  intersecting  straight  lines  and  epicycloids. 
Thus  we  have  a  well-known  means  of  drawing  the 
required  diagram ;  knowing,  as  Ave  do,  the  small  spaces 
on  the  diagram  which  correspond  to  given  small  spaces 
on  the  figure  of  the  object  to  be  seen  by  reflection.  A 
similar  process  may  be  applied  to  other  modes  of  using 
such  mirrors. 

110.  AMien  the  cylinder  has  a  small  diameter,  it  may 
be  usefully  employed  to  intercept  and  reflect  part  of  a 
beam  of  sunlight  entering  a  dark  room.  It  is  easy  to 
see,  by  a  geometrical  construction,  that  the  reflected  rays 
■will,  in  this  case,  form  a  right  cone,  whose  axis  is  that 
of  the  cylinder ;  and  one  of  its  generating  lines  will  be 
parallel  to  the  incident  ray.  Thus  the  angle  of  the  cone 
becomes  smaller  as  the  inclination  of  the  reflecting 
cylinder  to  the  ray  becomes  less.  If  the  ray,  at  the 
point  of  interruption,  was  at  the  centre  of  a  spherical 
dome,  after  reflection  it  will  form  on  the  dome  a  circle, 
small  or  great,  which  passes  through  its  original  point  of 
incidence. 

Imitations,  more  or  less  perfect,  of  primary  and 
secondary  rainbows  can  easily  be  made  by  this  process, — 
the  sunbeam  being  led  through  a  prism  just  before  it 
falls  on  the  cylindrical  rod.  This  experiment  is  a  very 
striking  one ;  but,  though  capable  of  giving  much  in- 
formation, it  is  of  that  dangerous  kind  which  is  likely 
to  mislead  instead  of  instructing  an  audience. 
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Another  very  beautiful  illustration,  simple  in  prin- 
ciple, but  sometimes  presenting  considerable  mathematical 
difficulties,  is  given  by  the  continuous  succession  of 
images  of  the  sun  (or  of  some  small,  brilliant  source) 
forming  a  luminous  curve,  produced  by  reflection  at  a 
polished  wire  of  any  form,  which  is  made  to  move 
swiftly  in  a  definite  closed  path. 

111.  If  we  look  at  a  great  number  of  thin  cylindrical 
rods,  parallel  to  one  another,  and  illuminated  by  sunlight, 
the  rays  which  reach  the  eye  must,  by  what  we  have 
already  said,  each  form  a  side  of  some  right  cone  (of 
definite  angle)  whose  axis  is  parallel  to  each  of  the 
cylinders.  The  appearance  presented  will  therefore  be 
that  of  a  luminous  circle,  passing  through  the  sun.  Its 
angular  diameter  becomes  less  as  the  axes  of  the  cylinders 
are  less  inclined  to  the  incident  rays. 

This  phenomenon  is  beautifully  shown  by  some  speci- 
mens of  crystals,  especially  of  Iceland  spar,  which  are 
full  of  minute  tubes  parallel  to  one  another.  In  a  plate 
of  such  a  doubly-refracting  crystal,  however,  there  are 
necessarily  four  images.  That  which  is  throughout  due 
to  the  ordinary  ray  (this  term  will  be  explained  later) 
shows  perfectly  the  phenomenon  above  described.  The 
light  of  the  luminous  circle  is  white.  The  other  three 
curves  are  not  circles,  and  in  them  the  colours  are  separ- 
ated. One  of  them,  which  is  elliptical,  is  usually  very 
much  brighter  than  either  of  the  remaining  two. 
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112.  If  homogeneous  light  be  refracted  at  a  plane  surface 
separating  two  homogeneous  isotropic  media,  the  incident 
and  refracted  rays  are  in  one  plane  ivith  the  normal  to  the 
surface,  they  lie  on  opposite  sides  of  it,  and  the  sines  of  their 
inclinations  to  it  are  in  a  constant  ratio  to  one  another. 

The  law  of  single  refraction  was  put  in  a  form  equi- 
valent to  this  (all  but  one  word)  for  the  first  time  by 
Snell  in  Leyden,  some  time  before  1626.  It  was  first 
published  in  1 637  by  Descartes,  who  undoubtedly  obtained 
it  from  Snell  j  but  he  gave  it  without  any  mention  of 
its  author. 

113.  The  one  word  referred  to  is  homogeneous,  as  applied 
to  the  incident  light.  For  the  fact  that  white  light  consists 
of  innumerable  different  homogeneous  constituents,  which 
are  separated  from  one  another  by  refraction,  was  first 
established  by  Newton.  We  quote  his  own  account  of 
this  extremely  important  discovery,  from  his  letter  to 
Oldenburg,  dated  Cambridge,  Feb.      ,  \%1l : — 

"  To  perform  my  late  promise  to  you,  I  shall  without 
further  ceremony  acquaint  you,  that  in  the  year  1666 
(at  which  time  I  applied  myself  to  the  grinding  of  optick- 
glasses  of  other  figures  than  spherical)  I  procured  me  a 
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triangular  glass-prism,  to  try  therewith  the  celebrated 
phsenomena  of  colours.  And  in  order  thereto,  having 
darkened  my  chamber,  and  made  a  small  hole  in  my 
window-shuts,  to  let  in  a  convenient  quantity  of  the 
sun's  light,  I  placed  my  prism  at  its  entrance,  that  it 
might  be  thereby  refracted  to  the  opposite  wall.  It 
was  at  first  a  very  pleasing  divertisement,  to  view  the 
vivid  and  intense  colours  produced  thereby;  but  after 
a  while  applying  myself  to  consider  them  more  circum- 
spectly, I  became  surprised  to  see  them  in  an  oblong 
form;  which,  according  to  the  received  laws  of  refrac- 
tions, I  expected  should  have  been  circular.  They  were 
terminated  at  the  sides  with  streight  lines,  but  at  the 
ends  the  decay  of  light  was  so  gradual,  that  it  was  diffi- 
cult to  determine  justly  what  was  their  figure,  yet  they 
seemed  semicircular. 

"  Comparing  the  length  of  this  coloured  spectrum  with 
its  breadth,  I  found  it  about  five  times  greater ;  a  dis- 
proportion so  extravagant,  that  it  excited  me  to  a  more 
than  ordinary  curiosity  of  examining  from  whence  it 
might  proceed.  I  could  scarce  think,  that  the  various 
thickness  of  the  glass,  or  the  termination  with  shadow 
or  darkness,  could  have  any  influence  on  light  to  produce 
such  an  effect :  yet  I  thought  it  not  amiss,  first  to  ex- 
amine those  circumstances,  and  so  tried  what  would 
happen  by  transmitting  light  through  parts  of  the  glass 
of  divers  thicknesses,  or  through  holes  in  the  window  of 
divers  bignesses,  or  by  setting  the  prism  without,  so  that 
the  light  might  pass  through  it,  and  be  refracted,  before 
it  was  terminated  by  the  hole ;  but  I  found  none  of  those 
circumstances  material.  The  fashion  of  the  colours  was 
in  all  these  cases  the  same. 
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"  Then  I  suspected,  whether  by  any  unevenness  in  the 
glass,  or  other  contingent  irregularity,  these  colours  might 
be  thus  dilated.  And  to  try  this,  I  took  another  prism 
like  the  former,  and  so  placed  it,  that  the  light  passing 
through  them  both,  might  be  refracted  contrary  ways, 
and  so  by  the  latter  returned  into  that  course  from  which 
the  former  had  diverted  it :  for  by  this  means  I  thought 
the  regular  effects  of  the  first  prism  would  be  destroyed 
by  the  second  prism,  but  the  irregular  ones  more  aug- 
mented, by  the  multiplicity  of  refractions.  The  event 
was,  that  the  light,  which  by  the  first  prism  was  diffused 
into  an  oblong  form,  was  by  the  second  reduced  into  an 
orbicular  one,  with  as  much  regularity  as  when  it  did 
not  at  all  pass  through  them.  So  that  whatever  was 
the  cause  of  that  length,  it  was  not  any  contingent 
irregularity. 

"  I  then  proceeded  to  examine  more  critically,  what 
might  be  eff"ected  by  the  difterence  of  the  incidence  of 
rays  coming  from  divers  parts  of  the  sun ;  and  to  that 
end,  measured  the  several  lines  and  angles  belonging  to 
the  image.  Its  distance  from  the  hole  or  prism  was  22 
foot;  its  utmost  length  13|  inches;  its  breadth  2| ;  the 
diameter  of  the  hole  I  of  an  inch.  The  angle  which  the 
rays,  tending  towards  the  middle  of  the  image,  made 
with  those  lines,  in  which  they  would  have  proceeded 
without  refraction,  was  44  deg.  56  min.,  and  the  vertical 
angle  of  the  prism  63  deg.  12  min.  Also  the  refractions 
on  both  sides  the  prism,  that  is,  of  the  incident  and 
emergent  rays,  were,  as  near  as  I  could  make  them, 
equal;  and  consequently  about  54  deg.  4  min.  And 
the  rays  fell  perpendicularly  upon  the  wall.  Now  sub- 
ducting the  diameter  of  the  hole  from  the  length  and 
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breadth  of  the  image,  there  remains  13  inches  in  the 
length,  and  2|  the  breadth,  comprehended  by  those  rays 
which  passed  through  the  center  of  the  said  hole ;  and 
consequently  the  angle  of  the  hole,  which  that  breadth 
subtended,  was  about  31  min.  answerable  to  the  sun's 
diameter;  but  the  angle  which  its  length  subtended, 
was  more  than  5  such  diameters,  namely,  2  deg. 
49  min. 

"Having  made  these  observations,  I  first  computed 
from  them  the  refractive  power  of  that  glass,  and  found 
it  measured  by  the  ratio  of  the  sines  20  to  31 ;  and  then 
by  that  ratio  I  computed  the  refractions  of  two  rays 
flowing  from  opposite  parts  of  the  sun's  discus,  so  as  to 
differ  31  min.  in  their  obliquity  of  incidence,  and  found 
that  the  emergent  rays  should  have  comprehended  an 
angle  of  about  31  min.  as  they  did  before  they  were 
incident. 

"  But  because  this  computation  was  founded  on  the 
hypothesis  of  the  proportionality  of  the  sines  of  incidence 
and  refraction,  which  though  by  my  own  experience  I 
could  not  imagine  to  be  so  erroneous,  as  to  make  that 
angle  but  31  min.  which  in  reality  was  2  deg.  49  min., 
yet  my  curiosity  caused  me  again  to  take  my  prism  :  and 
having  placed  it  at  my  window,  as  before,  I  observed, 
that  by  turning  it  a  little  about  its  axis  to  and  fro,  so 
as  to  vary  its  obliquity  to  the  light,  more  than  an  angle 
of  4  or  5  degrees,  the  colours  were  not  thereby  sensibly 
translated  from  their  place  on  the  wall;  and  consequently 
by  that  variation  of  incidence,  the  quantity  of  refraction 
was  not  sensibly  varied.  By  this  experiment,  therefore, 
as  well  as  by  the  former  computation,  it  was  evident  that 
the  difference  of  the  incidence  of  rays,  flowing  from  divers 
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parts  of  the  sun,  could  not  make  them  after  decussation 
diverge  at  a  sensibly  greater  angle,  than  that  at  which 
they  before  converged ;  which  being  at  most  but  about 
31  or  32  min.,  there  still  remained  some  other  cause 
to  be  found  out,  from  whence  it  could  be  2  deg.  49 
min. 

"Then  I  began  to  suspect,  whether  the  rays,  after 
their  trajection  through  the  prism,  did  not  move  in 
curve  lines,  and  according  to  their  more  or  less  curvity, 
tend  to  divers  parts  of  the  wall.  And  it  increased  my 
suspicion,  when  I  remembered  that  I  had  often  seen  a 
tennis-ball,  struck  with  an  oblique  racket,  describe  such 
a  curve  line.  For,  a  circular  as  well  as  a  progressive 
motion  being  communicated  to  it  by  that  stroke,  its 
parts,  on  that  side  where  the  motions  conspire,  must 
press  and  beat  the  contiguous  air  more  violently  than  on 
the  other,  and  there  excite  a  reluctancy  and  re-action  of 
the  air  proportionably  greater.  And  for  the  same  reason, 
if  the  rays  of  light  should  possibly  be  globular  bodies, 
and  by  their  oblique  passage  out  of  one  medium  into 
another  acquire  a  circulating  motion,  they  ought  to  feel 
the  greater  resistance  from  the  ambient  aether,  on  that 
side  where  the  motions  conspire,  and  thence  be  con- 
tinually bowed  to  the  other.  But  notwithstanding  this 
plausible  ground  of  suspicion,  when  I  came  to  examine 
it,  I  could  observe  no  such  curvity  in  them.  And 
besides  (which  was  enough  for  my  pur230se)  I  observed, 
that  the  difference  betwixt  the  length  of  the  image  and 
the  diameter  of  the  hole,  through  which  the  light  was 
transmitted,  was  proportionable  to  their  distance. 

"  The  gradual  removal  of  these  suspicions  at  length 
led  me  to  the  experimentum  crucis,  which  was  this.     I 
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took  two  boards,  and  placed  one  of  them  close  behind  the 
prism  at  the  ivindow,  so  that  the  light  might  pass  through 
a  small  hole,  made  in  it  for  the  purpose,  and  fall  on  the 
other  board,  which  I  placed  at  about  12  feet  distance, 
having  first  made  a  small  hole  in  it  also  for  some  of  that 
incident  light  to  pass  through.  Then  I  placed  another 
prism  behind  this  second  board,  so  that  the  light 
trajected  through  both  the  boards  might  pass  through 
that  also,  and  be  again  refracted  before  it  arrived  at  the 
wall.  This  done,  I  took  the  first  prism  in  my  hand,  and 
Uirned  it  to  and  fro  slowly  about  its  axis,  so  much  as  to 
make  the  several  parts  of  the  image,  cast  on  the  second 
board,  successively  pass  through  the  hole  in  it,  that  I 
might  observe  to  Avhat  places  on  the  wall  the  second 
prism  would  refract  them.  And  I  saw,  by  the  variation 
of  those  places,  that  the  light,  tending  to  that  end  of  the 
image  towards  which  the  refraction  of  the  first  prism 
was  made,  did  in  the  second  prism  suffer  a  refraction 
considerably  greater  than  the  light  tending  to  the  other 
end.  And  so  the  true  cause  of  the  length  of  that  image 
was  detected  to  be  no  other,  than  that  light  is  not  similar 
or  homogeneal,  but  consists  of  difforni  rays,  some  of  ivhich 
are  more  refrangible  than  others;  so  that  without  any 
difiierence  in  their  incidence  on  the  same  medium,  some 
shall  be  more  refracted  than  others ;  and  therefore  that, 
according  to  their  particular  degrees  of  refrangibility,  they 
were  transmitted  through  the  prism  to  divers  parts  of 
the  opposite  wall." 

We  have  quoted  this  passage  at  length,  because  it 
shows,  in  a  manner  intelligible  to  all,  the  way  in  which 
a  true  experimenter  goes  to  work  on  a  novel  difficulty ; 
as  well  as  the  singular  amount  of  new  insight  into  other, 
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and  apparently  unconnected  questions,  which  a  master 
in  physics  obtains  from  the  consideration  of  any  one 
problem. 

114.  The  constant  ratio  mentioned  in  the  above  state- 
ment (§  112)  of  the  law  of  refraction  is  now  called  the 
refractive  index.  Its  numerical  value  depends  upon  the 
nature  of  the  two  media,  and  also  upon  the  quality  of 
the  homogeneous  light.  It  is  usually  greater  for  oi^ange 
light  than  for  red,  for  yellow  than  for  orange,  and  so 
on, — so  that  the  violet  rays  are  often  called  the  "more 
refrangible  "  rays. 

This  statement  is,  however,  liable  to  some  very 
singular  exceptions,  which  will  be  mentioned  later,  when 
we  are  dealing  with  anomalous  dispersion. 

115.  The  following  experimental  facts  may  be  re- 
garded, some  as  additions  to,  some  as  mere  consequences 
of  the  law. 

When  refraction  takes  place  from  a  rarer  into  a  denser 
medium,  the  angle  of  refraction  is  usually  less  than  that 
of  incidence,  i.e.  the  refractive  index  is  greater  than 
unity. 

If  the  refractive  index  for  a  particular  kind  of  light 
from  a  medium  A  into  another  B  be  fi,  that  from  B  to 
A  is  l/fM.  In  other  words,  a  refracted  ray  may  be  sent 
back  by  the  path  by  which  it  came  (§  81). 

If  fju  be  the  refractive  index  for  a  particular  ray  from 
A  into  B,  and  /j,^  that  for  the  same  ray  from  A  into  C, 
that  from  B  into  C  is  fi.2//ji'^- 

116.  These  being  premised,  let  us  consider  a  point- 
source  of  homogeneous  light  in  air,  shining  on  a  surface 
of  water.  Here  we  may  take  /i  as  on  the  average  about 
equal  to  1'33  or,  roughly,  ^. 
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Let  MN  (fig.  15)  be  the  perpendicular  to  the  water 
surface  at  the  point  where  the  incident  ray  AP  meets 
it.     In  the  plane  APM  make  the  angle  QPN  such  that 

sinAPM^fsinQPN, 
then  PQ  is  the  refracted  ray.     If  QP  be  produced  back- 


1 

l-'ii;.  15. 


wards  to  meet  the  vertical  line  BA  in  q,  we  may  present 
this  statement  in  the  form 

^-4^-?  orrA--^Pa 

If  the  rays  fall  nearly  perpendicularly  on  the  surface, 
we  may  put  approximately  (§  95)  B  for  P,  and  we  have 

Hence,  an  eye  placed  under  water  and  nearly  in  the 
vertical  through  A,  sees  a  virtual  image  of  A  at  j,  one- 
third  farther  from  the  surface  of  the  water. 
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117.  As  P  is  taken  farther  and  farther  from  A,  the 
angle  of  incidence  becomes  more  nearly  a  right  angle, 
and  the  sine  of  the  angle  of  refraction  becomes  more 
nearly  equal  to  f .     Hence  we  see  that : — 

A  ray  cannot  go  from  air  into  water  so  as  to  Tnake,  with 
the  perpendicular  to  the  surface,  an  angle  whose  sine  is  greater 
than  |. 

The  true  nature  of  this  most  important  statement  is, 
however,  best  seen  when  we  suppose  the  source  to  be 
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under  water,  and  the  light  to  be  refracted  into  air.  If 
APQ  (fig.  16)  be  the  course  of  a  ray,  we  have  as  before, 
remembering  that  (§  115)  the  refractive  index  has  now 
the  reciprocal  of  its  former  value, 

AP  =  |P?. 
Hence  if  P  be  taken  so  that 

APi  =  |PiB , 
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it  is  clear  that  q  coincides  with  B,  or  the  ray  AP^,  re- 
fracted at  P  ,  runs  along  the  surface  of  the  water. 

If  APg  be  less  than  *-  P^B,  no  point  q  can  be  found ; 
so  that  the  ray  AP2  cannot  get  out  of  the  water.  It  is 
found  to  be  completely  reflected  in  the  water.  This 
reflection,  unaccompanied  by  refraction,  is  called  Total 
Reflection. 

The  limiting  angle  of  incidence  (at  P  )  which  separates 
the  totally  reflected  rays  from  those  which  (at  least 
partially)  escape  into  air  is  called  the  Critical  Angle. 

When  an  equilateral  triangular  prism  of  glass  is 
placed  in  a  ray  of  sunlight,  and  made  to  rotate,  we  see 
on  a  properly  adjusted  screen  (besides  the  spectra  formed 
by  refraction)  beams  of  white  light  reflected  alternately 
from  the  outside  and  from  the  inside  of  each  face.  The 
totally  reflected  ray  from  the  inside  is  seen  at  a  glance 
to  be  very  much  brighter  than  that  reflected  from  the 
outside. 

Total  internal  reflection  is  the  principle  on  which 
depends  the  action  of  Wollaston's  elegant,  but  now 
almost  forgotten,  instrument,  the  Camera  Lucida. 

118.  To  an  eye  placed  nearly  in  the  vertical  of  A, 
and  outside  the  water,  A  appears  at  A^^,  where 

AoB=|AB. 

Thus  a  clear  stream,  when  Ave  look  vertically  into  it, 
appears  to  be  of  only  fths  of  its  real  depth.  But  when 
we  look  more  and  more  obliquely,  seeing  A  for  instance 
by  the  ray  QP,  the  image  appears  to  rise  nearer  and 
nearer  to  the  surface;  or,  if  A  be  at  the  bottom,  the 
water  will  appear  more  and  more  shallow ;  and  all  ob- 
jects in  it  will  appear  to  be  crowded  towards  the  surface. 
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Thus  if  part  of  a  stick  be  immersed  obliquely  in 
water,  that  part  appears  bent  up  towards  the  surface  of 
the  water. 

119.  To  obtain  a  more  accurate  idea  of  what  takes 
place  in  this  case,  we  must  investigate  the  form  of  the 
caustic.  This  happens  to  be  a  very  easy  matter.  Refer 
to  fig.  17,  where  the  points  A,  A^,  B,  P,  P^,  Q,  q  are  the 
same  as  in  fig.  16. 

Produce  AB,  so  that  BA'  =  AE;  and,  P  being  the 
point  of  incidence  of  a  ray,  draw  the  circle  AA'P.  Let 
the  i-efracted  ray  PQ,  produced  liackwards,  meet  this 
circle  in  R.     Join  RA,  RA'.     Tlicn  the  angle  at  R  is 
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evidently  bisected  by  RP,  and  each  of  its  halves  is  equal 
to  A'AP,  the  angle  of  incidence.  Also  the  angles  at  q 
are  the  angle  of  refraction,  and  its  supplement.  Thus, 
in  consequence  of  the  law  of  refraction, 

RA      ,RA'  , 

-. —  and   rr  are  each =/t. 

kq  A.q 
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Thus  AR  +  JXA'  =  fiAA',  and  the  locus  of  R  is  an 
ellipse  whose  foci  are  A  and  A'.  RP  is  normal  to  the 
ellipse,  because  it  bisects  the  angle  between  the  focal 
distances  of  R.  Thus  the  caustic  is  the  evohite  of  this 
ellipse,  and  is  represented  by  the  dotted  curve  in  the 
figure.  The  branch  of  it  which  we  require  touches  BA 
at  Aq,  and  BP  at  P^. 

The  focal  hues  of  the  refracted  pencil  are  therefore 
at  7  and  r  in  the  figure.     And  a  glance  at  the  figure 
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shows  why  an  object  under  water  appears  to  be  raised 
nearer  to  the  surface,  and  also  to  come  nearer  to  the 
spectator,  as  his  eye,  Q,  is  brought  nearer  to  the  surface 
of  the  water. 

120.  Another  mode  of  obtaining  the  same  result,  by 
the  principle  laid  down  in  §  82,  is  of  interest.  Suppose 
the  general  wave,  of  which  Q  is  a  point,  to  have  its 
motion  reversed;  and  suppose  the  water  done  away  with. 
Then  in  the  time  in  which  light  originally  described  the 
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path  AP,  PQ  (fig.  18),  it  would  (in  air)  go  back  along  QP 
produced  to  a  point  R,  such  that 

and  the  wave  surface  at  R  will  of  course  be  perpendicular 
to  RP.  Draw  RS  perpendicular  to  BA,  and  we  see  by 
the  law  of  refraction  that 

whence  the  locus  of  R  is  the  ellipse,  as  before. 

121.  Again,  to  an  eye  at  A  (fig.  16),  all  objects  above 
the  water  will  be  seen  within  a  right  cone  of  which  AB 
is  the  axis  and  AP  a  side.  The  rest  of  the  water  sur- 
face, outside  the  cone  just  mentioned,  shows  us  objects 
at  the  bottom  by  reflection  in  a  perfect  mirror. 

122.  The  whole  of  what  precedes  is  a  mere  applica- 
tion of  the  equation 

sin  a  =  /x  sin  /3  .  .  .  (1) 

between  the  angles  of  incidence  and  refraction.  Some 
further  consequences,  which  will  be  of  use  to  us  later, 
may  now  be  deduced. 

Take  any  line,  AB  (fig.  19),  and  divide  it,  internally 
at  C,  and  externally  at  C,  in  the  ratio  1  :  /x.  Describe 
the  circle  whose  diameter  is  CC.  Then  geometry  shows 
at  once  that,  if  P  be  any  point  in  this  circle, 

AP  :  PB  :  :  1  :  A. 

Hence  a=  -^OAP,  /?=  -.siOBP,  satisfy  (1)  above;  and 
are  therefore  corresponding  values  of  the  angles  of  incid- 
ence and  refraction,  when  the  refractive  index  is  /x. 

If  AD  be  drawn  perpendicular  to  AB,  BD  touches 
the  circle,  and  ABD  is  the  critical  angle  (§  117). 
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123.  Let  PB,  PA,  cut  the  circle  in^,  q,  respectively. 
Then,  by  geometry,  the  arcs  C/?,  Qq  are  equal.  Hence 
COp,  at  the  centre,  is  equal  to  qPp  at  the  circumference, 
i.e.  to  a  -  /3 ;  and  it  obviously  increases  as  P,  and  there- 
fore 2^,  moves  towards  D.  That  is,  the  change  of  direction 
jyroduced  by  one  refraction  increases  ivith  the  angle  of  incidence. 

124.  Let  ByP'  be  a  proximate  position  of  Bj;P. 
Then  when  P  moves  to  P',  a  increases  by  the  angle  at 
the  circumference  on  arcs  PP'+^jp',  ^  by  the  angle  on 
PP' -j^p'-  Hence  a- ^  increases  by  the  angle  on  2j;^;'. 
Now  as  P  moves  towards  D,  pp'  and  PP'  tend  constantly 


Fig.  10. 

to  equality.  Hence  a  -  /3  increases  faster  and  faster,  lohich- 
ever  of  a  or  /3  increases  uniformly.  This  result  Avill  be 
useful  when  we  are  dealing  with  prisms  (§  132). 

125.  Again  the  increase  of   2/3 -a,  i.e.  ^-(a-/3), 
is  in  the  same  case  the  angle  at  the  circumference  on 

the  arc 

PP'  -  Sp2}'. 

While  P  is  near  to  C,  we  have  approximately 

??'  -.i^p'  :  :BC':BC  :  :;a  +  l:^-l. 
H 
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Again,  when  P  is  near  D,  PP'  and  fj)'  tend  to  equality. 

II-  1 
Thus,  so  long  as  1  >  3"— — r  (or  /i  <  2),  2/3  -  a  begins  at 

^A      I        i. 

zero  at  C,  increases  till  PP'  =  3j>p',  and  thenceforward 
diminishes.  Thus  2/3  -  a  /i«s  z/s  maximum  value  when 
BP  =  3B^,  or  (since  ^  PpO  =  a,  and  OB  =  yu, .  0/^) 

2  cos  a  =  ;U  cos  §. 

This,  combined  with  (1)  of  §  122  gives  at  once,  as  the 
value  of  a  for  the  maximum  of  2^3  -  a, 

3  cos-a  =  yU--  1. 

We  will  refer  to  this  when  we  are  dealing  with  the 
primary  rainbow  (§  166).     ^^ 

126.  All  that  precedes  has  been  obtained  on  the  sup- 
position that  the  light  we  are  dealing  with  is  homo- 
geneous. But  when  white  {i.e.  compound)  light  is 
emitted  by  A  (fig.  16),  the  image  point  Ag  will  be 
nearer  the  surface  for  each  constituent  the  greater  is  the 
corresponding  refractive  index.  Thus  a  white  point  at 
A  will  appear  to  be  drawn  out  into  a  coloured  line  whose 
lower  end  is  red  and  its  upper  end  violet.  Any  one 
can  verify  this  phenomenon  by  looking  obliquely,  on  a 
sunny  day,  at  a  small  white  pebble  or  shell  under  water. 

127.  It  is  easily  seen  from  the  law  of  refraction 
that  hght,  on  passing  through  a  plate  of  homogeneous 
material  with  parallel  faces,  finally  emerges  in  a  direction 
parallel  to  that  at  incidence,  and  that,  therefore,  white 
light  comes  out  from  it  still  white.  If  the  plate  be 
water  in  a  vessel  with  thin  parallel  glass  sides,  a  body 
placed  close  to  one  side,  while  the  eye  is  close  to  the 
other,  appears  to  be  at  f  of  its  real  distance  from  the  eye. 

128.  The  complete  explanation  of  the  law  of  refrac- 
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tion,  on  the  corpuscular  theory,  was  given  by  Newton. 
It  is  still  of  importance,  as  the  earliest  instance  of  the 
solution  of  a  problem  invohang  what  are  called  mole- 
cular forces.  Newton  showed  that,  as  the  molecular 
forces  on  a  corpuscle  balance  one  another  at  every  point 
-  inside  either  of  the  media,  its  speed  must  be  constant  in 
each ;  but  that,  in  passing  through  the  surface  of  separa- 
tion of  the  two  media,  the  square  of  the  speed  perpen- 
dicular to  the  surface  undergoes  a  finite  change. 

Thus,  if  V  be  the  speed  in  air,  a  the  angle  of  incidence, 
then  in  denser  media,  such  as  water  or  glass,  the  speed 
parallel  to  the  surface  is  still  v  sin  a,  but  that  perpendi- 
cular to  the  surface  is  no  longer  v  cos  a,  but  V^''cos-a+a-, 
where  a  is  a  quantity  depending  on  the  medium,  and 
also  on  the  particular  species  of  light.  Thus  the  whole 
speed  is  V^-  +  a^';  and  if  /3  be  the  angle  of  refraction, 

\/v^  +  a'  sin  ^  —  v  sin  a. 

This  is  formally  the  statement  of  fact  in  §  112. 

129.  When  the  surfaces  of  a  piece  of  glass,  etc.,  are 
plane,  but  not  parallel,  we  have  what  is  called  a  Prism. 

The  general  nature  of  the  action  of  a  prism  will  be 
easily  understood  by  the  help  of  the  previous  illustra- 
tions, if  we  restrict  ourselves,  for  the  moment,  to  the 
case  of  a  prism  of  very  small  angle  and  to  rays  passing 
nearly  perpendicular  to  each  of  its  faces.  Thus  (§  116)° 
the  rays  falling  nearly  at  right  angles  to  its  surface  from  a 
point  A  (fig.  20)  will,  after  the  first  refraction,  appear  to 
diverge  from  a  luminous  line  RV,  red  at  the  end  next  to 
A,  violet  at  the  other.  This  line  is  in  the  perpendicular 
AB  from  A  to  the  first  surface  of  the  prism;  and  BR  = 
fiBA,  if  fM  be  the  refractive  index  for  red  rays.     Draw 
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from  R  and  V  perpendiculars  ES,  VT  to  the  second 
surface  of  the  prism.  Join  BS,  BT,  and  draw  A?-,  Av 
parallel  to  them  so  as  to  cut  respectively  RS  in  r  and 


Fig.  20. 

VT  in  V.  To  an  eye  behind  the  prism,  the  bright  point 
A  will  appear  to  be  dra"\vn  out  into  a  coloured  line  rr, 
red  at  the  end  nearest  to  A. 

130.  If  A  be  a  narrow  bright  line  of  light,  parallel  to 
the  edge  of  the  prism,  it  Avill  therefore  appear  to  be 
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dra^vTi  out,  transversely  to  its  length,  into  a  rectangle 
consisting  of  images  of  the  line  ranged  parallel  to  one 
another,  and  formed,  in  succession,  of  the  various  homo- 
geneous constituents  of  white  light  in  the  order  of  their 
refrangibility.  If  the  light  do  not  contain  rays  of  every 
degree  of  refrangibility,  some  of  these  images  will  be 
wanting,  and  there  will  be  corresponding  dark  lines  or 
bands  crossing  this  Spectrum  (as  it  is  called). 

It  is  impossible,  in  words,  accurately  to  describe  the 
colours  of  the  spectrum.  From  the  red,  which  forms 
the  less  refracted  terminal,  it  passes  by  insensible  grada- 
tions into  regions  which  are  roughly  distinguished  as 
orange,  yellow,  green,  blue,  indigo,  violet,  and  lavender. 
But  these,  like  the  great  majority  of  colour  phenomena, 
must  be  seen.  They  cannot  be  represented  accurately 
even  by  the  most  accomplished  artist.  The  chromo- 
lithographed  representations,  which  have  recently  be- 
come so  common,  are  simply  beneath  contempt.  The 
amount  by  which  any  part  of  this  spectrum  is  shifted 
from  the  true  position  of  the  bright  slit  depends  {cceteris 
paribus)  upon  the  excess  of  the  refractive  index  over  1. 
It  also  depends  on  the  angle  of  the  prism.  And,  for  a 
given  angle  of  prism,  the  length  of  the  spectrum  depends 
upon  the  diflference  between  the  refractive  indices  for  the 
red  and  the  violet  rays.     This  is  called  the  Dispersion. 

131.  If  a  second  prism,  of  the  same  glass,  and  of  the 
same  angle,  as  the  first,  be  placed  in  a  reversed  position 
behind  it  (as  indicated  by  the  dotted  lines  in  the  figure), 
the  effect  of  the  two  is  simply  that  of  a  plate  of  glass 
Avith  parallel  faces ;  the  rays  emerge  each  parallel  to  its 
original  direction,  and  there  is  thus  no  separation  of 
colours.      The  reversed  prism  therefore  simply  undoes 
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the  work  of  the  direct  prism.  Thus  we  have  no  disper- 
sion, but  we  also  have  no  refraction.  We  have,  however, 
as  has  ah^eady  been  shown,  an  increase  of  divergence, 
i.e.  the  image  is  nearer  to  the  eye  than  is  the  object. 
Blair,  Brewster,  and  Amici  devised  combinations  of  two- 
pairs  of  prisms  of  the  same  glass,  those  of  each  pair 
having  their  edges  parallel,  such  that  the  combination 
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acted  as  a  sort  of  achromatic  telescope  of  low  power, 
fitted  for  use  as  an  opera-glass. 

132.  When  Ave  employ  a  prism  of  finite  angle,  we 
may  obtain  the  corresponding  results  with  great  ease  by 
the  help  of  the  proposition  in  §  122,  etc.  Thus,  let  a  ray 
fall  perpendicularly  on  one  face  of  a  prism  whose  angle  is 
/3,  fig.  21.  Its  angle  of  incidence  on  the  other  face  will 
be  /3,  and  the  angle  of  refraction,  a,  is  found  by 

sin  a  —  fj.  sill  /3. 
Hence  a  is  greater  than  /3,  and  the  escaping  ray  is 
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beut  from  the  edge  of  the  prism,  by  au  amount  which 
is  greater  for  greater  angles  of  the  prism  (§  1 23).  Hence 
we  can  easily  show  that  every  ray,  after  passing  through 
a  prism  in  a  plane  perpendicular  to  its  edge,  is  (on  the 
whole)  bent  from  the  edge  of  the  prism.  For,  in  either 
figure,  22  or  23,  below,  let  ABCD  represent  the  path  of 
a  ray  in  a  plane  perpendicular  to  the  edge  of  the  prism 
whose  section  is  EEC.  In  EC  take  any  point  0,  and 
through  it  draw  PQ  perpendicular  to  EC,  meeting  the 
sides  of  the  prism  in  P  and  Q.  EPO  and  OQC  may 
now  be  looked  upon  as  sections  of  prisms  (edges,  P  and 


Fig.  22. 

Q)  such  that  the  ray  passes  perpendicularly  through  their 
common  face.  In  each  the  ray  is  bent  from  the  edge, 
as  just  proved.  When,  as  in  fig.  22,  P  and  Q  are  on 
the  same  side  of  EC,  the  sum  of  the  angles  P  and  Q  is 
equal  to  the  angle  E  of  the  original  prism,  and  these 
effects  are  to  be  added.  Eut  when,  as  in  fig.  23,  P 
and  Q  are  on  opposite  sides  of  EC,  the  angle  at  E  is  the 
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excess  of  P  over  Q.  Hence  the  prism  P  Ijeiids  the  ray 
more  than  Q  does,  and  the  diftereuce  is  from  the  edge 
E  of  the  original  prism. 

If  a,  /S,  /3',  a\  be  the  successive  angles  of  incidence 
and  refraction,  ^  the  angle  of  the  prism,  and  8  the  whole 
change  of  direction  of  the  ray,  the  above  figures  show  that 

5  =  a-/3±(a'-i3'), 

while  7=^±/3', 

and,  of  course, 

.sill  a  =  fji.  win  j3,  sin  a  —ix  sin  j3'. 

The  upper  of  the  two  signs  refers  to  the  first  case,  the 
lower  to  the  second.     These  equations  enable  us  to  find 


Fig.  23. 


/^,  j3',  a,  and  8,  when  a  and  7  are  given.  When  all 
the  angles  are  small,  as  was  assumed  in  §  129  above,  the 
last  two  equations  become 

a  =  1x13,  a'  =  /ij3'. 
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Hence  ^_^^^', 

and  therefore  finally 

5=(/x-l)7, 

which  is  equivalent  to  our  former  result. 

133.  The  chief  use  of  prisms,  so  far  as  they  will  be 
discussed  here,  is  in  spectrum  analysis;  and  for  that 
purpose  the  incident  rays  are  carefully  rendered  parallel 
by  means  of  a  Collimator,  simply  a  lens  placed  at  its 
principal  focal  distance  from  the  source  of  light,  so  that 
the  rays  which  pass  through  it  are  deprived  of  divergence 
(§  145).  Thus  we  are  not  called  upon  to  discuss  in  this 
work  the  primary  or  secondary  focal  lines  due  to  a 
prism,  as  homogeneous  parallel  rays  falling  on  it  pass 
through,  and  escape  from,  it  parallel. 

134.  From  the  fact  that  the  angle  at  P  (in  §  122) 
increases  faster  and  faster  as  PAC  increases,  it  is  clear 
that  the  deviation,  by  a  prism,  of  a  ray  which  falls  per- 
pendicularly on  one  face,  increases  faster  and  faster  as 
the  angle  of  the  prism  increases.  Hence  in  fig.  22  the 
whole  amount  of  deviation  of  the  ray  is  greater  the 
greater  the  difference  between  the  angles  BPO,  OQC. 

Hence  for  the  Minimum  Deviation  as  it  is  called,  these 
angles  must  be  equal,  or  the  ray  must  make  equal  angles 
with  the  surfaces  of  the  prism  at  entrance  and  at  exit : 
— i.e.  it  must  pass  symmetrically  through  the  prism.  In 
this  case,  of  course,  we  must  use  the  upper  signs  in  our 
formulae,  §  132,  which  become  (as  we  have  now  a' =  a 
and^'  =  ;S) 

2^  =  7,  siu  a  =  /M  sin  /3, 

and  5  =  2a -7. 
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In  practice  7  and  8  are  easily  measured  on  the  limb 
of  a  divided  circle  to  whose  plane  the  edge  of  the  prism 
is  perpendicular.  Thus  a  and  /3  are  found,  and  by 
means  of  the  remaining  equation  this  process  furnishes 
a  simple  and  very  accurate  mode  of  determining  /x  for 
any  species  of  homogeneous  light,  in  any  substance 
which  can  be  formed  into  a  transparent  prism. 

135.  When  a  ray  passes  through  a  prism  in  a  plane 
not  perpendicular  to  the  edge,  we  may  obtain  the  direc- 
tion of  the  refracted  ray  by  a  simple  spherical  projection. 
Let  lines  be  drawn  from  the  centre  of  the  unit  sphere 
parallel  respectively  to  the  normals  to  the  faces  of  the 
prism,  to  the  incident  ray,  the  refracted  ray,  and  the 
ray  twice  refracted.  These  meet  the  spherical  surface, 
when  all  are  produced  towards  one  side  of  the  prism,  in 
A,  B,  P,  Q,  R  respectively.  The  student  may  easily 
construct  a  figure  for  himself,  because  P,  Q,  A  are  on 
one  great  circle,  K,  Q,  B  on  another ;  and  the  law  of 
refraction  gives  further 

sin  PA_siiiRB_ 

.sin  QA     sill  yB     '  " 

Hence  R  and  P  lie  on  a  small  circle  parallel  to  AB,  and 
are  therefore  at  equal  arcual  distances  from  its  pole. 
That  is,  the  incident  and  emergent  rays  are  equally  inclined 
to  the  edge  of  the  prism. 

136.  Newton,  from  some  rough  experiments,  hastily 
concluded  that  the  amount  of  dispersion  is  in  all  sub- 
stances proportional  to  that  of  the  refraction.  If  such 
were  the  case  it  is  easy  to  see  that  prisms  of  two  differ- 
ently refracting  materials  and  of  correspondingly  different 
angles,  combined  (as  above  described,  §  129)  so  as  to  annul 
the   dispersion,    would    likewise   annul   the   refraction. 
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Thus  Newtoii  was  led  to  suppose  that  refractiou  without 
dispersion  is  unattainable. 

It  was  found  by  Hall  in  1733,  and  afterwards  (inde- 
pendently) by  Dollond,  that  this  idea  is  incorrect — that, 
in  fact,  we  have  in  certain  media  large  refraction  with 
comparatively  small  dispersion,  and  vice  versd,  and  thus 
that  the  dispersion  may  be  got  rid  of  while  a  part  of  the 
refraction  remains.  James  Gregory  had  previously  con- 
jectured that  this  might  be  done  by  using,  as  is  done  in 
the  eye,  more  media  than  one. 

To  illustrate  this,  we  take  (for  certain  specimens  of 
tlint  and  crown  glass,  whose  optical  constants  were  care- 
fully measured  by  Fraunhofer,)  the  following  values  of 
the  refractive  index  for  three  definite  kinds  of  homo- 
geneous light : — 

c 

Flint  glass 1-6297 

Crown  glass 1  '5268 

The  rays  C  and  F  are  in  the  red  and  the  greenish 
blue  regions  of  the  spectrum  respectively,  and  are  given 
ofi'  by  incandescent  hydrogen.  D  is  the  orange-yellow 
ray  of  sodium,  the  source  of  the  colour  of  a  snapdragon 
flame.     (See  §§  249,  326.) 

137.  When  the  angle  of  the  prism  is  very  small 
(the  only  case  we  treat  here),  we  may  consider  Krv  (fig. 
20)  as  approximately  a  straight  line,  whose  length  is 
{cceteris  paribus)  proportional  to  the  angle  of  the  prism. 
Also  the  distances  Ar,  Av,  are  to  one  another  in  the  pro- 
portion of  the  refractive  indices  of  red  and  violet  rays, 
each  diminished  by  unity.  Hence,  for  a  prism  of  small 
angle,  and  of  flint  glass  such  as  was  employed  by  Fraun- 
hofer, the  distances  from  A  to  its  images,  formed  by 


D 

F 

•6350 

1-6483 

•5296 

1-5360 
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these  three  kinds  of  homogeneous  light  respectively,  are 
ver}^  nearly  as 

630,         635,         648. 

When  a  prism  of  crown  glass  of  the  same  small  angle 
is  used,  they  are  nearly  as 

527,         530,         536. 

The  differences  between  the  numbers  for  C  and  F  are 

For  flint  glass 18, 

,,    crown  glass 9, 

or  as  2  :  1.  Hence  if  Ave  make  the  small  angle  of  the 
crown-glass  prism  twice  that  of  the  flint,  and  observe  A 
through  the  two  prisms,  with  their  edges  turned  in 
opposite  directions,  the  C  and  F  images  will  coincide. 
Both,  however,  will  be  displaced  from  the  real  direction 
of  A  as  if  a  prism  had  been  employed,  with  its  edge 
turned  as  that  of  the  crown  glass  was,  and  to  the  same 
extent  as  that  prism  would  have  displaced  them  had  its 
refractive  index  been  about  1-212  and  the  same  for  the 
two  kinds  of  light  C  and  F. 

In  fact,  the  displacements  by  the  flint  prism  are  as 

630,        648, 
and  those  by  the  crown  prism  (to  the  opposite  side)  are  as 

1054,        1072. 
The  diff"erences,  in  favour  of  the  crown  prism,  are  as 

424,  424. 

But  the  crown  prism  has  double  the  angle  of  the  flint, 

so  that  we  must  write  the  refractive  index  corresponding 

to  the  prism,  of  that  double  angle,  v.diich  will  give  the 

same  result  as  the  combination,  as 

l  +  i(0'424),    or  1-212. 
as  stated  above. 
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138.  This  combination  of  prisms  is  called  achromatic,  or 
colourless,  but  it  is  not  perfectly  so.  For  if  we  inquire 
into  the  displacement  of  the  D  image,  we  find  that  it  is  as 

635 
for  the  flint  prism  ;  but  as 

1060 

in  the  opposite  direction,  for  the  crown  prism.     Hence 
its  whole  displacement  is  as 

425, 
a  little  greater  than  that  common  to  C  and  F. 

The  reason  for  this  is  obvious  from  Fraunhofer's 
numbers  given  above.  The  interval  from  C  to  D  is  to 
that  from  C  to  F  in  a  greater  ratio  in  crown  than  in 
flint  glass, — so  that  the  spectra  given  by  these  media 
are  not  similar.  The  rays  of  higher  refrangibility  are 
more  separated  in  proportion  to  those  of  lower  refrangi- 
bility in  flint  than  in  crown  glass.  This  is  the  Irration- 
ality of  Dispersion — which,  so  far  as  we  yet  know,  renders 
absolute  achromatism  unattainable.  Three  prisms  (or 
lenses)  in  combination  give  a  better  attempt  at  achroma- 
tism than  can  be  made  with  two ;  and  some  remarkably 
satisfactory  results  w'ere  obtained  by  Blair,^  with  two 
glass  lenses  enclosing  a  lenticular  portion  of  a  liquid. 

In  the  MS.  records  of  the  Royal  Society  of  Edinburgh  vfe 
find  it  stated  that  Blair  exhibited,  to  cpialified  judges,  a 
telescope  of  his  construction  which,  with  a  focal  length  of 
twelve  inches  only,  bore  an  aperture  of  two  inches,  and 
gave  excellent  definition  of  double  stars  under  a  magnify- 
ing power  of  no  less  than  240.  Nothing  approaching 
to  this  has  been  reached  by  more  modern  constructors 
of  achromatic  lenses. 

^   Trans.  Roy.  Soc.  Edin.,  vol.  iii.  (1791). 
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139.  By  looking  through  a  prism  at  a  very  narrow 
slit,  formed  by  the  window  shutters  of  a  darkened  room, 
Wollaston  (in  1802)  found  that  the  light  of  the  sky  {i.e. 
sunlight)  gives  a  spectrum  which  is  not  continuous.  It  is 
crossed  by  dark  bands,  indicating,  as  already  hinted  in 
§  130,  deficiency  of  intensity  of  certain  definite  kinds 
of  homogeneous  light.  These  bands,  or  rather  lines, 
were  independently  rediscovered,  and  their  positions 
measured,  by  Fraunhofer^  in  1817  with  far  more  perfect 
optical  apparatus.  He  also  found  similar,  but  not  the 
same,  deficiencies  in  the  light  from  various  fixed  stars. 
The  origin  of  these  lines  will  be  explained  under  Eadia- 
tion  (Chap.  XVI.),  along  with  the  theory  of  their  applica- 
tion in  spectrum  analysis.  In  optics  they  are  useful  to 
an  extreme  degree  in  enabling  us  to  measure  refractive 
indices  with  very  great  precision. 

Wollaston's  own  account  of  his  discovery  is  as 
follows  : — 

"  If  a  beam  of  day -light  be  admitted  into  a  dark  room 
by  a  crevice  roth  of  an  inch  broad,  and  received  by  the 
eye  at  the  distance  of  10  or  12  feet,  through  a  prism  of 
flint-glass,  free,  from  veins,  held  near  the  eye,  the  beam  is 
seen  to  be  separated  into  the  four  following  coloiu's 
only,  red,  yellowish-green,  blue,  and  violet,  in  the  pro- 
portions represented.  .  .  . 

"  The  line  A  that  bounds  the  red  side  of  the  spectrum 
is  somewhat  confused,  which  seems  in  part  owing  to  want 
of  power  in  the  eye  to  converge  red  light.  The  line  B, 
between  red  and  green,  in  a  certain  position  of  the  prism 
is  perfectly  distinct ;  so  also  are  D  and  E,  the  two  limits 
of  violet.  But  C,  the  limit  of  green  and  blue,  is  not  so 
1  Gilbert's  Annalen,  Ivi. 
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clearly  marked  as  the  rest ;  and  there  are  also  on  each 
side  of  this  limit  other  distinct  dark  lines  /  and  g,  either 
of  which  in  an  imperfect  experiment  might  be  mistaken 
for  the  boundary  of  these  colours. 

"The  position  of  the  prism  in  which  the  colours  are 
most  clearly  divided  is  when  the  incident  light  makes 
about  equal  angles  with  two  of  its  sides.  I  then  found 
that  the  spaces  AB,  BC,  CD,  DE,  occupied  by  them 
were  nearly  as  the  numbers  16,  23,  36,  25."^ 

140.  The  diagram  (fig.  53)  in  Chap.  XVI.  shows,  as 
far  as  mere  black  and  white  can  do  it,  the  general 
appearance  of  a  small  part  of  the  solar  spectrum  with 
the  chief  lines,  as  fig.  40  shows  the  general  aspect  of  the 
spectrum,  modified  by  absorption.  Even  in  the  small 
portion  shown  in  fig.  53,  the  diff"erence  of  character  of 
various  lines  is  obvious.  To  exhibit  all  the  lines  which 
have  been  observed,  even  mthin  the  limits  of  the  ordin- 
ary visible  spectrum,  on  the  scale  of  that  figure,  we  should 
require  a  diagram^many  feet  in  length.  To  Kirchhoff",  and 
subsequently  to  Angstrom,  Cornu,  Smyth,  Rowland,  and 
others,  we  are  indebted  for  magnificent  delineations  of 
the   solar  spectrum,   of   dimensions   sufficient   fully   to 

^  ' '  The  correspondence  of  these  lines  with  those  of  Fraunhofer 
I  have,  with  some  difficulty,  ascertained  to  be  as  follows  : — 

A,  B,  /,  C,  (/,  D,  E,  .  .  .  Wollaston's  lines. 

B,  D,  h,      F,  G,  H,  .  .  .  Fraimhofer's  lines. 

There  is  no  single  line  in  Fraunhofer's  drawing  of  the  spectrum,  nor 
is  there  any  in  the  real  spectrum,  coincident  with  the  line  0  of 
Wollaston's,  and  indeed  he  himself  describes  it  as  not  being  '  so 
clearly  marked  as  the  rest.'  I  have  found,  however,  that  this  line 
C  corresponds  to  a  number  of  lines  half-way  between  6  and  F,  which, 
owing  to  the  absorption  of  the  atmosphere,  are  particularly  visible 
in  the  light  of  the  sky  near  the  horizon." — Brewster,  Report  on 
Optics,  Brit.  Association,  1832. 
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exhibit  the  relative  position  and  magnitude  of  the  vast 
series  of  lines  observed  by  the  help  of  the  best  modern 
instruments.  To  each  of  the  lines  in  these  charts  is 
appended  a  mark  showing  the  particular  chemical  element 
or  compound  to  whose  absorptive  action  it  is  due,  except, 
of  course,  in  the  case  of  those  lines  (considerable  in 
number)  whose  origin  is  not  yet  ascertained. 

141.  The  mode  of  formation  of  a  spectrum  which  was 
employed  by  Newton,  and  which  is  still  used  when  the 
spectrum  is  to  be  seen  by  many  spectators  at  a  time, 
differs  from  that  just  explained  in  this,  that  the  light 
from  a  source  A  (fig.  20)  is  allowed  to  pass  through  the 
prism,  and  to  fall  on  a  white  screen  at  a  considerable 
distance  from  it.  In  this  case  the  paths  of  the  various 
rays  as  they  ultimately  escape  from  the  prism  are  found 
by  joining  the  points  r,  .  .  .  .  v,  with  the  prism,  and  pro- 
ducing these  lines  to  meet  the  screen.  One  surface  of 
the  prism  must  be  covered  by  an  opaque  plate,  witli 
a  narrow  slit  in  it  parallel  to  the  edge  of  the  prism,  else 
the  spectrum  produced  in  this  way  is  very  impure,  i.e. 
the  spaces  occupied  by  the  various  homogeneous  rays 
overlap  one  another.  To  make  it  really  pure  an  achro- 
matic lens  is  absolutely  requisite,  and  the  incident  rays 
should  be  parallel.     See  §  163  below. 

This  leads  us,  naturally,  to  the  consideration  of  the 
refraction  of  light  at  spherical  surfaces. 

142.  Following  almost  exactly  the  same  course  as 
that  taken  with  reflection  above,  let  0  (fig.  24)  be  the 
centre  of  curvature  of  the  spherical  refracting  surface 
AB.  Let  U  be  the  point-source  of  homogeneous  light, 
and  let  PV  be  the  prolongation  (backwards)  of  the  path 
pursued,  after  refraction,  by  the  ray  UP. 
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Then,  rigwously,  we  have 

smUPO  =  Msin  OPV, 

where  yu,  is  the  index  of  refraction  between  the  two 

media  employed.     This  may  be  written  (by  omitting  a 

common  factor)  as 

OU^  OV 
PU    '^VY  • 

143.  If,  as  before  (§  95),  the  breadth  of  the  surface 
be  small  compared  with  its  radius  of  curvature,  and  the 
rays  considered  make  small  angles  Avith  OA,  we  may 


Fig.  24. 


approximate  (sufficiently  for  many  important  practical 
purposes)  by  writing  A  for  P.     Thus  we  have 


ou^  qv 


Retaining  the  same  notation  as  in  the  case  of  reflec- 


tion, we  get 


u-r       v-r 


u 


V 


or 


V 


1  _M-1 
u        r 


(1). 


Notice  that,  if  we  put  /x  =  -  1,  this  becomes  the 
formula  for  reflection  at  a  concave  mirror  (§  96). 

144.  Suppose  now  that,  after  passing  a  xenj  short 
distance  into  the  refracting  medium,   the  ray  escapes 

I 
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again  into  air  through  another  spherical  surface  whose 
centre  of  curvature  also  lies  in  the  line  OA. 

Let  s  be  the  new  radius  of  curvature,  iv  the  value  of 
the  quantity  corresponding  to  v  for  the  escaping  ray. 
Then,  remembering  that  the  refractive  index  is  noAV 
— ,  we  have  (by  the  previous  formula) 

■w      V  ~     s 

or 

2_^^W^ (2). 

10        V  s 

Adding  (1)  and  (2)  we  get  rid  of  v  (which  indicates  the 
behaviour  of  the  rays  in  the  substance  of  the  lens)  and 
have 

lu      M  \  r       s  / 

This  contains  the  whole  (approximate)  theory  of  the 
behaviour  of  a  very  thin  Lens,  the  source  of  light  being 
in,  or  very  close  to,  the  Axis  of  the  lens. 

145.  When  the  source  is  at  an  infinite  distance, 
or  ?(  =  GO ,  we  have 

zo  V  V       s  / 

1 

=  —r  suppose. 

This  quantity  /,  defined  entirely  in  terms  of  the 
refractive  index  and  of  the  curvatures  of  the  two  faces 
of  the  lens,  is  called  the  principal  focal  distance. 

If  fi  be  greater  than  1,  i.e.  as  in  the  case  of  a  glass 
lens  in  air,  /  is  positive  if 

r       s 
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be  so ;  and  it  obviously  retains  the  same  value,  and 
sign,  if  the  lens  be  turned  round.  For,  in  the  formula, 
rand  s  change  places,  and  they  also  change  signs;  i.e. 
we  must  put-s  for  r  and-r  for  s.  This  leaves  the 
result  unchanged. 

146.  All  lenses,  therefore  (of  substances  having  a 
greater  refractive  index  than  air),  whose  sections  are  of 
any  of  the  forms  in  fig.  25,  whichever  way  they  are 


Fig.  25. 

turned,  render  parallel  rays  which  pass  axially  through 
them  divergent.      Their  characteristic  is  that  they  are 
thinnest  at  the  middle. 
But  the  expression 

r       s 

is  negative  for  lenses  whose  sections  are  of  any  of  the 
forms  shown  in  fig.  26.     Such  lenses,  whichever  way 
they  are  turned,  render  parallel  rays  convergent.     Their 
characteristic  is  that  they  are  thickest  at  the  middle. 
But  these  characters  are  interchanged  when  fi  is  less 
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than  1 ;  as,  for  instance,  when  the  lens  is  an  air-space 
surrounded  by  water. 

The  similarity  on  reversal  is  not  in  general  true  in  a 
second  approximation. 

147.  The  formula  for  a  thin  lens  now  takes  the  form, 

w       a      /  ' 
and  differs  from  that  for  a  curved  retlecting  surface  only 
in   the   sicrn   of   the   second   term.      With   the   proper 


Fig.  26. 


allowance  for  this,  then,  all  that  we  have  said  of  direct 
reflection  at  spherical  mirrors  holds  true  of  direct  refrac- 
tion through  thin  lenses  Avith  spherical  surfaces. 

We  may  now  put  the  whole  matter  in  the  excessively 
simple  form  which  follows  : — 

A  thin  lens  increases  or  diminishes  hy  a  definite  quantitij 
the  convergence  or  divergence  of  all  rays  which  pass  axially 
through  it. 

This  quantity  is  the  divergence  or  convergence  of 
rays  falling  on  the  lens  from,  or  passing  from  it  to,  its 
pi'incipal  focus.     Or  it  is  the  convergence  or  divergence 
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which  the  lens  produces  in  parallel  rays.  We  here 
assume  (Avhat  is  obviously  true  to  the  degree  of  approxi- 
mation employed)  that  the  same  thing  holds  when  object 
and  image  lie  on  a  line  through  the  middle  of  the  lens 
and  very  slightly  inclined  to  the  axis.  We  are  thus 
entitled  to  speak  of  a  (small)  luminous  object,  instead  of 
a  mere  axial  point,  as  the  source  of  light.  This  Avill  be 
justified  in  §  155  below. 

Thus,  if  the  distance  of  an  object  from  a  convex  lens 
is  twice  the  focal  length  of  the  lens,  the  image  is  formed 


Fig.  27 


at  the  same  distance  from  the  lens  on  the  opposite  side, 
and  is  equal  in  size  to  the  object. 

148.  Figs.  27  and  28  show  the  production  of  a  real 
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image  and  of  a  virtual  image  by  lenses  which  produce 
convergence  of  parallel  rays — along  with  the  rays  by 
which  one  point  of  each  is  seen  by  an  Qye,  placed  behind 
the  lens.  In  either  case  it  is  obvious  from  the  cut  that 
the  sizes  of  object  and  image  are,  respectively,  as  their 
distances  from  the  centre  of  the  lens.  [It  is  to  be  re- 
marked that  these  figures  are  very  much  exaggerated 
and  distorted.  The  only  rays  we  have  dealt  with  are 
such  as  pass  very  nearly  through  the  middle  point  of 
the  lens.] 

Fig.  27  shows  how  such  a  lens  produces  a  real  in- 
verted image  of  a  body  placed  farther  from  it  than  its 
principal  focus.  This  is  the  case  in  the  camera  obscura, 
in  the  solar  microscope,  and  in  the  object-glass  of  a 
telescope. 

Fig.  28  shows  how  a  virtual  erect  image  is  formed  of 
a  body  placed  nearer  to  a  lens  than  its  principal  focus. 
This  is  the  case  of  a  single  lens  used  as  a  microscope. 

In  the  former  case  the  divergence  of  the  incident 
rays  is  so  small  that  the  lens  renders  them  convergent. 
In  the  latter  the  divergence  is  so  great  that  the  lens  can 
only  diminish,  not  destroy  it.  In  using  a  hand-magnifier 
in  this  latter  way,  we  so  adjust  it,  by  practice,  that  the 
enlarged  image  appears  to  be  formed  at  the  distance 
from  the  eye  at  which  vision  is  most  distinct.  It  is 
obvious  that  the  amount  of  magnification  must,  then,  be 
greater  as  the  focal  length  of  the  lens  is  less. 

149.  We  can  now  understand  the  working  of  the 
ordinary  astronomical  telescope  (fig.  29).  The  object-glass 
furnishes  an  inverted  but  real  image  of  a  distant  body, 
ivithin  our  reach.  We  can,  therefore,  place  the  eye-glass 
(like  the  single  microscope  above  spoken  of)  so  as  to 
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form  a  virtual  magnified  image  of  this  real  image,  treated 
as  an  object.  It  is  still,  of  course,  inverted.  It  is  easy 
to  see  that  the  angle,  subtended  at  the  eye  by  the  virtual 
image  seen  through  the  eye-glass,  is  to  that  subtended 
by  the  object  at  the  unaided  eye,  approximately  as  the 
focal  length  of  the  object-lens  is  to  that  of  the  eye-lens. 
These  angles  are,  in  fact,  those  subtended  at  the  centres 
of  the  two  lenses  by  the  real  image.  This  ratio  is, 
therefore,  called  the  nuignifying  ])oim'  of  the  telescope ; 
and  varies  directly  as  the  focal  length  of  the  object-glass, 


Fir.  20. 


if  the  eye-piece  l)c  unchanged.     Hence  one  advantage  of 
object-glasses  of  great  focal  length. 

150.  The  compound  microscope,  in  its  simplest  form,  is 
precisely  the  same  arrangement  as  the  astronomical 
telescope.  The  only  difference  is  that  the  object,  being 
at  hand,  can  be  placed  near  to  the  object-glass  (still, 
however,  beyond  its  principal  focus),  so  that  the  real 
image  formed  is  already  considerably  larger  than  the 
object,  and  is  then  still  farther  magnified  by  the  eye- 
glass. In  this  instrument  the  focal  length  of  the  object- 
glass  is  usually  a  mere  fraction  of  an  inch. 

151.  The  magnifying  power  of  a  single  lens,  when 
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used  as  a  hand  microscope,  is  to  be  measured  by  the 
ratio  of  the  angle  under  which  the  virtual  image  of  an 
object  is  seen  (at  the  distance  of  most  distinct  vision)  to 
that  at  which  the  object  itself  would  be  seen  (at  that 
same  distance) ;  i.e.  it  is  the  ratio  of  10  inches  to  the 
focal  length  of  the  lens. 
152.  From  the  formula 


^"-'(7-i) 


we  see  that  the  focal  length  of  a  simple  lens  is  less  as  /x 
is  greater.  Thus  all  that  we  have  just  said  is  true  only 
for  homogeneous  light. 

But  if  we  combine  two  thin  lenses,  placing  them  close 
together,  we  may  arrive  at  an  approximately  achromatic 
arrangement.     For  we  have,  for  the  first  lens 

(('       u  ~  /  • 

For  a  second,  close  to  it,  we  have 

X      w~  f  • 
For  the  two,  considered  as  one,  we  have 

where  /"  is  the  focal  length  of  the  combination. 
Now 

and  there  is  an  infinite  number  of  ways  in  which  r'  and 
s  can  be  chosen,  even  when  r  and  s  are  given,  such  that 
the  value  of  the  right-hand  side  shall  be  the  same  for 
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each  of  hvo  values  of  fi  and  the  corresponding  values 

of  IJL. 

Any  one  of  these  gives  an  achromatic  combination, 
of  the  necessarily  imperfect  kind  described  above  in 
considering  prisms  (§  138), 

But,  as  we  have  now  the  curvatures  of  four  surfaces 
to  deal  with,  we  can  adjust  these  so  as  not  only  to  make 
the  best  attainable  approximation  to  achromatism,  but 
also  to  reduce  the  unavoidable  spherical  aberration  to  a 
minimum. 

153.  These  questions,  however,  are  beyond  the  scope 
of  this  work  We  can  remark  only  that  the  adjustment 
for  two  rays,  for  which  the  refractive  indices  are  jjl  and 
fi-\-hfi  in  the  first  medium,  and  yu,'  and  fi'  +  Sfi'  in  the 
second,  requires  the  one  relation 

dfjL    15;.'    1  _ 


fx-l  f   >'-!/■ 

which  involves  only  the  ratio  of  the  focal  lengths  of  the 
two  lenses — leaving  their  forms  absolutely  undetermined. 
But,  if  both  fi  and  fi'  be  greater  than  unity,  the  signs  of 
/  and  /'  must  be  different; — i.e.  in  an  achromatic  com- 
bination of  two  lenses  one  must  be  convex  and  the  other 
concave. 

The  reader  must,  however,  be  reminded  that  we  are 
dealing  with  a  first  approximation  only,  and  that  spherical 
aberration  does  not  come  in  till  we  reach  a  second.  The 
details  for  a  proper  achromatic  combination  must  be 
sought  in  special  treatises  on  theoretical  optics. 

154.  Before  leaving  this  mode  of  treating  the  subject, 
however,  we  must  find  the  behaviour  of  two  thin  lenses 
which  are  placed  at  a  finite  distance  from  one  another. 
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For  the  first  lens  we  have,  as  before, 

IV         It,         f  ' 

If  the  second  lens  be  placed  at  a  distance  a  behind 
the  first,  the  rays  which  fall  on  it  appear  to  come  from 
a  distance  w-\-a.  Hence,  for  the  light  emerging  from 
the  second  lens,  we  have 

1        1       1 


a;     w-^a     f ' 
When  u  is  infinite,  we  have  from  the  last  two  equations 

X    f+a    f" 

It  is  obvious  that  a  combination  of  this  nature  ofters  the 
same  kind  of  facilities  for  the  partial  cure  of  dispersion 
and  of  spherical  aberration  as  when  the  lenses  are  in 
contact,  with  one  additional  disposable  constant.  Thus 
we  are  enabled  to  construct  compound  achromatic  cye- 
pieces,  which  can  be  corrected  for  spherical  aberration  also. 

155.  In  Avhat  immediately  precedes  we  have  spoken 
of  thin  lenses  only,  and  have  assumed  that  a  ray  very 
slightly  inclined  to  the  axis  will  pass,  without  change  of 
direction,  through  the  middle  point  of  such  a  lens. 
This  is  strictly  true  to  the  degree  of  approximation 
which  we  have  adopted.     See  §  95. 

But  it  is  clear  that,  if  the  thickness  of  the  lens  along 
the  axis  be  finite  compared  with  either  of  its  radii  of 
curvature,  a  special  investigation  must  be  made  to  find 
ivhat  (if  any)  point  in  the  axis  possesses  the  properties  of 
a  centre. 

Instead  of  solving  this  limited  problem,  we  will  con- 
sider,  generally,    the   optical    properties    of    a   system 
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consisting  of  any  arrangement  whatever  of  successive 
homogeneous  media  separated  by  spherical  surfaces 
whose  centres  are  in  one  line ;  always,  however,  on  the 
assumption  that  the  rays  considered  are  (throughout 
their  course)  very  slightly  inclined  to  that  line,  and 
deviate  from  it  only  by  distances  small  compared  with 
any  of  the  radii  of  the  surfaces,  so  that  terms  involving 
the  effects  of  spherical  aberration  are  neglected. 

156.  Let  0  be  any  point  in  the  axis,  taken  as  origin, 
OA  the  axis,  AB  a  section  of  one  of  the  spherical  sur- 
faces, C  its  centre,  r  its  radius,  U  a  point  from  which 
rays  diverge,  and  V  the  image  of  U.  Draw  VV,  UU' 
perpendicular  to  OA.     Let  the  refractive  indices  of  the 


Fig.  30. 

first  and  second  media  be  fi  and  jx   respectively.     Let 
UC  cut  AB  in  B.     Then,  by  §  143,  we  have 

j«^ M  _/-M 

BV     BU        r 

This  may  be  written,  in  consequence  of  the  assumed 
smallness  of  the  angle  OCU,  as 


_M M    _M  -M 

AV    AU'        r     ' 

Putting  OU'  =  r,  and  OV'  =  .r',   while   Ok  =  a,  this  be- 
comes 


fj.  fX     _fx'-ij. 

a  -  x'    a  -  X        r 


(1) 
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We  have,  also,  if  VV'  =  y,  YY'  =  y', 

y' ^Y'C  ^a-x'-r_f,/{a-x) 

2/     U'C     a-x-r~/ji'lia-x')    '         "         '     ^  ' 

where,  for  the  transformation,  we  require  the  help  of 
equation  (1). 

Equations  of  the  forms  (1)  and  (2)  hold  for  each  of 
the  successive  surfaces  of  the  system,  the  only  precaution 
to  be  observed  being  that  a  increases  from  one  surface 
to  the  next  by  the  axial  distance  between  these  surfaces. 

157.  Within  the  limits  above  imposed,  all  rays  diverg- 
ing from  U  in  the  first  medium  diverge  accurately  from 
V  in  the  second,  and  so  on.  The  successive  images  of 
U  thus  lie  in  the  axial  plane  containing  U.  And,  since 
the  formula  (1)  contains  the  xs  only,  the  image  of  every 
point  in  the  plane  through  U  perpendicular  to  the  axis 
lies  in  a  parallel  plane  through  V.  Also  as,  by  (2),  the 
ratio  of  y'  to  y  depends  on  the  xs  only,  the  image  of  a 
plane  object  perpendicular  to  the  axis  is  also  plane, 
parallel,  and  similar  to  the  object. 

The  whole  difficulty  is,  therefore,  reduced  to  the 
solution  of  a  set  of  equations  of  the  form  (1),  one  for 
each  of  the  spherical  surfaces.  We  thus  get  the  suc- 
cessive values  of  x,  and  those  of  y  follow  from  (2).  For 
two  or  three  surfaces,  only,  the  ordinary  elementary 
methods  suffice,  and  the  work  may  be  left  to  the  reader. 
He  should  verify,  for  these  cases,  the  statements  of  next 
section.  But  to  obtain  the  complete  solution  of  the  pro- 
blem, in  its  general  form,  by  such  methods,  would  be  very 
tedious.  We  will,  therefore,  first  enunciate  (and  exemplify 
the  use  of)  the  results  of  the  complete  solution,  leaving  to  a 
later  section  a  sketch  of  the  method  b}' which  it  is  obtained. 

1 58.  For  any  number  of  surfaces  the  relative  positions 
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of  Conjugate  Focal  Planes  are  found,  in  general,  to  be 
connected  by  an  equation  of  the  form 

■^     ..^  =  1        .         .         .  .     (3) 


where  A,  B,  a,  /3  are  constants,  depending  solely  upon  the 
nature  of  the  media  and  on  the  curvature  and  positions 
of  the  spherical  surfaces.  (In  very  special  circumstances 
the  right  hand  member  may  be  0.) 

From  this  it  follows  that  there  is  {in  general)  a  definite 
focus  for  incident  parallel  rays,  and  that  all  such  foci  lie 
in  one  plane  perpendicular  to  the  axis.  Also,  there  is 
another  such  plane  the  rays  from  any  point  of  which 
become  parallel  after  passing  through  the  system.  These 
are  called  the  Princijjal  Focal  Planes  of  the  system. 

By  means  of  (3),  and  the  series  of  equations  of  the 
type  (2),  the  final  magnification  {ijijy)  is  shown  to  be  a 
linear  function  of  .r^ ;  and  therefore,  by  the  principle  of 
reversal  (§  81),  the  reciprocal  of  a  linear  function  of  x. 
From  this  it  follows  that  there  is  one,  and  only  one,  pair 
of  conjugate  focal  planes  such  that  the  object  and  image 
in  them  are  equal,  as  well  as  similar  and  similarly 
situated.  Thus  the  lines  joining  corresponding  points  of 
the  image  and  object  (in  these  planes)  are  parallel  to  the 
axis.  These  are  called  the  Principal  Planes  of  the 
system,  and  they  intersect  the  axis  in  the  Principal 
Points  (the  "  focal  centres  "  of  the  older  British  optical 
writers,  the  HauptpunUe  of  Gauss). 

159.  By  the  help  of  the  foci  and  the  principal  planes 
(supposed  known)  we  can  at  once  find  the  image  of  a 
point,  wherever  situated  (of  course  within  the  hmits 
imposed  in  §  155). 

Let  F,F'  represent  the  foci,  G  and  G'  the  principal 
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points,  and  P  the  object  point.  Join  FP  and  pro- 
duce it  to  meet  the  first  principal  plane  in  P'.  Draw 
P'P"  parallel  to  the  axis,  cutting  the  second  principal 
plane  in  P".  The  ray  FP  ultimately  passes  through  P" 
(though  7iot,  in  general,  by  the  course  P'P") ;  and,  as  it 
comes  from  F,  goes  off  in  P"E  parallel  to  the  axis.  Next, 
draw  Tp'jf  parallel  to  the  axis.  Such  a  ray  as  P^)' 
must  ultimately  pass  through  F'.  Hence  its  course 
after  emergence  is  j/'F'.       Let  Tv"  intersect  KP"  in 
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Q,  Q  is  the  image  of  P.  It  is  so  because  it  is  the  point 
from  which  two  rays,  originally  passing  through  P, 
diverge  on  emergence. 

GF  =/  (say),  and  G'F'  =/,  are  called  the  focal  lengths 
of  the  system.  If,  in  addition,  the  length  of  GG'  is 
given,  the  system  is  completely  defined,  so  far  as  its 
optical  behaviour  is  concerned. 

160.  The  relative  positions  of  pairs  of  conjugate  planes 
may  now  be  assigned  with  reference  to  the  foci,  to  the 
principal  points,  etc.,  thus  giving  a  number  of  curious 
but  simple  theorems.  We  confine  ourselves  to  the  prin- 
cipal points  as  points  of  reference,  so  that  GM  =  ^, 
G'N  =  f ',  PM  =  t;,  QN  -  7]'-     Then 

V     FMFM     FM_/-fe 
7?'~QN~FG"FG~   /   ' 

V_QN_  QN  _F'N^/  +  r  . 
r;~FM     /G'~F'G'       /'      ' 


1   1 

1     1 

a+b+  .  , 

.  .  +fj  +  h 

1     1 

1     1 

h  +  g+  .  . 

.  +b  +  a 
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whence 

(/-?)(/'+n=//'. 

161.-^  To  complete  this  sketch  we  must  establish  the 
statements  of  §  158,  and  show  how  to  calculate  the  posi- 
tions of  the  foci  and  of  the  principal  points.  The 
folloAving  process  is  based  on  Gauss's  method  {Dioptrische 
Untersuclmngev ,  Gottinger  Ahhandlungen,  1843).  It  can 
easily  be  made  more  elementary  than  as  below,  but  sorely 
at  the  exjDense  of  brevity  and  suggestiveness  :— 

Lemma  I. — The  continued  fractions 


and 


(when  reduced  to  ordinary  fractions)  have  a  common 
denominator,  which  is  a  linear  function  of  each  of 
a,  b,  .  .  .  g,  h,  separately.     Call  it  H. 

Lemma  II. — Employing  the  notation  H„  to  represent 
the  multiplier  of  a  in  H,  the  last  convergents  and  the 
fractions  themselves  above  are,  respectively, 

h;:'  h' 

and 

Haft       H/, 

H„'    H' 

Also,  when  the  number  of  quantities  a,  b,  .  .  .  g,  h  is  odd 
(as  it  is  in  the  optical  question), 

HH„ft-H,H;,=  -l. 

^  This  section  may  be  omitted,  without  breach  of  contimiity, 
by  the  reader  who  is  not  well  versed  in  elementary  algebra. 
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(The  student  must  seek  proof  of  these  statements 
elsewhere  than  in  a  book  on  Physics.) 

Now  write  the  successive  equations  of  the  form  (1) 
in  §  156  as  below  : — 


1     1 
1     1 

V-2      ^2 


as  many  equations  as  there  are  surfaces  in  the  sj^stem. 

Again,  note  that  by  the  remark  in  §  156,  ^2  difi'ers 
from  7]^  by  t//j,',  which  will  be  called  r^.  This  gives 
another  set  of  equations  of  the  form 

^■i  =  Vi  +  -ri 

in  number  one  fewer  than  the  numljer  of  surfaces. 

The  equations  written,  however,  serve  to  show  what 
will  be  the  form  of  the  result  deduced  from  any  number 
of  them.     For  they  give 

1111 


Also 
and 


''■       P2  +  '"l  +  ft  +  ll 


y    V2V1 


y    f2?i 


The  quantities  in  brackets  are  obviously  the  denomin- 
ators of  the  two  last  convergents,  in  the  one  case  to 


ill 

in  the  other  to 

111 

Pl  +  ri  +  p.2 
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This  is  a  perfectly  general  statement,  however  many  be 
the  surfaces. 

It  is  clear  from  these  that  if  we  call  x  and  x'  the  dis- 
tances of  a  point  and  its  image  from  the  first  and  last 
surfaces  respectively,  y  and  y'  their  distances  from  the 
axis,  /x  and  yu.'  the  indices  of  the  first  and  last  media,  and 
p  and  p  the  extreme  values  of  p,  while  Q  is  the  denomi- 
nator of  the  continued  fraction 

11  11. 

P'  +  t'+  .  .  .   +r+p' 

(and  of  the  other,  which  has  the  same  constituents  in  the 
opposite  order),  Ave  have 

-'-''"■^'''''        ....    (4) 


and 


The  property  of  successive  convergents  shows  that  these 
equations  are  consistent  with  one  another.  (4)  can  be 
at  once  put  in  the  form  (3),  and  (5)  contains  the  asser- 
tions made  in  §  158  as  to  the  expressions  for  the  relative 
size  of  object  and  image.  Thus  the  statements  of  §  158 
are  verified. 

To  find  the  position  of  F  (fig.  31)  put  a;'=  co  ,  then 


Similarly,  for  F', 


Q 

K 
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For  G  and  G'  we  have  y'  =  y,  so  that 


Again  (§159) 
and 


Xq  —  JJ,        -n- ,      Xq  —  IX  „  , 


/  —  X      Xq  —       qI 


/      X  X  Q  —  Q- 


Hence  the  principal  focal  lengths  are  numerically  equal 
when  the  extreme  media  have  the  same  refractive  index. 
The  signs  of  /  and  /'  also  show  at  once  that  G  and  G' 
both  lie  between  F  and  F,  or  else  F  and  F'  both  lie 
between  G  and  G'. 

162.  Fi'om  what  precedes  it  is  evident  that,  instead  of 
the  principal  planes,  we  might  have  taken  any  two  con- 
jugate planes  for  which  we  know  the  relative  magnitude 
and  respective  position  of  object  and  image.  And, 
indeed,  another  pair  of  such  planes  may  take  the  place 
of  the  foci.  Hence  two  observations,  each  of  magnitude 
as  well  as  of  position,  of  object  and  image,  enable  us 
fully  to  specify  the  properties  of  any  optical  system  of 
the  kind  just  treated. 

This  is  the  point  of  view  adopted  by  Clerk-Maxwell 
{Quarterly  Math.  Journal,  H.)  He  proves,  by  very  simple 
geometrical  processes,  Avhich  we  leave  to  the  reader,  that 
"  If  an  instrument  give  a  perfect  image  of  a  plane  object 
at  two  different  distances  fi'om  the  instrument,  all 
incident  rays  having  a  common  focus  Avill  have  a  com- 
mon focus  after  emergence." 

[The  word  perfect  is  understood  to  imply  (the  plane  of 
the  object  being  perpendicular  to  the  axis  of  the  instru- 
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ment)  that  the  image  is  in  a  plane  perpendicular  to  the 
axis,  that  all  rays  from  a  point  of  the  object  converge 
exactly  to  a  point  of  the  image,  and  that  the  image 
and  object  are  similar.] 

"No  instrument,  depending  upon  reflection  and 
refraction  (except  the  plane  mirror)  can  be  optically 
perfect." 

Of  course  the  whole  question  can  be  solved  directly 
by  the  apphcation  of  the  method  of  §  156.  But  it  leads 
to  applications  and  properties  of  determinants  vnih 
which  the  reader  may  not  be  familiar. 

1 63.  We  may  now  go  back  to  the  formation  of  an 
image  by  a  prism,  and  inquire  how,  by  the  use  of  an 
achromatic  lens,  we  can  project  a  pure  spectrum  on  a 
screen  (§  141). 

We  have  seen  that  a  thin  prism,  for  rays  falling 
nearly  perpendicular  to  it,  forms  a  virtual  and  approxi- 
mately rectilineal  image  of  a  luminous  point,  in  which 
the  colours  are  ranged  in  order  of  refrangibility. 

Suppose  the  light  which  passes  through  the  prism  to 
fall  on  an  achromatic  lens,  placed  at  a  distance  greater 
than  its  focal  length  from  the  virtual  image  above 
mentioned.  These  rays  after  passing  through  the 
lens  will  proceed  to  form,  at  the  proper  distance,  a 
real  linear  coloured  image  of  the  luminous  point,  in 
which  (as  in  the  virtual  image)  the  colours  do  not 
overlap. 

Instead  of  a  luminous  point,  rays  diverging  from  a 
very  narrow  slit  parallel  to  the  edge  of  the  prism  are 
employed.  It  is  usual  to  place  the  lens  at  double  its 
focal  distance  from  the  virtual  image,  and  thus  the  real 
image  is  formed  at  an  equal  distance  on  the  other  side 
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of  it,  and  is  of  the  same  size  as  the  virtual  image.  (See 
end  of  §  147.)  It  may  now,  if  required,  be  magnified 
by  means  of  an  achromatic  eye -piece.  Or,  in  other 
words,  it  may  be  examined  by  means  of  a  telescope. 

In  fact  a  telescope,  whose  object-glass  is  covered  by 
a  thin  prism,  has  been  usefully  employed  during  a  total 
eclipse  in  examining  the  light  of  the  solar  corona. 

A  similar  arrangement,  made  to  have  an  exceptionally 
large  field  of  view,  is  emjiloyed  to  find  the  nature  of  the 
spectra  of  meteorites  or  falling  stars. 

164.  A  very  simple  but  interesting  case  of  refraction 
at  a  cylindrical  surface  is  furnished  by  a  thermometer 
tube.  It  is  easily  seen  that  the  diameter  of  the  bore 
appears,  to  an  eye  at  a  distance,  large  compared  with  the 
diameter  of  the  tube,  to  be  greater  than  it  really  is,  and 
in  the  proportion  of  the  refractive  index  of  the  glass  to 
unity.  Thus  in  flint  glass  it  appears  magnified  in  about 
the  ratio  5  :  3.  Hence  the  mercury  appears  completely 
to  fill  the  external  surface  of  such  a  tube,  if  the  bore  be 
only  -^ths  of  the  external  diameter. 


CHAPTER  X 

REFRACTION  {continued) — caustics 

165.  But  a  far  more  interesting  case  is  that  of  parallel 
rays  falling  on  a  full  cylinder  of  glass  or  water.  Its 
interest  consists  in  the  fact  that  by  its  aid  we  can  explain 
the  chief  phenomena  of  the  Rcdnboiv,  which  is  one  of  the 
most  interesting  of  the  whole  family  of  caustics.  ^Ye, 
accordingly,  devote  special  attention  to  it. 

The  problem,  without  losing  any  of  its  applicability 
to  the  rainbow,  is  much  simplified  by  supposing  the  rays 
to  be  incident  in  a  direction  perpendicular  to  the  axis  of 
the  cylinder;  for  in  this  case  the  whole  course  of  each 
ray  is  in  a  plane  perpendicular  to  the  axis.  We  need 
not  treat  here  of  rays  which  pass  close  to  the  axis  of  the 
cylinder.  For  such  the  cylinder  acts  as  a  lens,  and  its 
focal  length  (to  the  usual  first  approximation)  can  easily 
be  obtained  by  methods  such  as  those  given  above. 
What  we  are  mainly  concerned  with  is  the  behaviour  of 
the  rays  which  escape  into  the  air,  after  one,  or  two,  re- 
flections at  the  inner  surface  of  the  cylinder. 

Suppose  first  that  we  consider  a  ray  once  reflected  in 
the  interior  of  the  cyhnder.  Let  SP  (fig.  32)  be  one  of 
the  set  of  incident  parallel  rays,  and  let  its  path  be 
SPQP'S'.     This  involves  refraction  at  P,  reflection  at  Q, 
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and  again  refraction  at  P'.  But  it  is  obvious  from  the 
symmetry  of  the  circular  section,  and  from  the  laws  of 
refraction  and  reflection,  that  this  path  is  symmetrical 
about  the  line  OQ  which  joins  the  axis  of  the  cylinder 
to  the  point  at  which  the  ray  is  reflected.  Hence  SP, 
S'P'  meet  OQ  in  the  common  point  s ;  and  the  amount 
by  which  the  direction  of  the  ray  has  been  turned  round 
by  the  refractions  and  the  reflection  is  twice  the  supple- 
ment of  half  the  angle  at  s.  But  the  angle  POR  is  double 
of  OPQ,  the  angle  of  refraction,  while  OP5  is  equal  to  the 
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angle  of  incidence.  Hence  the  half  angle  at  s  is  the 
excess  of  twice  the  angle  of  refraction  over  the  angle  of 
incidence. 

But,  in  §  125,  we  showed  that  this  quantity  has  a 
maximum  value.  Now  one  of  the  conditions  of  a  maxi- 
mum or  minimum  of  any  quantity  is  that,  near  it,  the 
value  of  the  quantity  changes  very  sloidy.  Thus  a  number 
of  issuing  rays  are  crowded  together  near  the  direction 
corresponding  to  this  maximum,  the  others  being  more 
Avidely  scattered, — while  for  all  of  them  the  angle  at  s 
is  smaller. 

Newton  gives  us,  as  an  illustration  of  this,  the  very 
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slow  change  of  length  of  the  day  when  the  sun  is  near 
one  of  the  tropics. 

166.  We  may,  for  comparison  with  what  follows, 
give  another  mode  of  investigating  this  maximum,  though 
the  elementary  process  already  given  is  applicable  at 
once  to  rainbows  of  all  orders.  If  6  be  the  angle  of 
incidence,  <^  that  of  refraction,  and  fi  the  refractive 
index,  we  have  to  find  the  maximum  value  of 

\s=2cp-e (1) 

-with  the  condition  furnished  by  the  law  of  refraction 

sin  6  =  11  Bm  <f> (2). 


These  give 

at 

once 

2ci4>=cie , 

and 

H  cos<p  d4> =cosd  clO. 

Hence 

Ij  cos  <p  =  2  cos  6 

(3). 
From  (2)  and  (3)  we  have,  as  in  §  125  above, 

which  determines  the  requisite  angle  of  incidence.  The 
values  of  the  other  quantities  are  easily  calculated  from 
this ;  and  we  finally  have,  for  the  maximum  value  of  the 
sine  of  the  half  angle  at  s,  the  expression 

M^^f '*'• 

This  is  obviously  smaller  as  /x  is  greater,  at  least  up 
to  the  limit  fjb  =  2. 

With  the  value  -|  for  /i  (which  is  nearly  that  for 
yellow  rays  refracted  into  water)  we  have 

L  sin  is  =  9 -55462, 
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which  corresponds  very  nearly  to 

is=21°  1'. 

167.  Now  suppose  the  diameter  of  the  cylinder  to  be 
small  compared  with  the  distance  of  the  eye  from  it.  In 
this  case  the  point  s  may  be  considered  as  being  in  the 
axis  of  the  cylinder. 

Let  SsE^  {fig.  33)  be  made  equal  to  the  maximum 
value  of  s  ;  then  an  eye  placed  anywhere  in  the  line  sE 
will  receive  the  rays  which  are  congregated  towards  the 


Fio  33. 


maximum.  An  eye  witliin  the  angle  SsE  (as  at  E,)  will 
receive  some  of  the  straggling  rays,  while  an  eye  outside 
that  angle  (as  at  E^)  will  see  nothing. 

Let  there  now  be  imagined  a  great  number  of  parallel 
cylinders;  let  E^o-be  drawn  parallel  to  the  incident  rays, 
and  make  the  angle  <tE^s'  equal  to  crE  5.  Then  the  eye 
at  E^  will  see  the  concentrated  rays  (already  spoken  of) 
in  the  directions  E^s  and  E^s'.  From  points  within  sE^s' 
some  straggling  rays  will  reach  it,  from  points  outside 


that  angle  none. 


168.  Now  suppose  cylinders  to  be  placed  in  great 
numbers  in  all  directions  perpendicular  to  the  incident 
rays.     The  eye  at  E^  will  see  a  bright  circle  of  light 
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whose  centre  is  in  E  o".     Inside  that  circle  there  will  be 
feeble  illumination  ;  outside  it,  darkness. 

This  is  obviously  the  case  of  the  rainbow,  where  we 
have  spherical  drops  of  water  instead  of  the  cylinders 
above  spoken  of.  For  each  spherical  drop  is  effective 
only  in  virtue  of  a  section  through  its  centre,  containing 
the  incident  ray  and  the  eye ;  and  such  sections  are  the 
same  as  those  of  the  cylinders. 

169.  Thus  far  we  have  been  dealing  v^'ith. paraUel  rays 
of  homogeneous  light ;  and  the  appearance  (to  the  degree 
of  approximation  we  have  adopted)  is  that  of  a  bright 
circle  whose  centre  is  diametrically  opposite  to  the  source 
of  light,  whose  radius  is  (for  raindrops)  about  42°  2', 
and  v/hose  area  is  slightly  illuminated. 

Introduce  the  idea  of  the  different  kinds  of  homo- 
geneous light  which  make  up  sunlight,  and  we  find  a 
circular  (almost  pure)  spectrum — the  less  refrangible 
rays  being  on  the  outside. 

Next  introduce  the  consideration  of  the  finite  disk  of 
the  sun,  and  we  have  an  infinite  series  of  such  arrange- 
ments superposed  on  one  another,  the  centre  of  each 
individual  of  the  series  being  at  the  point  diametrically 
opposite  to  the  point  of  the  sun's  disk  which  produces 
it.  This  leaves  the  general  aspect  of  the  phenomenon 
unchanged,  but  altogether  destroys  the  purity  of  the 
spectrum. 

These  results  are  in  fair  accordance  with  the  pheno- 
mena of  the  principal,  or  primary,  rainbow.  We  shall 
presently  find  why  the  coincidence  is  not  perfect. 

Now  suppose  the  drops  to  be  of  a  liquid  of  higher 
refractive  index  than  water.  The  effect  is  simply 
(§  166  (4))  to  diminish  the  radius  of  the  bow.     Leslie, 
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sixty  years  ago,  used  to  exhibit  this  phenomenon  by 
filling  part  of  a  dark  room  with  fine  spray  of  various 
liquids  (obtained  by  making  a  small  jet  impinge  on  a 
little  ball  of  brass)  and  letting  a  beam  of  sunlight  play 
upon  it. 

170.  If  we  next  consider  light  which  has  been  twice 
reflected  within  the  cylinder,  we  have  an  arrangement  like 
the  diagram  fig.  34 ;  where  the  lettering  is  as  nearly  as 
possible  the  same  as  that  in  fig.  33.     Everything  is  still 


Fill.  34. 

symmetrical  about  the  line  Os,  which  obviously  cuts  at 
right  angles  the  ray  QQ'. 

Keasoning  precisely  similar  to  that  above  given  shows 
that  the  complement  of  half  the  angle  at  s  is  now  equal 
to  the  excess  of  thrice  the  angle  of  refraction  (OPQ)  over 
that  of  incidence  (the  supplement  of  OPs),  and  that  this 
also  has  a  maximum  value,  i.e.  that  s  itself  has  a 
minimum  value. 

171.  To  find  this  minimum,  we  may  proceed  as  in 
§  125,  or  as  in  §  166,    Taking  the  latter  method,  we  have 


with 


—  ls=34>-0 


sin  9=ti  sin  <p. 
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Diflferentiating,  etc.,  as  before,  we  find 

8cos2^=/i--l  , 

whence,  finally, 

.    ,     /a4+ 18/^2 -27 
sm  is  = g-^3 . 

This  quantity  increases  Avith  /x,  for  its  differential  coeffi- 
cient is 

which  is  necessarily  positive.    (It  vanishes,  no  doubt,  for 
fji-S,  but  then  so  does  6.) 

For  /A  =  *-  the  value  of  sin  hs  is 

0-4303  nearly, 
so  that 

5=50"  58'. 

172.  Carrying  out  the  same  steps  of  reasoning  as 
before,  and  applying  the  result  to  raindrops,  we  find 
a  second  rainbow  concentric  with  the  first,  but  with  a 
greater  radius,  viz.  about  51°  (for  yellow  hght).  All  the 
above  remarks  about  the  impurity  of  the  spectrum,  etc., 
apply  to  this  bow  also. 

In  this  bow  the  less  refrangible  rays  are  on  the  inner 
side,  and  the  straggling  rays  illuminate  feebly  the  space 
outside  it.  Hence  the  space  between  the  red  boundaries 
of  the  two  bows  has  no  illumination  from  rays  reflected 
either  once  or  twice  within  the  water-drops. 

We  micrht  next  consider  the  rainbows  due  to  two 
refractions  and  three,  four,  or  more  internal  reflections. 
But  these  are  too  feeble  to  be  observed. 

173.  A  great  deal  of  futile  discussion  has  been  raised 
by  the  question,  "  Can  two  spectators  see  the  same  rain- 
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bowf  The  simplest  consideration  of  the  essential  nature 
of  a  caustic  shows  that  such  a  question  has  no  meaning, 
if  the  words  are  all  taken  in  their  usual  sense.  We 
might  as  well  ask  the  question,  "Can  one  see  the  same 
rainbow  with  each  eye*?" 

Another  question  of  the  same  kind  is,  "  Can  a  rainbow 
be  seen  by  reflection  in  still  water?"  To  this,  of  course, 
the  answer  is  that  a  spectator  sees,  by  reflection  in  still 
water,  the  rainbow  he  would  have  seen  had  the  water 
been  removed,  and  had  his  eye  been  at  the  position 
formerly  occupied  by  its  image  in  the  water.  But  a 
reflected  rainbow  diff'ers  from  a  rainbow  seen  directly,  in 
the  fact  that,  as  the  light  forming  the  latter  is  partially 
polarised,  the  intensity  of  the  former  is  modified  differently 
at  diff'erent  points  in  the  act  of  reflection.  This,  however, 
belongs  to  Physical  Optics. 

Intersecting  rainbows  are  not  uncommon.  They  re- 
quire, of  course,  for  their  production,  two  sources  of 
parallel  rays ;  and  they  are  seen  when,  behind  the 
spectator,  there  is  a  large  sheet  of  calm  water.  The 
usual  rainbows  are  furnished  by  the  direct  sunlight,  and 
a  new  series  (never  so  brilliant,  though  of  exactly  the 
same  character  and  dimensions)  are  formed  by  the  light 
coming,  as  it  were,  from  the  image  of  the  sun  in  the 
water.  As  this  image  is  always  as  much  below  the  hori- 
zon as  the  sun  is  above  it,  the  centre  of  the  new  system 
is  as  much  above  the  horizon  as  that  of  the  ordinary 
system  is  below  it. 

174.  What  we  have  now  given  is  nearly  all  that  geo- 
metrical optics  can  tell  us  about  the  rainbow.  The 
explanations  which  it  gives  present  only  a  general  agree- 
ment with  the  phenomenon. 
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It  seems  that  the  first  really  important  steps  in  the 
explanation,  viz.  (1)  that  the  primary  bow  is  due  to 
rays  which  suffer  two  refractions  and  one  reflection  before 
reaching  the  eye,  and  (2)  that  the  secondary  bow  is  due 
to  rays  which  suffer  two  refractions  and  two  reflections, 
are  due  to  Theodorich,  about  1311.  His  work  was  not 
published,  and  its  contents  were  first  announced  by 
Venturi  ^  in  the  present  century.  These  results  were 
independently  discovered  by  De  Dominis  ^  in  1611. 

Neither  of  these  writers,  however,  pointed  out  the 
concentration  of  the  rays  in  particular  directions.  This 
was  done  by  Descartes  in  1637,  by  the  help  of  Snell's  law. 
He  calculated  the  paths  of  each  of  10,000  equidistant 
parallel  rays  falling  on  one-half  of  a  diametral  section 
of  the  drop,  and  showed  that  from  the  8500th  to  the 
8600th  the  angle  between  the  extreme  issuing  rays  is 
m^easured  in  minutes  of  arc, — thus  discovering  by  sheer 
arithmetic  the  maximum  which,  as  we  have  seen  above, 
is  so  easily  found  by  less  laborious  methods. 

Newton's  addition  to  this  theory  consisted  mainly  in 
applying  his  discovery  of  the  different  refrangibilities  of 
the  different  homogeneous  rays.  The  explanation  was 
then  thought  to  be  complete.  For  a  long  time  this  was 
held  to  be  one  of  Newton's  most  brilliant  discoveries. 
It  is  well  to  notice  that  he  himself  speaks  of  it  in  its 
true  relation  to  the  work  of  his  predecessors.  He  merely 
says  : — "But  whilst  they  understood  not  the  true  origin  of 
colours,  it  is  necessary  to  pursue  it  here  a  little  further." 

^  Commentari  sopra  la  storia  e  le  teorie  delV  Ottica,  Bologna, 
1814. 

^  Newton,  in  his  Optics,  says  tlie  work  of  De  Dominis  was  written 
twenty  years  before  it  was  published. 
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And  he  said  well ;  for  a  full  investigation,  conducted 
on  the  pi'inciples  of  the  undulatory  theory,  introduces, 
as  was  first  pointed  out  by  Young,  certain  important 
modifications  in  the  above  statements.  Of  these  we  need 
mention  only  two,  viz.  that  in  each  bow  there  is  more 
than  one  maximum  of  brightness  for  each  homogeneous 
ray,  and  that  the  principal  maximum,  which  gives  the 
ordinary  primary  bow,  is  of  somewhat  less  angular  dia- 
meter than  that  assigned  by  geometrical  optics. 

The  spurious  bows,  as  they  are  called,  which  often 
appear  like  ripples,  inside  the  primary  and  outside  the 
secondary  bow,  and  which  depend  upon  the  other  and 
fainter  maxima  just  mentioned,  have  no  place  even  in 
Newton's  theory.  About  them,  in  fact,  geometrical 
optics  has  nothing  to  say.  Young,  in  1803,  took  the 
first  step  for  their  explanation.  They  were  fully  inves- 
tigated, from  the  undulatory  point  of  view,  by  Airy,  in 
1836-38  ;  and  his  results  were  completely  verified  by  the 
measurements  of  Hallows  Miller  in  1841.^  Miller  used 
a  fine  cylinder  of  water  escaping  vertically  from  a  can, 
as  suggested  by  Babinet.  This  is  07ie  of  the  reasons  which 
made  us  treat  the  case  as  one  of  refraction  and  reflection 
in  a  right  cylinder.     The  other  will  appear  immediately. 

175.  The  overlapping  of  the  colours  in  the  rainbow 
is  occasionally  so  greatly  exaggerated  that  only  faint 
traces  of  colour  appear. 

This  may  happen  when  the  sun  shines  on  raindrops 
in  the  lower  strata  of  the  atmosphere  through  thin  clouds 
in  the  higher  strata.  Thus  the  eff'ective  source  of  light 
is  virtually  spread  over  a  much  larger  spherical  angle,  and 

^  Airy's  paper  is  in  vol.  vi. of  the  Cambridge  Phil.  Trans.;  Miller's 
in  vol.  vii. 
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there  is  no  sharp  edge  to  it  as  in  the  case  of  the  unclouded 
disk.  In  fact,  the  sky,  for  a  degree  or  two  round  the 
sun,  often  becomes  dazzlingly  bright  from  this  cause. 
The  rainbow  is  then  much  broader  and  fainter  than 
usual,  and  nearly  white. ^ 

But,  besides  this,  the  smaller  the  size  of  the  raindrops 
the  greater  are  the  modifications  produced  (§  174)  in  the 
results  given  by  the  geometrical  theory.  Thus,  even 
when  the  sun  is  unclouded,  if  there  be  a  mixture  of  rain- 
drops of  very  different  sizes,  there  will  be  a  superposition 
of  sets  of  true  and  spurious  bows  of  different  diameters. 
Hence  another  possible  source  of  a  white  rainbow. 

When  the  moon  is  the  source  of  light,  the  rainbow  is 
so  faint  that  it  is  often  difficult  to  distinguish  the  colours; 
but  with  full  moon,  and  other  favourable  circumstances, 
it  is  easy  to  assure  one's  self  that  the  colours  are 
really  present.  It  is  certain  that  lunar  rainbows  (taking 
bright  and  feeble  together)  must  occur  with  the  same 
average  frequency  as  solar  rainbows ;  but  their  f aintness, 
and  the  fact  that  they  can  be  seen  only  at  night,  both 
tend  to  make  them  much  more  rarely  observed. 

Eainbows  must  not  be  confounded  with  Gloi'ics,  as 
they  are  called,  coloured  circles  of  small  radius  which  are 
often  seen  surrounding  the  shadow  of  an  observer  when 
it  is  cast  on  mountain  mist  (the  Broclxn-Spectre).  These 
are,  according  to  Young  {Lectures,  II.,  645),  probably 
analogous  to  the  colours  of  thin  plates;  and  therefore 
depend  on  the  size  of  the  water  particles.  That  these 
particles  are  often  of  extraordinary  imiformity  in  size, 

^  See  Proc.  Boy.  Soc.  Edin.,  is.  542,  for  a  description,  by  Sii-  R. 
Christison  and  others,  of  a  singiilarlj'  definite  occurrence  of  a 
white  rainbow. 
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is  proved  by  the  frequent  appearance  of  coronae  (§  180). 
This  explanation  is  by  no  means  certain.  The  careful 
observations  made  recently  by  Omond  and  others  at  the 
Ben  Nevis  Observatory  appear  to  show  that  a  Glory  is 
a  diffraction  phenomenon,  (roughly  a  sort  of  complement 
of  a  corona) ;  the  one  being  due  to  the  (virtual)  admission 
of  light  through  small  apertures,  the  other  to  the  stop- 
page of  light  by  small  bodies  which  act  as  if  they  were 
opaque  disks.     (But  see  Proc.  Eoy.  Soc.  Edin.,  1885-7.) 

176.  The  refraction  of  sunlight  or  moonlight,  through 
ice-crystals  forming  cirrus  clouds,  gives  rise  to  coloured 
Halos,  Parhelia,  Paraselenes,  etc.  Halos  are  at  once 
distinguished  from  rainbows;  for  they  surround  the 
luminary,  while  the  primary  and  secondary  rainbows,  at 
least,  have  their  centres  opposite  to  it. 

We  must  confine  our  remarks  to  the  more  common 
of  these  phenomena,  and  this  is  of  the  less  consequence 
as  the  others  are  very  rarely  seen  except  in  high  latitudes. 

The  commonest  forms  of  ice-crystals  in  the  air  are 
regular  hexagonal  prisms,  terminated  by  plane  ends  per- 
pendicular to  the  axis.  Sometimes  the  prisms  are  long 
and  narrow,  sometimes  they  are  mere  hexagonal  plates. 
Two  alternate  faces  of  the  hexagon  give  an  ice-prism  of 
60°,  a  face  and  an  end  a  prism  of  90°.  The  refractive 
index  of  ice  is  about  1-31.  Let  us  study  the  effects  of 
innumerable  prisms  having  these  angles,  and  falling  in 
all  aspects  or  positions  in  the  quarter  where  the  sun 
appears  to  be  situated.  The  result  of  an  average  dis- 
tribution will,  of  course,  be  symmetrical  with  regard  to 
the  line  joining  the  eye  and  the  sun.  Also,  as  in  §  165, 
the  refracted  rays  Avill  be  crowded  together  in  the  direc- 
tions of  minimum  deviation. 


REFRACTION— CAUSTICS  145 

177.  Calculating  by  the  method  of  §  134,  we  find, 
for  the  minimum  deviation  produced  by  an  ice-prism  of 
60°,  the  angle  22°  very  nearly ;  and,  for  a  prism  of  90°, 
about  46°.  This  is,  of  course,  on  the  supposition  that 
the  refraction  is  in  a  plane  perpendicular  to  the  edge  of 
the  prism. 

Hence,  if  we  consider  one  kind  of  homogeneous  light 
only,  the  sun  should  appear  to  be  surrounded  by  two 
circular  rings  of  light,  each  of  a  breadth  equal  to  the 
sun's  apparent  diameter,  and  of  mean  angular  radii  22° 
and  46°  respectively.  As  these  are  due  to  the  minimum 
of  devdation  by  each  class  of  prisms,  the  scattered  rays 
directly  refracted  by  any  one  of  the  prisms,  as  well  as 
the  rays  which  have  passed  obliquely  through  it,  are 
seen  outside  the  corresponding  halo. 

The  minimum  deviation  vdW,  of  course,  be  least  for 
the  least  refrangible  rays,  so  that  in  both  these  halos  the 
red  rays  form  the  ititerior  border.  In  this  respect  they 
resemble  the  secondary,  not  the  primary,  rainbow.  Other- 
wise the  remarks  made  above  with  regard  to  the  impur- 
ity, etc.,  of  the  colours  of  the  rainbow  apply,  with  even 
greater  emphasis,  to  the  halos.  In  fact,  only  the  red  is 
at  all  pure,  and  the  overlapping  (due  partly  to  the  sun's 
diameter,  but  still  more  to  oblique  refraction)  is  so  great 
that,  as  a  rule,  a  mere  trace  of  green  and  blue  can  be  seen, 
the  external  portion  of  each  halo  being  nearly  white. 
This  gives  the  phenomenon  a  very  singular  character.  ■ 

178.  Next  let  us  take  account  of  the  fact  that  the 
crystals  free  in  air  will,  on  the  whole,  tend  to  fall  in  one 
or  more  particular  positions,  i.e.  the  long  prisms  mainly 
endwise,  or  it  may  be  with  their  axes  horizontal ;  the 
plates  flatwise,  or  edgewise,  as  the  case  may  be. 

L 


146  LIGHT 

The  effect  will,  of  course,  be  to  intensify  those  parts  of 
the  halo  which  are  due  to  the  majority  of  the  crystals. 
When  the  sun  is  near  the  horizon,  and  the  vertical  ice- 
prisms  exceptionally  numerous,  the  parts  of  the  halo  of 
22°  which  are  at  the  same  level  as  the  sun  are  coloured 
spectra,  sometimes  dazzlingly  bright,  and  they  are  called 
Parhelia,  or,  vulgarly,  Mock-Suns. 

When  the  sun  is  not  on  the  horizon,  the  paths  of  the 
rays  through  the  vertical  prisms  are  no  longer  in  planes 
perpendicular  to  their  edges.  Here  also  there  is  a  posi- 
tion of  minimum  deviation,  but  the  deviation  is  greater 
than  before,  increasing  Avith  the  obliquity  of  the  rays. 
Also  a  ray,  passing  anyhow  through  a  prism,  makes  equal 
angles  with  the  edge  (in  this  case  vertical)  before  and 
after  passing  (§  135).  This  is  evident,  without  calcula- 
tion, from  the  principle  of  reversal.  Hence,  as  the  sun 
rises  higher,  the  parhelia  gradually  separate  outwards 
from  the  halo,  still  keeping,  however,  at  the  same 
apparent  altitude  as  the  sun. 

179.  If  there  be  an  excess  of  hexagonal  prisms,  or 
plates,  with  their  axes  horizontal,  these  also  will  produce 
parhelia,  which  will  be  situated  on  the  halo  above  and 
below  the  sun,  if  the  axes  of  the  prisms  are  perpendicular 
to  the  line  joining  the  sun  and  the  spectator.  But  as 
they  are  as  likely  to  lie  in  any  other  (horizontal)  direction, 
there  will  be  a  continuous  series  of  parhelia,  forming  a 
new  halo,  which  touches  that  of  22°  externally  above  and 
below,  and  may  even,  under  favourable  circumstances 
(such  as  the  requisite  altitude  of  the  sun,  etc.),  assume  a 
complete  quasi-elliptic  form.^     This  halo  is  brightest  at 

^  The  writer  was  fortunate  enough  to  see  this  phenomenon  (nearly 
complete)  on  May  10,  1876.     See  Proc,  Roy.  Soc.  Edin.,  ix.  425. 
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its  upper  and  lower  portions,  which  are  usually  the 
only  parts  visible,  and  they  are  therefore  commonly 
called  the  tangent-arcs  to  the  halo  of  22  . 

Similar  remarks  apply  to  the  halo  of  46°.     And  the 


hexagonal  pyramids,  which  sometimes  terminate  the  ice- 
prisms,  produce  analogous  results.  The  parhelia,  also,  are 
sometimes  themselves  bright  enough  to  produce  second- 
ary halos ;  and  the  reflection  of  the  sun's  rays  from  the 
surfaces  of  the  crystals  gives,  from  an  excess  of  hori- 
zontal prisms,  a  colourless,  vertical,  great  circle  passing 
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through  the  sun ;  from  an  excess  of  vertical  faces,  a 
colourless,  horizontal,  small  circle  at  the  same  altitude 
as  the  sun. 

All  of  the  features  which  we  have  described,  with  the 
exception  of  the  colourless  vertical  great  circle,  will  be 
easily  recognised  in  fig.  35,  which  is  reduced  from  a 
drawing  by  Hevelius  ^  of  a  remarkable  series  of  Halos 
and  Mock-Suns  seen  by  him  at  Danzig  in  1661.  There 
is,  however,  one  feature  in  this  drawing,  viz.  the 
whitish,  incomplete  circle  of  about  90°  radius  surround- 
ing the  sun,  which  has  been  observed  by  others  than 
Hevelius,  but  is  not  yet  explained. 

For  full  details  on  this  very  interesting  subject  we 
must  refer  to  the  remarkable  memoir  by  Bravais,^  who 
studied  the  phenomena  in  high  latitudes.  The  general 
explanation  of  the  production  of  Halos  was  suggested 
by  Mariotte,  but  was  first  accurately  given  by  Young. 

180.  Halos  must  not  be  confounded  with  Corona. — those 
concentric  rings  which  encircle  the  sun  or  moon  when 
seen  through  a  mist  or  cloud.  Halos,  as  we  have  seen, 
are  red  inside,  coronse  are  red  outside.  Halos  have 
definite  radii  depending  on  the  definite  angles  of  ice- 
crystals;  the  size  of  the  coronae,  whose  radii  are  as 
1:2:3,  etc.,  depends  on  the  size  of  the  drops  of  water 
in  a  mist  or  cloud,  being  smaller  as  the  drops  are  larger. 
Thus  their  diminution  in  radius  shows  that  the  drops 
are  becoming  larger,  and  implies  approaching  rain.  They 
are  due  to  Diffraction,  and  can  be  explained  only  by  the 
help  of  the  undulatory  theory. 

^  Mercurius  in  Sole  visus.  Gedani,  1682.  The  passage  is 
quoted  in  full  by  Huygens  in  his  treatise  De  Coronis  et  Parheliis, 
Leyden,  1703.         -  Jozirnal  cle  V&olc  Poly  technique,  xviii.  1847. 


CHAPTER  XI 

REFRACTION   IN   A  NON-HOMOGENEOUS  MEDIU5I 

181.  The  principles  already  explained  are  sufficient  for 
the  purpose  of  treating  this  question  also.  But  they 
require  for  their  application  the  artifice  of  supposing 
the  medium  to  be  made  up  of  layers,  in  which  the 
refractive  index  is  the  same  throughout  each  layer, 
but  finitely  differs  from  one  layer  to  another ;  and  then 
supposing  these  layers  to  become  infinitely  thin  and 
infinitely  numerous.  In  this  case  there  will,  of  course, 
be  only  an  infinitely  small  difference  in  properties 
between  contiguous  layers;  and  the  abrupt  changes  of 
direction  which  accompany  ordinary  refraction  are  now 
replaced  by  a  continuous  curvature  of  the  path  of  the 
ray.     This  artifice  is  successful,  but  not  elegant. 

182.  Glimpses  of  a  more  general  method  had  been 
obtained  even  in  the  seventeenth  century ;  and  in 
the  eighteenth  these  had  become  a  consistent  process 
so  far  as  application  to  the  corpuscular  theory  is 
concerned. 

In  fact  the  problem  of  the  motion  of  a  corpuscle 
is  merely  a  case  of  the  ordinary  Kinetics  of  a  Particle. 
Newton,  as  we  saw  in  §  128,  gave  the  complete  solution 
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of  the  problem  of  refraction  at  a  plane  surface,  from 
this  point  of  view ;  and  the  study  of  the  motion  of  a  cor- 
puscle in  a  non-homogeneous  isotropic  medium  is  merely 
that  of  the  motion  of  a  material  particle  in  a  region 
such  that  its  speed  in  jjassing  through  any  point  of 
that  region  depends  upon  the  co-ordinates  of  the  point 
alone. 

The  region  may  be  conceived  to  be  intersected  by 
surfaces,  every  point  of  any  one  of  which  corresponds 
to  the  same  definite  speed.  [These  are  the  surfaces 
bounding  the  above-described  layers  of  uniform  refractive 
index;  for,  on  this  theory,  the  refractive  index  is  pro- 
portional to  the  speed  of  the  corpuscle.     §  128.] 

The  acceleration  of  the  motion  of  the  corpuscle  must 
therefore  be  at  every  point  perpendicular  to  the  surface 
of  this  class  on  which  it  lies  at  the  moment ;  and  its 
amount  is  measured  by  the  rate  at  which  the  kinetic 
energy  increases  per  unit  of  length  in  the  direction  of 
the  normal  to  that  surface. 

Hence,  knowing  the  direction  of  motion  and  the  speed 
of  the  corpuscle  in  any  position,  we  can  combine  with 
this  information  our  knowledge  of  the  direction  and 
magnitude  of  the  acceleration,  and  the  proper  mathe- 
matical methods  enable  us  to  find  the  form  of  the  path, 
i.e.  of  the  ray. 

183.  Thus,  by  the  ordinary  results  of  kinetics,  we  see 
that  : — 

(1)  The  osculating  plane  {or  plane  of  bending)  of  the 
path  contains  the  normal  to  the  surface  of  equal  speed  through 
which  the  corpuscle  is  passing  ; 

(2)  The  so-called  "  centrifugal  force "  is  balanced  by  the 
acceleration  along  the  nm'mal  to  the  path. 
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Since  the  refractive  index,  fi,  is  proportional  to  the 
speed,  this  condition  (2)  is  expressed  analytically  by 

or 

p      fx.  dn 

where  p  is  the  radius  of  curvature  of  the  path,  and  n 
is  measured  alone;  that  radius  of  curvature. 

184.  As  a  first,  and  simple  example,  let  us  take 
ordinary  terrestrial  refraction,  as  depending  on  the 
density  and  temperature  of  the  atmosphere  at  different 
heights.  To  simplify  matters  we  may  suppose  the  earth's 
surface  to  be  plane,  and  the  rays  considered  to  be  so 
nearly  horizontal  that  the  direction  in  which  the  re- 
fractive index  changes  most  rapidly  {i.e.  the  vertical)  is 
practically  everywhere  at  right  angles  to  the  ray.  This 
implies  that,  as  is  the  case  in  still  air,  the  refractive  index 
depends  only  on  the  height  above  the  earth's  surface. 
When  the  general  nature  of  the  phenomenon  is  fully 
understood  from  this  point  of  view,  there  is  no  difficulty 
in  seeing  what  are  the  modifications  which  are  due  to 
the  earth's  curvature. 

The  refractive  index  of  air  at  0°  C,  and  760*"™  pressure 
(hereafter  denoted  by  11)  is  about 

1-000294,  or  1  +  3-^0  = 

and,  for  other  temperatures  and  pressures,  the  excess 

over  unity  (the  Eefradive  Foiver,  as  it  is  called)  varies 

directly  as  the  density.      Hence,  at  temperature  t  and 

pressure  jp,  it  is 

P       274  . 


1  + 


3400n  274 +  i 
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When  the  temperature  is  assumed  to  be  constant, 
say  zero,  through  a  layer  of  a  few  hundred  feet  thick, 
the  value  of  ^  at  a  height  x  feet  above  the  surface  is 
approximately 


where  the  divisor  of  x  is  the  so-called  "height  of  the 
homogeneous  atmosphere  "  for  0°  C. 

Thus  the  equation  of  §  183  shows  that  the  concavity  of 
a  nearly  horizontal  ray  is,  in  such  an  atmosphere,  down- 
ivards,  and  the  curvature  (to  the  foot  as  unit)  is 

1 


3400x26,200 


To  the  same  unit,  the  curvature  of  a  meridian  of  the 
earth  is  (approximately) 


1 


4000  X  5280 


which  is  nearly  four  times  as  great. 

If  we  suppose  the  temperature  of  the  air  to  vary 
with  elevation,  we  obtain  to  a  sufficient  approximation 

- 1  _    1   /     1         1    ^\ 

p  ~  3400V26, 200  "^274  dx) ' 

Hence  there  is  no  curvature,  i.e.  no  difi'erence  of  refractive 
index,  if 

dt  274 


dx        26,200 ' 

that  is,  if  the  temperature  fall  by  l'-05  C.  for  every 
hundred  feet  of  ascent.  In  this  case  the  lower  air  has, 
throughout,  the  same  density.  If  the  temperature  fell 
off  at   a  greater  rate  than  the  above,  the   upper  air 
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would  be  denser  than  the  lower,  and  we  should  have 
instability. 

If,  on  the  other  hand,  there  were  a  uniform  rise  of 
temperature  of  (say)  I''  C.  per  10  feet  of  ascent  (a  possible, 
but  very  unusual  occurrence)  Ave  should  have,  for  the 
curvature  of  a  nearly  horizontal  ray, 


1  _   1  /     1 

/)~  3400126,200"^  2 


740J 


about  2|  times  the  curvature  of  the  earth's  meridian. 
It   is  -Rdth  quantities   lying   between   these   narrow 


Fig.  36. 


limits  that  we  have  to  deal  when  we  try  to  explain  the 
phenomena  of  Mirage,  to  which  we  proceed. 

185.  We  continue,  as  in  the  preceding  section,  to 
suppose  that  the  density,  and  therefore  the  refractive 
index,  depends  only  on  the  height  above  the  earth's 
surface.  Thus  every  ray  which,  leaving  the  surface, 
returns  to  it  again  must,  by  the  principle  of  reversal, 
have  a  symmetriad  form,  and  therefore  a  vertex  (or 
highest  point)  midway  between  its  tenninals. 

If  the  rate  of  change  of  temperature  per  vertical  foot 
be  uniform,  the  rays  to  which  we  limit  our  consideration 
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(§  184)  will  be  arcs  of  equal  circles.  These,  of  course,  do 
not  intersect,  and  thus  the  image  of  an  object  AB  (fig. 
36)  appears  to  an  eye  at  E  in  some  such  erect  position  as 
A'B'  in  the  figure,  EA'  and  EB'  being  tangents  at  E  to 
the  rays  EA  and  EB  respectively.  This  is  the  ordinary 
terrestrial  refraction,  and  will  obviously  be  greater  as 
the  rate  of  diminution  of  density  per  foot  upwards,  in 
the  air,  is  greater.  Vince  records  that  at  Ramsgate,  on 
certain  occasions,  he  saw  from  the  water's  edge  the  cliffs 
near  Calais,  which  in  clear  ordinary  states  of  the  atmo- 
sphere are  "frequently  not  visible  from  the  highlands 
about  that  place." 


Fig.  37. 


Observe  particularly  that,  in  this  case,  the  line  joining 
the  vertices  a,  h,  of  successive  rays  slopes  upwards //'ow 
the  spectator. 

But  next  suppose  the  rate  of  diminution  of  density 
to  be  small  (or  even  nil)  in  the  layer  of  50  or  100  feet 
thick,  nearest  the  earth,  but  to  become  greater  in  the 
layer  just  above  that.  The  state  of  things  is  repre- 
sented by  the  annexed  diagram  (fig.  37). 

The  image  of  the  object  AB  is  now  seen  from  E  in 
some  such  position  as  B'A',  i.e.  it  is  elevated  and  inverted. 
At  the  same  time  the  object  will  be  seen  directly,  through 
the  lower  nearly  uniform  air. 

Observe  particularly  that,  in  this  case,  in  which  the 


REFRACTION  IN  A  NON-HOMOGENEOUS  MEDIUM   155 

rays  cross  one  another  on  their  way  from  the  object  to 
the  eye,  the  line  joining  the  vertices,  b,  a,  slopes  upwards 
towards  the  spectator. 

186.  Hence,  given  a  distribution  of  density  (in  hori- 
zontal layers),  we  can  at  once  tell  the  number  and  nature 
of  the  images  of  a  distant  object  on  the  horizon,  say  a  ship 
at  sea,  which  will  be  produced;  provided  we  calculate  the 
form  of  the  curve  on  which  lie  the  vertices  of  all  rays 
leaving  the  eye  in  the  vertical  plane  containing  the 
object.  Midway  between  eye  and  object  erect  a  per- 
pendicular to  the  earth's  surface.  Each  intersection  of 
this  line  with  the  curve  is  the  vertex  of  a  ray  by  which 
the  object  can  be  seen.  If  the  curve  of  vertices  at  one 
of  these  intersections  slope  upwards  from  the  eye,  an 
erect  image  will  be  formed ;  if  it  slope  upwards  towards 
the  eye,  an  inverted  one.  If  it  do  not  slope  either  to 
or  from  the  eye,  i.e.  if  it  be  vertical,  each  point  of  the 
object  will  appear  to  be  drawn  out  in  a  vertical  direction, 
and  we  have  what  sailors  call  "loominsr." 

Inverted  images,  seen  in  this  way,  are  magnified  as 
regards  height ;  direct  images  usually  much  diminished. 
But  the  investigation  of  the  size  of  the  images  requires 
more  formidable  mathematics  than  we  can  introduce 
here.-^  The  reader,  however,  who  has  followed  us  so  far, 
will  have  no  difficulty  in  understanding  how  the  appear- 
ances in  fig.  38  below,  which  are  taken  from  various  parts 
of  the  works  of  Scoresby,  can  be  fully  explained  by  one 
intermediate  stratum  (or  more)  between  the  cold  air  over 
a  frozen  sea,  and  a  warm  stratum  50  or  100  feet  aloft. 

The  ordinary  mirage  of  the  desert  which,  from  the 

1  See  Tait  on  "Mirage,"  Trails.  Roy.  Soc.  Edin.,  1881,  where 
references  to  the  chief  authorities  will  be  found. 
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apparent  reflection  of  objects,  gives  the  traveller  the 
impression  of  the  existence  of  a  sheet  of  water,  is  due 
to  the  rarefaction  of  the  air  in  the  immediate  neighbour- 
hood of  the  hot  sand.  Its  theoretical  explanation  will 
be  made  obvious  by  looking  at  fig.  37  upside  do'svn. 

The  general  explanation  of  these  phenomena  we  owe 
mainly  to  Wollaston,  who  reproduced  the  simpler  of 
them  by  looking  along  the  surface  of  a  brick  wall  exposed 
to  sunshine ;  and  the  more  complex  by  looking  through 


Fig,  38. 

the  stratum  of  air  close  to  a  long  bar  of  iron  which  was 
raised  to  a  high  temperature. 

187.  As  another  example  we  take  a  curious  and  very 
instructive  problem  due  to  Clerk-Maxwell.  Suppose  a 
medium,  whose  refractive  index  depends  only  on  the 
distance  from  a  particular  point  (and  in  which,  therefore, 
the  surfaces  of  equal  speed  are  spheres  Avith  their  centres 
at  that  point),  to  be  such  that  the  path  of  any  one  ray  is 
a  circle;  show  that  the  path  of  every  other  ray  is  a 
circle,  and  that  all  rays  issuing  from  any  one  point  come 
to  a  focus  in  another  definite  point. 

By  (1)  of  §  183  we  see  that  all  rays  lie  in  planes 
passing  through  the  common  centre  of  the  spheres  of 
equal  speed. 

To  apply  (2),  remember  that  one  ray  is  circular.     For 
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it  p  is  a  constant  (the  radius  of  the  circle).  Let  r  be  the 
distance  of  the  corpuscle  from  the  common  centre  of 
the  spheres,  r  the  rest  of  the  chord  of  the  path  passing 
through  that  centre,  6  the  angle  which  either  end  of 
the  chord  makes  •with  the  corresponding  radius  of  the 
circular  path. 

Then,  by  two  well-known  properties  of  the  circle, 

rr'  =  a",  a  constajit ; 

and  r  +  r'  =  2pcose. 

Also,  because  jjl  depends  upon  r  alone, 

da     cIll 
-r^~  COS  9. 
an     dr 

Eliminate  r',  6,  and  ^^.  among  these  three  equations, 
with  the  help  of  the  equation  in  §  183,  and  we  have 

2dr      dfjL 


r  +  — 


This  gives  directly 


fi=- 


~b~' 


where  b  is  an  absolute  constant. 

Hence,  as  this  is  characteristic  of  the  medium,  a  must 
also  be  an  absolute  constant. 

Thus  all  rays  in  the  medium  are  circles ;  and,  for 
every  one  of  them,  the  rectangle  under  the  segments  of 
a  chord  passing  through  the  common  centre  of  the  spheres 
of  equal  speed  is  the  same.  Thus  all  rays  leaving  any 
point,  at  distance  r  from  that  common  centre,  pass 
through  a  point  at  distance  a~/'r  on  the  opposite  side  of 
the  centre. 
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188.  This  very  singular  ideal  arrangement  was  sug- 
gested to  Clerk-Maxwell  by  the  eye  of  a  fish.  He  has 
given  an  investigation  of  it,  by  a  totally  different  analysis, 
in  the  Ciihihridge  Mid  Dublin  Mathematical  Journal,  vol.  ix. 
As  an  illustration  of  those  effects  of  want  of  homogeneity 
to  which  (as  already  stated)  all  the  complex  phenomena 
of  mirage,  etc.,  are  due,  it  may  be  well  to  consider  this 
simple  case  more  closely.  We  will  therefore  consider 
how  images  are  seen  in  such  a  medium.  To  get  rid  of 
the  difficulty  which  would  arise  from  finite  change  of 
density  if  an  eye  were  supposed  to  be  plunged  in  the 
medium,  we  will  suppose  it  to  be  cut  across  by  a  crevasse 
whose  surface  is  everywhere  nearly  at  right  angles  to 
the  rays  by  which  the  image  is  to  be  seen, — the  eye 
being  then  placed  (in  air)  close  to  such  a  cutting  surface. 

Let  AB  (fig.  39)  be  a  small  object,  0  the  centre  of 
the  spherical  layers  of  equal  speed,  or  refractive  index. 
Then  every  ray  from  A  describes  a  circle  which  passes 
through  A',  where  AOA'  is  a  straight  line,  and 

A0.0A'=a2. 

A  similar  construction  gives  B'  from  B. 

To  an  eye  placed  at  E  (in  a  little  crevasse  as  before 
explained),  and  looking  towards  the  object,  it  will  be 
seen  erect,  A  being  seen  in  the  direction  of  a  tangent  to 
the  circle  through  AE^A',  and  similarly  for  B.  Here 
the  rays  have  not  passed  through  their  conjugate  focus. 
But  if  the  eye  be  now  turned  away  from  the  object,  it 
(or  rather  its  image)  will  be  seen,  A'  in  the  direction 
opposite  to  that  in  which  A  was  seen,  B'  in  the  opposite 
direction  to  B.  The  image  will  now  be  an  inverted  one, 
but  it  will  easily  be  seen  to  possess  a  strange  peculiarity. 
For  what  is  now  seen  will  be  the  back  of  the  object,  the 
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side  farthest  from  the  eye.  The  reader  may  easily  trace 
for  himself  the  course  of  the  rays  which  would  fall  on 
the  eye  in  any  other  assigned  position.  Vision  in  such 
cases  would  usually  be  of  a  peculiar  character  from 
another  point  of  view,  viz.  the  amount  of  divergence  in 
the  plane  of  the  figure  will  in  general  differ  from  that 


Fig.  39. 


perpendicular  to  its  plane,  and  therefore  the  rays  Avould 
have  different  divergence  for  the  height  and  for  the 
breadth  of  the  image.  These  would  therefore  appear 
at  different  distances  from  the  spectator.  This,  however, 
could  be  cured  by  a  proper  cylindrical  lens.  It  is  clear 
from  this  example  (which  has  been  chosen  for  its  special 
simplicity)  that  want  of  homogeneity  in  a  refracting 
medium  is  capable  of  producing  phenomena  of  the  most 
extraordinary  character. 
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189.  So  far,  our  investigations  have  been  based 
(§  182)  on  the  principles  of  the  corpuscular  theory  alone. 
For  the  applications  Ave  have  made,  this  theory  gives 
correct  results.  It  would  not  be  so  if  we  were  to  inquire 
into  the  time  of  passage  of  the  light. 

But  it  was  reserved  for  Sir  W.  E.  Hamilton  to 
discover  the  existence  of  what  he  called  the  characteristic 
function,  by  the  help  of  which  all  optical  problems,  whether 
on  the  corpuscular  or  on  the  undulatory  theory,  are 
solved  by  one  common  process.  Hamilton  was  in  pos- 
session of  the  germs  of  this  grand  theory  some  years 
before  1824,  but  it  was  first  communicated  to  the  Eoyal 
Irish  Academy  in  that  year,  and  published  in  imperfect 
instalments  some  years  later.  His  own  description  of 
it,^  in  its  relation  to  the  work  of  his  precursors,  will  be 
given  in  Appendix  I.  It  is  extremely  important  as 
showing  his  views  on  a  very  singular  part  of  the  more 
modern  history  of  science. 

Without  the  employment  of  higher  mathematics,  it  is 
not  possible  to  show  the  full  merit  or  utility  of  Hamil- 
ton's discovery.  We  may  merely  state  that  Maupertuis' 
theorem  of  Least  or  Stationary  Action  enables  us  to  choose, 
from  the  infinite  number  of  paths  by  Avhich  a  particle 
might  be  caused  by  frictionless  constraint  to  pass  (under 
given  forces)  from  one  assigned  point  to  another,  that 
which  will  be  described  if  no  constraint  be  applied ;  and 
thus  compares  or  contrasts  the  properties  of  the  natural 
path  with  those  of  forced  paths.  In  Varying  Action 
Hamilton  deals  with  all  the  unconstrained  paths  which, 
differing  infinitely  little  either  in  form  or  in  terminals, 

^  "  On  a  General  Method  of  expressing  tlie  Patlis  of  Light  and 
of  the  Planets."     Duhlin  University  Review,  October  1833. 
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can  be  described  under  an  assigned  system  of  forces. 
He  thus  entirely  avoids  the  metaphysical  subtleties 
described  in  the  quotation  referred  to,  and  (as  regards 
our  present  subject)  enables  us  to  study  a  system  of 
rays,  or  of  paths  of  corpuscles,  such  as  they  are  in  nature, 
not  such  as  they  might  he  Tnade  by  imposing  external 
conditions. 

190.  We  have  thought  it  absolutely  necessary  to 
point  out,  even  in  an  elementary  work  like  this,  that 
such  a  perfectly  general  method  has  been  developed ; 
but  the  few  fragmentary  illustrations  of  it,  which  alone 
can  be  given  without  the  use  of  higher  mathematics, 
are  so  inadequate  to  the  proper  exhibition  of  its  power 
that  we  do  not  give  them  here.  We  have  said  enough 
to  show  that  any  one,  who  wishes  really  to  know  the 
science  as  it  now  stands,  must  previously  prepare  himself 
by  properly  extended  mathematical  study.  When  he 
is  possessed  of  this  indispensable  instrument,  he  may 
boldly  attack  the  precious  stores  of  knowledge  already 
accumulated.  There  is,  as  yet,  no  admission  to  any 
but  those  possessed  of  this  master-key. 
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CHAPTEK   XII 

ABSORPTION   AND   FLUORESCENCE 

191.  We  must  now  take  up  the  third  und  fourth  of  the 
categories  under  which  light  incident  on  the  bounding 
surface  of  two  media  may  fall : — scattering  and  absorption. 
We  take  them  together,  because  in  the  great  majority 
of  bodies,  as  we  have  already  seen,  scattering  takes  place 
not  merely  at  the  surface  but  within  some  distance  below 
the  surface,  which  in  general  is  small,  but  in  some  cases 
considerable.  And  when  the  scattering  takes  place,  even 
in  part  only,  below  the  surface,  the  scattered  light  is 
usually  modified  by  absorption. 

192.  An  excellent  instance  of  this  scattering  from 
below  the  surface  is  afforded  by  a  mass  of  thin  films 
or  small  particles  of  transparent  bodies,  such  as  glass, 
watei",  or  ice. 

Thus  pounded  glass,  froth  or  foam,  snoAv,  clouds,  etc., 
appear  brilliantly  white  in  sunlight,  and  are,  in  conse- 
quence, opaque  Avhen  in  layers  of  sufficient  thickness. 
Here  the  light  is  obviously  scattered  by  reflection. 
What  passes  through  one  film,  crystal,  or  particle  is,  in 
part,  reflected  from  the  next,  and  so  on. 

193.  Even  when  the  froth  consists  of  bubbles  of  a 
highly -coloured  liquid,  such  as  porter  for  instance,  it 
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usually  shows  but  slight  traces  of  colour,  for  the  great 
majority  of  the  scattered  rays  have  passed  through  very 
small  thicknesses  only  of  the  liquid.  In  the  same  way, 
very  finely -pounded  blue  or  red  glass  (unless  it  be 
exceedingly  deeply  coloured  when  in  mass)  appears 
nearly  white. 

But  when  a  mass  of  water  is  full  of  air  bubbles,  as, 
for  instance,  is  the  case  in  the  neighbourhood  of  a 
breaker,  the  light  reflected  from  the  surfaces  of  these 
bubbles  suffers  a  double  absorption  by  the  water  before 
it  reaches  the  eye.  This  is  one  of  the  causes  of  the 
exquisite  colours  of  the  sea. 

Near  shore,  or  in  shoal  water,  another  cause  some- 
times comes  into  play,  viz.  fine  solid  particles  suspended 
in  the  water.  When  such  particles,  whether  in  air  or 
in  water,  are  exceedingly  small,  they  may  produce 
colours  due  to  their  mere  minuteness,  and  not  alone  to 
their  own  colour  nor  to  the  absorptive  properties  of  the 
medium.  This,  however,  is  a  question  of  physical 
optics. 

194.  In  general,  even  the  most  highly -coloured 
opaque  or  translucent  solids,  such  as  painted  wood  or 
stained  paper,  are  visible  by  scattered  light  whatever 
portion  of  the  spectrum  falls  on  them. 

This  is  very  well  seen  with  highly-coloured  paper- 
hangings,  when  illuminated  by  homogeneous  light,  such 
as  that  of  a  sodium  flame  (a  Bunsen  flame,  into  which  is 
thrust  a  platinum  wire  dipped  in  strong  brine ;  or, 
still  better,  a  piece  of  metallic  sodium  in  an  iron  spoon). 
The  red,  orange,  and. yellow  parts  usually  appear  very 
bright  under  such  treatment,  the  blue  parts  appearing 
but  slightly  illuminated.     The  colour  of  all  is,  of  course, 


164  LIGHT 

that  of  the  incident  light.  It  appears,  therefore,  that 
some  of  the  light  is  scattered  from  the  surface.  It  is  by 
this,  for  instance,  that  the  blue  parts  are  feebly  visible. 
But  that  which  is  scattered  from  the  portions  coloured 
red,  orange,  etc.,  must  come  mainly  from  under  the 
surface. 

195.  An  excellent  proof  of  this  is  furnished  by 
mixing,  in  proper  proportions,  a  yellow  and  a  blue 
powder,  or  yellow  and  blue  paints.  It  is  commonly 
imagined  that  the  green  colour  which  is  thus  produced 
is  a  mixture  of  blue  and  yellow.     Far  from  it ! 

When  a  disk,  divided  into  sectors,  alternately  coloured 
Avith  the  same  blue  and  yellow  pigments,  is  made  to 
rotate  rapidly  in  its  own  plane,  it,  of  course,  produces 
on  the  eye  the  true  result  of  a  mixture  of  these  blue 
and  yellow  colours.  This  depends  for  its  exact  tint  on 
the  pigments  employed,  and  on  the  angles  of  the  sectors, 
but  is  usually  a  faint  pink  or  a  muddy  purple, — utterly 
different  from  the  green  produced  by  mixing  the  powders 
or  the  paints. 

Helmholtz  Avas  the  first  to  point  out  the  true  source 
of  the  green.  It  is  the  one  colour  which  is  not  freely 
absorbed  either  by  the  yellow  or  by  the  blue  pigment. 
For  the  scattered  light  by  Avhich  the  mixture  is  seen 
comes  chiefly  from  below  the  surface,  and  has  thus 
sufiered  absorption  by  each  of  the  component  powders. 
The  yellow  powder  removes  the  greater  part  of  the  blue, 
indigo,  and  violet  rays  (§  130);  the  blue,  the  greater 
part  of  the  reds,  oranges,  and  yellows.  Thus  the  light 
which  finally  escapes  is  mainly  green. 

196.  For  the  accurate  study  of  the  absorptive  power 
of  a  solid  or  liquid  medium,  it  is  necessary  to  compare 
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the  spectrum  of  white  light,  which  has  passed  through  a 
plate  or  layer  of  it,  with  a  normal  spectrum.  This  is 
easily  effected  by  placing  the  absorbing  medium  (if  a 
fluid,  it  must  be  in  a  glass  trough  -with  parallel  sides)  in 
front  of  the  narrow  slit  through  which  the  light  passes, 
and  in  such  a  position  that  one-half  of  the  slit  only  is 
thus  covered.  We  have  then  side  by  side,  under  pre- 
cisely similar  circumstances,  two  spectra  to  be  compared 
(one  altered  by  absorption,  the  other  not) ;  and  very 
minute  differences  between  them  can  thus  be  detected. 

When  the  medium  produces  a  general  weakening  of 
the  whole  spectrum,  as  well  as  particular  local  absorp- 
tions, the  white  light  passing  through  the  other  half  of 
the  slit  may  be  weakened  to  any  desired  extent  by  re- 
flection at  the  proper  incidence  from  a  plate  of  glass, 
before  it  falls  on  the  slit. 

197.  To  give  a  satisfactory  representation  of  the 
phenomena  of  absorption  spectra  by  the  help  of  a  wood- 
cut is  not  easy.  The  highest  artistic  skill  could  not 
adequately  represent  the  ordinary  solar  spectrum  by  the 
use  of  the  finest  pigments.  All  optical  colour  pheno- 
mena must  be  seen:  they  cannot  be  reproduced  by  paint- 
ing. In  such  circumstances  the  simplest  method  of 
indicating  the  locality  and  amount  of  the  absorption  is 
the  best. 

As  we  have  already  seen  that  we  cannot  by  the  eye 
judge  of  the  relative  intensities  of  lights  which  differ 
much  in  colour,  we  shall  represent  the  normal  spectrum 
(for  our  present  purpose)  as  equally  bright  throughout, 
and  indicate  the  absorption  at  different  parts  by  shading 
of  various  degrees  of  depth.  A  few  of  the  Fraunhofer 
lines  are  introduced  to  indicate  (in  the  absence  of  colour) 
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the  parts  of  the  spectrum  which  are  attacked  by  the 
various  absorbents.  These  lines  are,  of  course,  in  the 
same  absolute  positions  in  all  the  various  spectra ;  for 
the  spectra  are  all  supposed  to  be  produced  by  the  same 
prism.  The  line  B  is  in  the  red,  D  in  the  orange,  E  and 
F  in  the  green,  and  G  in  the  indigo.  They  correspond, 
as  we  have  already  said,  to  perfectly  definite  kinds  of 
homogeneous  light,  and  therefore  adequately  represent 
the  distribution   of  colours   in    the   spectrum,   however 


Fiu.  40. 

much  irrationality  of  dispersion  may  be  shown  by  the 
material  of  the  prism. 

198.  In  fig.  40,  a  represents  the  spectrum  of  light  which 
has  passed  through  diluted  blood ;  /3  shows  the  spectrum 
when  the  blood  has  been  acted  on  by  a  reducing  agent ; 
and  y  the  spectrum  when  the  blood  has  been  altered  by 
acidulation  Avith  acetic  or  tartaric  acid.  These  figures 
are  taken  from  an  important  paper  by  Stokes  (Proceedings 
of  the  Royal  Socicti/,  1864). 

Fig.  4 1  shows  in  a  rude  way  the  absorption  by  cobalt 
glass  cut  in  wedge  form,  and  corrected  by  an  equal  prism 
of  clear  glass. 

199.  The  commonly  received  method  of  calculating 
the  absorption  by  layers  of  gradually  increasing  thick- 
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ness  is  to  suppose  that,  if  a  layer  of  unit  thickness 
■weakens  in  any  ratio  the  intensity  of  any  particular 
homogeneous  ray,  another  unit  layer  will  further  weaken 
in  the  same  ratio  that  which  reaches  it,  and  so  on. 
Thus  the  amount  which  passes  through  a  number  of 
layers  diminishes  in  geometrical  progression,  while  the 
number  of  layers  increases  in  arithmetical  progression. 
This  is  certainly  true  (neglecting  the  amount  reflected), 


Fig.  41. 


unless  the  intensity  of  the  light  have  an  effect  on  the  per- 
centage transmitted. 

And  fig.  41  shows,  in  a  very  striking  manner,  the 
difference  between  similar  terms  of  different  geometric 
series  as  the  common  ratio  becomes  less  and  less.  This 
ratio  is  not  much  less  than  1  for  certain  red  and  blue 
rays,  is  smaller  for  yellow,  and  is  very  small  for  the  rest 
of  the  red,  for  orange,  and  for  gi'een.  The  latter  colours 
are  therefore  rapidly  got  rid  of  Avith  increasing  thick- 
ness ;  then  the  j^ellow  becomes  too  feeble  to  be  seen ; 
while,  even  after  the  blue  becomes  almost  insensible,  the 
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specially    favoured  red    rays    are    still    transmitted    in 
sufficient  quantity  to  be  observed. 

200.  If  r  be  the  fraction  of  any  species  of  homogene- 
ous light  (omitting  consideration  of  the  portions  reflected) 
which  is  transmitted  by  a  plate  of  any  substance,  of  unit 
thickness,  that  transmitted  by  a  plate  of  thickness  x  (of 
the  same  substance)  is  r^.  The  following  little  table 
will  greatly  assist  the  reader  in  understanding  the  rela- 
tive rapidity  of  extinction  of  different  rays  passing  through 
various  thicknesses  of  an  absorbing  medium.  It  is  a  table 
of  double  entry,  the  first  column  giving  various  values 
of  X,  and  the  upper  row  various  values  of  r,  Avhile  the 
corresponding  value  of  r''  is  in  the  same  column  with 
that  of  r  and  in  the  same  row  Avith  that  of  x. 


1 

0-99 

0-9 

0-5 

0-1 

2 

0-98 

0-81 

0-25 

0-01 

5 

0-951 

0-59 

0-03 

0 '00001 

10 

0-904 

0-349 

0-0009 

100 

0-366 

0-00003 

Thus  a  ray,  which  loses  1  per  cent  in  unit  thickness,  still 
preserves  more  than  90  per  cent  after  passing  through 
ten  units.  But  a  ray  which  loses  10  per  cent  in  the 
first  unit  (and  which,  therefore,  will  thus  far  appear 
scarcely  more  weakened  than  the  first)  is  reduced  to 
35  per  cent  by  passage  through  ten  units.  After  jmss- 
ing  through  a  hundred  units  the  first  ray  has  lost  only 
63  per  cent,  the  second  is  practically  invisible. 

201.  The  assumption  made  in  §  199  above  deserves  a 
word  or  two  of  comment,  not  only  because  it  is  essential 
to  the  calculations  there  made  (the  results  of  which  are, 
at  least  approximately,  verified  by  observation),  but 
because  it  is  one  of  the  most  important  bases  of  the 


ABSORPTION  AND  FLUORESCENCE  169 

general  theory  of  radiation.  But  we  defer  such  comment 
to  a  later  chapter,  thinking  it  sufficient  for  the  present 
to  point  out  that  the  step  is  really  an  assumption. 
Stokes  has  suggested  an  exceedingly  simple  process 
for  testing  its  accuracy  experimentally,  but  Ave  are  not 
aware  that  it  has  yet  been  put  in  practice.  This  pro- 
cess is  based  on  the  assumption  (about  whose  truth  there 
can  be  no  doubt)  that  the  percentage  of  ordinary  light 
reflected  under  given  circumstances  is  independent  of  the 
intensity  of  the  light.  If,  then,  the  light  be  both  re- 
flected and  subjected  to  absorption,  and  if  both  assump- 
tions above  are  correct,  the  final  intensity  ought  to  be 
independent  of  the  order  in  which  these  operations  are 
applied.  Let  a  beam  of  sunlight  be  reflected  from  a 
plate  of  glass  blackened  at  the  back,  at  an  incidence  as 
nearly  direct  as  possible,  so  as  (§  74)  to  be  very  much 
weakened  (to  about  -g-Vth  in  fact).  Cut  a  uniform  plate 
of  the  absorbing  medium  into  two  parts,  one  of  which  is 
to  be  interposed  in  the  way  of  half  the  beam  before  it  is 
reflected ;  the  other  in  the  path  of  the  remaining  half 
after  it  is  reflected  ;  and  the  eye  will  enable  us  to  judge, 
Avith  very  great  accuracy,  as  to  the  relative  intensity  of 
the  tAvo  parts  of  the  beam.  This  folloAvs  from  the  facts 
stated  in  §  62,  because  in  this  case  the  colour  is  neces- 
sarily exactly  the  same  in  the  two  beams  compared. 

202.  In  thin  plates  cobalt  glass  is  blue,  because  the 
particular  red,  Avhich  it  does  not  absorb  freely,  forms 
only  a  small  fraction  of  the  whole  transmitted  rays  ; 
AA'hile  in  thick  masses  it  is  nearly  red,  for  then  little  but 
this  favoured  red  is  transmitted.  For  a  similar  reason 
Condy's  fluid  (aqueous  solution  of  permanganate  of 
potash)  changes  its  tint  in  a  very  singular  manner  (even 
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when  preserved  from  the  action  of  the  air)  by  gradual 
dilution  with  water. 

The  imperfection  of  the  achromatism  of  the  eye  is 
readily  proved  by  looking  through  a  plate  of  cobalt  glass 
at  a  small  hole  in  the  window-shutter  of  a  dark  room. 
The  hole  at  first  appears  red  ^vith  a  blue  space  round 
it ;  but,  by  an  effort  of  the  muscles  of  the  eye,  we  can 
see  the  hole  blue,  and  then  there  is  a  red  space  surround- 
ing it.  Eays  of  so  widely  different  refractive  index 
cannot  be  seen  in  focus  simultaneously. 

Very  curious  effects  are  produced  when  we  examine 
a  landscape  through  such  a  glass.  Foliage  of  certain 
kinds  scatters  scarcely  any  blue  rays,  and  therefore 
appears  reddish.  Bluish-greens,  again,  which  scatter 
very  little  red,  appear  blue.  The  effects  may  be  exag- 
gerated in  a  very  striking  degree  by  combining  the 
absorptions  of  two  or  more  media,  so  as  to  allow  of  the 
free  transmission  of  a  few  far-detached  portions  of  the 
spectrum. 

203.  Brewster  made  the  singular  discovery  that  a 
solution  of  oxalate  of  chromium  and  potash  (§  204)  pro- 
duces one  solitary  narrow  absorption-band,  almost  re- 
sembling one  of  the  broader  lines  in  the  solar  spectrum. 
Certain  solutions  of  salts  of  didymium,  etc.,  possess  a 
similar  property.  These  may  be  used  in  the  absence  of 
sunlight,  as  Brewster  suggested,  for  the  purpose  of 
measuring  with  great  exactness  refractive  indices,  etc., 
by  means  of  artificial  light.  But  the  fundamental  prin- 
ciple of  spectrum  analysis,  as  will  be  seen  later,  furnishes 
us  with  a  still  more  effective  process. 

204.  Closely  connected  with  intense  local  absorption 
in  certain  parts  of  the  spectrum,  is  the  phenomenon  of 
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Abnormal  Dispersion,  one  of  the  most  singular  discoveries 
of  modern  times.  It  seems  to  have  been  first  observed 
by  Fox  Talbot ;  and  he  discovered  its  real  nature.  But 
the  first  published  notice  of  such  phenomena  is  due  to 
Le  Eoux.  Christiansen  and  others  have  since  greatly 
extended  our  knowledge  of  the  subject,  and  v.  Helmholtz 
and  Sellmeyer  have  given  theoretical  explanations  of  it. 
Fox  Talbot's  experiment,  though  the  earliest  on  record, 
is  one  of  the  easiest  to  perform,  and  we  therefore  quote 
his  own  account.  The  experiment  was  made  about 
1840,  and  the  following  account  is  from  the  Proc.  Boy. 
Sac.  Edin.,  1870-71. 

"I  prepared  some  square  pieces  of  window  glass, 
about  an  inch  square.  Taking  one  of  these,  I  placed 
upon  it  a  drop  of  a  strong  solution  of  some  salt  of 
chromium,  which,  if  I  remember  rightly,  was  the  double 
oxalate  of  chromium  and  potash,  but  it  may  have  been 
that  substance  more  or  less  modified.  By  placing  a 
second  square  of  glass  on  the  first,  the  drop  was  spread 
out  in  a  thin  film,  but  it  was  prevented  from  becoming 
too  thin  by  four  pellets  of  wax  placed  at  the  corners  of 
the  square,  which  likewise  served  to  hold  the  two  pieces 
of  glass  together.  The  glasses  were  then  laid  aside  for 
some  hours  until  crystals  formed  in  the  liquid.  These 
were  necessarily  thin,  since  their  thickness  was  limited 
by  the  interval  between  the  glasses.  Of  course  the 
central  part  of  each  crystal,  except  the  smallest  ones, 
was  bounded  by  parallel  planes,  but  the  extremities  were 
bevelled  at  various  angles,  forming  so  many  little  prisms, 
the  smallest  of  them  floating  in  the  liquid.  When  a 
distant  candle  was  viewed  through  these  glasses,  having 
the  little  prisms  interposed,  a  great  number  of  spectra 
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became  visible,  caused  by  the  inclined  edges.  Most  of 
these  were  no  doubt  very  imperfect,  but  by  trying  the 
glass  at  various  points,  some  very  distinct  spectra  were 
met  with,  and  these  could  with  some  trouble  be  isolated 
by  covering  the  glass  with  a  card  pierced  with  a  pin-hole. 
It  was  then  seen  that  each  prism  (or  oblique  edge  of 
crystal)  produced  two  spectra  oppositely  polarised  and 
widely  separated.  One  of  these  spectra  was  normal ; 
there  was  nothing  particular  about  it.  The  colours  of 
the  other  were  very  anomalous,  and,  after  many  experi- 
ments, I  came  to  the  conclusion  that  they  could  only  be 
explained  by  the  supposition  that  the  spectrum,  after 
proceeding  for  a  certain  distance,  stopped  short  and 
returned  upon  itself." 

205.  Le  Eoux  in  1860^  discovered  that  vapour  of 
iodine,  which  allows  only  red  and  blue  rays  to  pass,  re- 
fracts the  red  more  than  the  blue.  He,  like  Talbot,  did 
not  at  first  venture  to  publish  his  result,  and  it  apj)eared 
only  in  1862.  Among  the  many  convincing  proofs  of 
its  accuracy,  he  shows  that  the  dispersion  by  an  iodine- 
vapour  prism  can  be  nearly  achromatised  by  a  glass 
prism  which  gives  refraction  in  the  same  direction.  He 
also  states  that  the  dispersion  in  iodine -vapour  is  less  as 
the  temperature  is  higher. 

Christiansen's  ^  earliest  determinations  were  made  in 
1870  upon  an  alcoholic  solution  of  fuchsine  (one  of  the 
powerful  aniline  colours).  This  solution  gives  a  dark 
absorption-band  in  the  green  ;  and  it  was  found  that  the 
refractive  index  rises  (as  in  normal  bodies)  for  rays  from 
the  red  to  the  yellow.  But  all  the  rest  of  the  trans- 
mitted light,  consisting  of  the  so-called  "more  refrangible" 
^  Comptes  Rendus,  Iv.,  18C2.  -  Pocjg.  Ann.,  cxli. 
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rays,  is  less  refracted  than  the  red.     Kundt  and  others 
shortly  afterwards  greatly  extended  these  observations. 

206.  The  explanation  of  this  phenomenon,  which  has 
been  advanced  by  Helmholtz/  depends  upon  an  assump- 
tion as  to  the  nature  of  the  mutual  action  between  the 
luminiferous  ether  and  the  particles  of  the  absorbing 
medium,  coupled  with  a  further  assumption  connecting 
the  absorption  itself  with  a  species  of  friction  among 
the  parts  of  each  absorbing  particle. 

In  1879  De  Klerker^  made  a  very  curious  observa- 
tion, which  shows  that  the  whole  subject  is  still  to  some 
extent  obscure.  He  employed  two  hollow  prisms  of 
equal  angle,  turned  opposite  ways,  and  filled  with  alcohol. 
Through  such  a  combination  light  passes  (as  we  have 
seen)  without  refraction  or  dispersion.  When  a  few 
drops  of  the  fuchsine  solution  were  added  to  the  contents 
of  one  of  the  prisms,  the  yellow,  orange,  and  red  rays 
(in  the  order  named)  began  to  separate  themselves  from 
the  others.  This  process  could  be  carried  on  until  the 
solution  was  so  strong  that  it  transmitted  no  visible 
light.  All  this  time  the  blue  and  violet  rays  remained 
apparently  unrefracted — the  yellow,  orange,  and  red 
showing  continually  increasing  refraction.  The  conclu- 
sion from  this,  on  either  theory  of  light,  is  that  the 
addition  of  fuchsine  to  alcohol  alters  the  speed  of  pro- 
pagation of  the  (so-called)  less  refrangible  rays,  but  not 
perceptibly  that  of  the  more  refrangible. 

207.  The  singular  surface-appearances  presented  by 
"canary"  glass,  by  some  specimens  of  fluor-spar,  and 
by  certain  liquids,  such  as  a  solution  of  sulphate  of 
quinine   acidulated  with   sulphuric  acid,  had  been   the 

1  Pogij.  Ann.,  civ.,  1874.         ^  Comptcs  Eendus,  Ixxxix.,  1879. 
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source  of  much  speculation  by  Brewster,  Herscliel,  and 
others,  long  before  their  true  nature  was  traced  by 
Stokes  in  1852.^  By  a  series  of  well -contrived  ex- 
periments, one  or  two  of  which  will  presently  be 
described,  he  put  it  beyond  doubt  that  the  cause  of 
these  phenomena  lies  in  a  change  of  refrangibility  of  the 
light  which  has  been  absorbed  by  the  upper  layers  of 
the  medium,  and  then  given  off  again.  In  every  case 
the  fluorescent  light  appears  to  belong  to  a  less  refrang- 
ible part  of  the  spectrum  than  does  the  incident  light 
which  gave  rise  to  it,  thus  affording  an  instance  of 
dissipation,  or  degradation  of  energy.  When  a  very 
powerful  beam  of  light  passes  through  a  fluorescent 
body,  its  whole  track  may  thus  be  distinguished,  though, 
unless  it  be  convergent,  the  illumination  becomes  rapidly 
feebler  as  the  beam  penetrates  farther.  The  fluorescent 
light,  thus  seen  in  the  interior  of  the  body,  must  be 
carefully  distinguished  from  the  light  merely  scattered 
by  impurities,  as  by  dust  in  the  air  or  by  fine  particles 
suspended  in  water.  Here  there  is  no  change  of  wave- 
length, as  in  true  fluorescence,  though  there  are  remark- 
able effects  of  another  kind  which  will  be  examined 
later.'.  (See  §  281.) 

208.  The  yellowish -green  surf  ace  -  colour  of  canary 
glass  (coloured  with  oxide  of  uranium)  is  well  known,  as 
the  substance  is,  mainly  on  account  of  this  property, 
very  commonly  used  for  ornaments.  If  we  admit  a  ray 
of  sunlight  (or  light  from  the  electric  lamp)  into  a  dark 
room  through  a  cobalt  glass,  so  dark  that  the  feeble 
violet-coloured  light  it  transmits  is  scarcely  visible,  we 
find  that  the  canary  glass  shows  its  yellow-green  colour 
''■  Phil.  Trans.,  "  On  the  Change  of  Refrangibility  of  Light." 


ABSORPTION"  AND  FLUORESCENCE  175 

vividly  when  placed  in  the  track  of  the  ray.  Striking 
as  this  experiment  is,  it  is  not  quite  conclusive  as  to  the 
true  cause  of  the  appearance. 

But  if  we  take  another  piece  of  glass,  slightly  tinged 
of  a  brownish-yellow  (by  oxide  of  gold),  we  find  that  it 
is  quite  transparent  to  the  brilliant  light  from  the  canary 
glass ;  if,  however,  we  place  it  in  the  track  of  the  violet 
rays  before  they  fall  on  the  uranium  glass,  it  prevents  the 
production  of  the  phenomenon  altogether.  That  is,  rays 
which  cannot  pass  through  the  glass  coloured  with  gold 
are  rendered  capable  of  freely  passing  through  it  after 
incidence  on  the  canary  glass.  That  the  phenomenon 
is  due  to  rays  which  are  stopped  by  the  uranium  glass 
itself,  is  proved  by  the  fact  that  a  second  piece  of  the 
glass,  placed  in  the  track  of  the  rays  Avhich  have 
passed  through  the  first,  does  not  show  the  plieno- 
menon.  Unless,  indeed,  the  source  of  light  be  very 
bright,  or  the  beam  highly  concentrated,  the  appear- 
ance is  confined  to  a  mere  surface -layer  of  the  first 
piece  of  canary  glass.  The  phenomenon  is  very 
w^ell  shown  by  an  aqueous  infusion  of  horse-chestnut 
bark.  Some  specimens  of  paraffin  oil  exhibit  it  most 
brilliantly. 

209.  To  find  the  rays  which  are  most  eflfective  in 
producing  the  fluorescence  of  any  substance,  we  have 
only  to  place  it  in  a  pure  spectrum  of  sunlight  (or, 
preferably,  of  the  electric  light), — prisms  and  lenses  of 
quartz  being  used  for  producing  the  spectrum,  because 
that  material  is  found  to  be  far  less  opaque  than  glass 
is  to  the  violet  and  ultra-violet  rays.  When  this  is 
done  with  uranium  glass  we  find  scarcely  a  trace  of 
effect  until  the  substance  reaches  the  blue  ravs,  and  the 
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effect  persists  through  all  the  higher  colours,  and  even 
very  considerably  beyond  the  bounds  of  the  visible 
spectrum.  Stokes  in  fact  used  it  as  a  means  of  studying 
the  otherwise  invisible,  but  far  extending,  spectrum  of 
the  ultra-violet  rays  of  the  electric  spark. 

The  mechanism  of  the  process  by  which  these  extra- 
ordinary results  are  produced  is  still  somewhat  obscure. 
Stokes  has,  however,  shown  that,  if  a  vibrating  system, 
which  is  incapable  of  propagating  waves  of  short 
period,  be  acted  on  by  such  waves,  there  occurs  a  sort 
of  compromise,  in  which  the  parts  of  the  system  acted 
on  are  thrown  into  a  species  of  congested  oscillation, 
whose  period  is,  in  all  cases,  longer  than  that  of  the 
exciting  cause. 

With  Sir  G.  Gr.  Stokes'  permission  we  print  the  fol- 
lowing extract  from  a  recent  (1883)  letter  of  his  : — 

"  I  have  long  believed  that  the  explanation  of  fluor- 
escence Lay  in  the  communication  of  motion  by  means 
of  the  intermolecular  forces,  from  the  molecule  or  part 
of  a  molecule  thrown  into  agitation  by  the  vibrating 
ether,  to  the  neighbouring  parts,  and  thence  to  the  mass 
in  general.  A  great  many  years  ago,  to  test  this  idea  in 
some  simple  dynamical  system,  I  worked  out  the  follow- 
ing problem,  which  may  be  solved  without  difficulty : — 

"  Imagine  an  infinite  string,  without  weight,  stretched 
by  a  uniform  tension  and  loaded  at  equal  intervals  by 
an  infinite  number  of  equal  masses  regarded  as  points. 
Let  one  of  the  masses  be  acted  on  continually  by  a  small 
transverse  disturbing  force,  expressed  by  the  sine  of  an 
angle  proportional  to  the  time,  and  let  it  be  required  to 
determine  the  corresponding  small  periodic  motion  of 
the  system. 
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"  The  result  is  very  remarkable  in  relation  to  the 
physical  question.  Suppose,  in  the  first  instance,  that 
we  consider  the  possible  simple  harmonic  motions  of  the 
system  when  there  is  no  disturbing  force,  taking  for 
simplicity  the  motion  as  in  one  plane.  We  have  of 
course  a  transcendental  equation,  with  an  infinite  num- 
ber of  real  roots,  to  determine  the  periodic  time ;  the 
smallest,  say  T,  corresponding  to  the  case  in  which  the 
masses  move  alternately  in  opposite  directions  through 
equal  spaces.  Now  the  motion,  in  the  case  of  the  dis- 
turbing force,  is  of  quite  a  different  character  according 
as  the  periodic  time  is  greater  or  less  than  T.  In  the 
former  case  the  disturbance  extends  infinitely  in  both 
directions  ;  we  have,  in  fact,  a  sort  of  undulation  pro- 
pagated both  Avays  from  the  disturbed  mass.  In  the 
latter  the  disturbance  is  local,  decreasing  indefinitely  as 
we  recede  from  the  mass  on  which  the  force  acts. 

"  It  is  needless  to  say  that  the  solution  may  be  ex- 
tended by  Fourier's  theorem  to  the  case  of  a  disturbing 
force  which  is  an  arbitrary  function  of  the  time.  But 
without  that  we  can  see  the  general  eff"ect  of  a  periodic 
disturbing  force  acting  for  a  great  number  of  periods  on 
one  mass,  and  then  ceasing. 

"If  the  period  be  greater  than  T,  any  nascent  dis- 
turbance is  carried  off  to  a  distance  by  undulations,  and 
the  disturbance  remains  insensible  ;  since  I  suppose  that 
the  disturbance  which  would  be  produced  by  the  force, 
acting  for  a  single  period,  is  insensibly  small,  and  that  it  is 
only  by  the  continued  action  of  the  disturbing  force  that 
the  disturbance  of  the  masses  can  become  sensible.  I 
make  this  supposition  because  we  have  every  reason  to 
believe  that  this  is  what  is  actually  true  of  the  disturb- 
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ance  of  ponderable  molecules  excited  by  ethereal  un- 
dulations. 

"  But  if  the  period  of  the  disturbing  force  be  less  than 
T,  though  a  small  amount  of  disturbance  of  the  masses 
may  at  first  be  propagated  off,  the  distui'bance  will 
gradually  assume  its  permanent  form  as  a  local  agitation. 
If  the  disturbing  force  now  cease  to  act  we  shall  be  left, 
as  regards  the  subsequent  motion  of  the  masses,  with  an 
initial  disturbance  of  a  local  character.  The  subsequent 
motion  Avill  be  expressed  by  an  infinite  series  of  simple 
harmonic  terms  as  regards  the  time,  the  smallest  period 
being  T. 

"  This  strikingly  illustrates  the  law  that  the  refrangi- 
bility  of  the  light  due  to  fluorescence  is  always  less  than 
that  of  the  exciting  light.  Moreover,  in  dealing  with  a 
single  fluorescent  substance — not  a  mixture  of  two  or 
more — I  have  generally  found  that  the  following  feature 
is  (very  approximately,  at  any  rate)  observed  : — As  we 
take  incident  light  of  increasing  refrangibility  it  is  at 
first  inactive  ;  then,  on  reaching  a  certain  point,  P,  of 
the  spectrum,  it  begins  to  produce  fluorescence,  and  the 
heterogeneous  fluorescent  light  contains  refrangibilities 
not  extending  beyond  P.  As  we  continue  to  progress 
in  the  incident  spectrum  the  highest  refrangibility  of  the 
fluorescent  light  does  not  follow  the  refrangibility  of  the 
incident  light,  but  remains  about  P." 

210.  The  duration  of  fluorescence  is  so  very  short 
that  it  is  only  by  specially-devised  methods  that  we  can 
make  certain  that  it  persists  for  any  measurable  time 
after  the  exciting  light  is  cut  off  from  the  fluorescent 
body. 

Becquerel's  ingenious  Plwsplioroscope  was  invented  for 
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the  purpose  of  inquiries  of  this  kind.     It  consists  essen- 
tially of  a  shallow  drum,  in  whose  ends  two  excentric 
holes,  exactly  opposite  to  one  another,  are  cut.     Inside 
it  are  fixed  two  equal  metal  disks,  attached  perpendicu- 
larly to  an  axis,  and  divided  into  the  same  number  of 
sectors,  the  alternate  sectors  of  each  being  cut  out.     One 
of  these  disks  is  close   to  one   end  of  the   drum,  the 
other    to   the    opposite    end,    and   the    sectors    are    so 
arranged  that,  when  the  disks  are  made  to  rotate,  the 
hole  in  one  end  is  open  while  that  in  the  other  is  closed, 
and  vice  versd.     If  the  eye  be  placed  near  one  hole,  and 
a  ray  of  sunlight  be  admitted  by  the  other,  it  is  obvious 
that  while  the  sun  shines  on  an  object  inside  the  drum 
the  aperture  next  the  eye  is  closed,  and  vice  versd.     If 
the  disks  be  made  to  revolve  Avith  great  velocity  by 
means  of  a  train  of  toothed  wheels,  the  object  will  be 
presented  to  the  eye  almost  instantly  after  it  has  been 
exposed  to   sunlight ;   and  these  presentations  succeed 
one  another  so  rapidly  as  to  produce  a  sense  of  continued 
vision. 

By  means  of  this  apparatus  we  can  test  with  consider- 
able accuracy  the  duration  of  the  phenomenon  after  the 
light  has  been  cut  off.  For  such  a  purpose  Ave  require 
merely  to  know  the  number  of  sectors  in  the  disks  and 
the  rate  at  which  they  are  turned.  To  guard  against 
deception  by  the  persistence  of  impressions  on  the  retina, 
the  eye  should  not  be  directed  fixedly  on  the  object,  but 
should  be  kept  travelling  slowly  round  the  position  in 
which  it  is  seen  to  lie. 

211.  Uranium  glass  shows,  with  rapid  turning,  nearly 
as  vivid  an  effect  as  when  exposed  to  continuous  light, 
but  fades   fast  when   the   speed   of    the   rotation   falls 
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off.  A  pinkish  kind  of  ruby,  exposed  to  concentrated 
sunlight  in  the  phosphoroscope,  is  seen  to  glow  with  a 
bright  red  like  a  piece  of  live  coal. 

With  very  rapid  turning,  feeble  fluorescence  can  be 
detected  in  a  great  many  substances  in  which  the  ordin- 
ary methods  will  not  show  it.  This  is  due  in  great 
measure  to  the  fact  that  the  phosphoroscope  entirely 
does  away  with  the  scattered  light  which,  in  the  ordin- 
ary mode  of  examining  these  substances,  overpowers 
their  feeble  fluorescence. 

212.  What  is  correctly  termed  phosphorescence  has 
nothing  to  do  with  phosphorus  (whose  luminosity  in  the 
dark  is  due  to  slow  oxidation),  but  it  is  merely  a  species 
of  fluorescence  which  lasts  for  a  much  longer  time 
after  the  excitation  has  ceased  than  does  that  just 
described. 

Pliny  speaks  of  various  gems  which  shine  with  a  light 
of  their  own,  and  Albertus  Magnus  knew  that  the  dia- 
mond becomes  phosphorescent  when  moderately  heated. 
But  the  first  discovery  of  phosphorescent  substances, 
such  as  are  now  so  common,  belongs  to  the  early  part 
of  the  seventeenth  century.  During  that  century  the 
Bologna  stone  (sulphide  of  barium)  and  Romberg's  phos- 
phorus (chloride  of  calcium)  were  discovered.  Canton's 
phosphorus  (sulphide  of  calcium)  dates  from  1768.  To 
the  substances  mentioned  may  now  be  added  sulphide 
of  strontium. 

Any  of  these  sulphides,  which  must  be  carefully  pre- 
served from  the  air  in  sealed  glass  tubes,  appears  bril- 
liantly luminous  when  carried  from  sunlight  into  a  dark 
room,  and  for  a  long  time  after  presents  the  general 
aspect  of  a  hot  body  cooling.     The  rays  which  excite 


ABSORPTION  AND  FLUORESCENCE  181 

their  luminosity  are  (as  with  the  generality  of  fluorescent 
bodies)  those  of  higher  refrangibilities ;  but  the  colours 
of  the  pliosphorescent  light  are  of  the  most  varied  kind, 
even  in  specimens  of  almost  precisely  the  same  chemical 
composition,  but  prepared  at  different  times. 

The  causes  of  this  strange  diversity  are  as  yet  quite 
unguessed  at ;  but  the  property  has  been  taken  advantage 
of  for  the  production  of  what  are  called  luminous  paints. 
The  behaviour  of  these  substances  is  one  of  the  most 
singular  phenomena  in  optics.  How  they  manage  to 
store  up  so  large  a  supply  of  energy  during  a  short  ex- 
posure to  bright  light,  and  to  dole  it  out  continuously 
for  so  long  a  time  and  mainly  in  the  form  of  light,  is 
exceedingly  puzzling,  especially  as  no  other  physical  or 
chemical  change  has  yet  been  found  to  accompany  the 
process. 

Another  curious  fact  connected  with  their  behaviour 
was  discovered  by  Becquerel.  He  found  that  the  less 
refrangible  rays  have  in  some  cases  the  power  of  arresting 
the  emission  of  light  from  these  bodies  when  they  have 
been  previously  excited  by  higher  rays. 


CHAPTER   XIII 

PRELIMINARY  REMARKS  ON  THE  UNDULATORY  THEORY 

213.  The  explanation  of  the  fundamental  laws  of 
Geometrical  Optics  by  the  wave -theory  requires  some 
preliminary  remarks.  We  confine  ourselves  to  what  is 
strictly  necessary  for  the  immediate  purposes  of  the 
present  Avork.  Nothing  beyond  an  approximation  will 
be  attempted,  where  further  investigation  requires  higher 
mathematics. 

The   great  difficulty   which  meets    us  at  the    very 
outset,  and  Avhich  sufficed  to  make  Newton  reject  the 
undulatory  theory,  is  the  fact  that  in  general  light  moves 
in  straight  lines  in  air  {pMys,  as  they  are  called),  and 
does  not  spread  in  all  directions  like  other  wave-disturb- 
ances, such  as   sound   and  Avater-waves,   after  passing 
through  an  aperture.     The  fidl  treatment  of  this  ques- 
tion requires  an  amount  of  mathematics  which  Ave  cannot 
introduce  here  ;  but  the  general  nature  of  the  explanation 
(which  depends  upon   the  exceeding   smallness   of  the 
wave-lengths  of  light  even  as  compared  with  the  diameter 
of  a  pin-hole)  Avill  be  obvious  from  some  of  the  approxi- 
mate investigations  which  follow.     For  the  present  Ave 
Avill  simply  admit  the  existence  of  the  difficulty,  and 
proceed  Avith  the  explanation  of  other  phenomena.     The 
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reader,  who  has  in  this  way  gained  some  confidence  in 
the  theory  from  its  agreement  with  facts  of  the  most 
diverse  kinds,  will  be  led  back  to  the  consideration  of 
this  preliminary  difiiculty,  and  its  complete  explanation 
by  Young.  In  the  next  article  we  will  state  the  more 
immediately  important  bases  of  the  undulatory  theory. 

21-4.  (a)  The  essential  characteristic  of  wave-motion 
is  that  a  disturbance  of  some  kind  is  handed  on  from 
one  portion  of  a  solid  or  fluid  mass  to  another.  In 
certain  cases  only,  this  disturbance  is  unaltered  in 
amount  and  in  character  as  it  proceeds. 

(h)  So  far  as  light  is  concerned,  the  speed  with  which 
each  particular  species  of  disturbance  passes,  in  any 
direction,  through  a  homogeneous  isotropic  medium  is 
constant,  and  is  the  same  for  all  directions.  "When  the 
medium  is  not  homogeneous,  the  speed  may  vary  from 
point  to  point.  If  the  medium  be  not  isotropic,  the 
speed  may  depend  upon  the  direction  of  propagation.  In 
interplanetary  spaces,  where  there  is  probably  no  ordin- 
ary matter,  except  in  the  form  of  sporadic  groups  of 
meteoric  masses,  large  and  small,  the  speed  seems  to  be 
independent  of  the  particular  species  of  wave.  Examples 
of  each  of  these  peculiarities  will  be  met  with  presently. 

(c)  When  two  or  more  separate  disturbances  simul- 
taneously affect  the  same  portion  of  a  medium,  the  effect 
may  be  very  complex.  But,  in  the  case  of  light,  it  has 
been  found  that  a  geometrical  (or  rather  kinematical) 
superposition  or  composition  agrees,  at  least  to  the  degree 
of  accuracy  of  the  experiments,  Avith  all  the  observed 
facts.  This  would  be  the  case,  as  a  dynamical  result,  if 
the  distortions  due  to  wave-motion  were  always,  even 
for  the  most  powerful  light,  exceedingly  small.     On  this 
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is  based  the  whole  doctrine  of  Interference,  Young's 
grandest  contribution  to  the  wave -theory  (1801).  It 
follows  from  this  that  any  number  of  separate  disturb- 
ances may  be  propagated  through  one  another  in  the 
same  portion  of  the  luminiferous  medium ;  each  emerg- 
ing from  that  portion  as  if  it  had  not  encountered  the 
others.  [But  this  is  not  necessarily  true,  as  will  be  seen 
later  (§  306),  if  the  portion  spoken  of  be  maintained  in 
certain  definite  forms  of  disturbance.] 

{d)  The  disturbance  at  any  point  of  a  medium,  at  any 
instant,  is  that  due  to  the  superposition  of  all  the  dis- 
turbances which  reached  it  at  that  instant  from  the 
various  surrounding  parts  of  the  medium.  This  is  (in  a 
somewhat  generalised  form)  what  is  commonly  known 
as  Huygens'  principle,  first  enunciated  in  1678. 

{e)  The  front  of  a  wave  is  defined,  at  any  instant,  as 
the  continuous  locus  of  all  portions  of  the  medium  which, 
at  that  instant,  are  equally  and  similarly  distorted,  and 
have  equal  velocities. 

The  word  continuous  is  inserted  because,  in  oscillatory 
wave-motion,  such  as  that  of  light,  a  large  number  of 
successive  waves  are  exactly  equal  and  similar  to  one 
another.  Thus  we  have  a  series  of  wave-fronts  following 
one  another,  which  are  not  to  be  considered  as  parts  of 
one  wave-front.  The  distance  between  two  successive 
fronts  in  which  the  distortions,  and  also  the  velocities, 
are  equal,  measured  in  the  direction  in  which  the  lio-ht 
is  travelling,  is  called  the  wave-length.  Henceforth  we 
restrict  ourselves  to  oscillatory  waves,  unless  the  con- 
trary be  specified. 

(/)  The  colour  of  homogeneous  light  depends  entirely 
on  i\iQ  period  of  a  wave,  i.e.  on  the  time  of  passage  from 
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one  wave-front  to  the  next.  This  is  obviously  the  same 
thing  as  the  time  of  a  complete  vibration  of  any  one 
particle  of  the  medium  : — whatever  be  the  speed  of  light 
in  the  medium,  or  the  consequent  wave-length.  The 
period  is  the  true  characteristic,  for  the  wave-length  is 
different  in  different  media.  Nothing  but  Fluorescence 
is  known  for  certain  to  alter  the  period ;  and  when  it 
occurs  the  light  has  been  absorbed  and  given  out  again. 

215.  These  being  premised,  let  us  consider  the  pro- 
pagation of  homogeneous  light  from  a  luminous  point 
in  a  homogeneous  isotropic  medium.  Here  we  have 
simply  a  succession  of  concentric  spherical  wave-fronts, 
their  radii  differing  by  one  or  more  whole  wave-lengths. 
In  accordance  with  what  has  been  said  above,  we  might 
assume  that  the  disturbance  in  any  portion  of  one  of 
these  fronts  is  propagated  radially.  But  we  may  con- 
sider it  from  a  difierent  point  of  view,  as  hinted  in  [d) 
above.  Simple  as  this  particular  case  is,  the  reader  will 
probably  find  that  it  will  greatly  assist  him  in  under- 
standing the  more  complex  ones  which  follow. 

216.  Every  disturbed  portion  of  the  medium  may  be 
looked  upon  as  a  centre  of  disturbance  from  which  a 
new  set  of  spherical  waves  is  constantly  spreading. 
Take  then,  as  common  radius,  the  space  described  by  a 
disturbance  in  any  very  short  interval ;  and,  with  centres 
at  every  point  of  any  one  wave-front,  describe  a  series 
of  spheres.  The  ultimate  intersections  of  these  spheres 
will  lie  on  a  surface  which  is  the  envelop  of  them  all. 
In  the  case  considered,  it  is  obviously  a  sphere  whose 
radius  exceeds  that  of  the  wave-front  from  which  we 
started  by  the  common  radius  of  the  set  of  spheres. 
This  is  shown  in  a  central  section  in  fig.  42   below, 
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which  suffices  to  prove  that  we  arrive  {hy  this  mode  of 
construction)  at  the  result  which  we  know  in  this  simple 
case  to  be  the  correct  one.  It  will  be  seen  that  the 
centres  of  the  construction-spheres  lie  on  a  certain  part 
of  one  wave-front,  while  their  ultimate  intersections  lie 
on  the  corresponding  part  of  the  future  wave-front.  This 
holds  for  spheres  of  all  radii,  and  for  continually  increas- 
ing radii  shows  that  a  ijlane  wave  moves  perpendicularly 
to  its  front.     This  is  so  important  a  part  of  Huygens' 


FlO.  42. 


work  that  we  give  his  own  words  (Trait6  de  la  Lumihre, 
1690,  pp.  18-20)  in  Appendix  II. 

217.  We  may,  however,  here  give  the  main  features 
of  this  extremely  important  statement  in  the  following 
much  condensed  form  : — 

Each  part  of  the  wave-front  must  so  extend  itself 
that  its  extremities  may  always  lie  on  lines  diverging 
from  the  source.  Thus  the  part  BGr,  of  the  wave-front 
whose  centre  is  A,  must  extend  itself  into  CE,  which  is 
bounded  by  the  same  lines  ABC  and  AGE.  For,  although 
special  waves  extend  outwards  from  the  space  CAE,  they 
do  not  conspire  to  produce  a  resultant  wave  except  pre- 
cisely along  CE,  their  common  tangent. 
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And  thus  we  see  why  light  is  propagated  in  straight 
lines,  for  the  detached  wavelets  which  diverge  from  the 
line  are  too  feeble  to  produce  light.  [This  is  the  grand 
defect  in  Huygens'  explanation.  Stokes  justly  observes 
that  he  proves  too  much,  for  his  remark  is  (as  it  stands) 
applicable  to  sound  as  well  as  to  light ;  and  Ave  know 
that  in  general  it  is  not  true  that  there  are  rays  of 
sound.] 

However  small  the  opening  BG  may  be,  the  same 
conclusion  must  hold ;  because,  small  as  it  may  be,  the 
opening  is  large  enough  to  contain  a  large  number  of 
particles  of  the  ether,  which  are  of  inconceivable  minute- 
ness. [Here  the  same  error  occurs  again  in  a  somewhat 
different  form.] 

Besides,  what  has  been  said  about  the  feebleness  of 
the  special  wavelets  shows  that  it  is  not  necessary  to 
suppose  the  particles  of  the  ether  to  be  all  of  one  size, 
though  such  a  supposition  Avould  better  suit  the  propaga- 
tion of  the  motion.  For  though,  when  small  particles 
impinge  on  larger  ones,  there  may  be  recoil,  this  will 
produce  only  detached  Avavelets  moving  backwards  to 
the  source,  too  feeble  to  produce  light,  and  not  one 
wave  made  up  of  a  number  of  others,  such  as  is  CE. 

Another,  perhaps  the  most  marvellous,  property  of 
light  is  that  when  (rays)  come  from  different,  even 
opposite,  directions  they  pass  through  one  another  with- 
out impediment.  Thus  a  great  number  of  persons  may 
simultaneously  see,  through  the  same  aperture,  each  a 
different  object ;  and  two  persons  can  simultaneously  see 
one  another's  eyes. 

218.  More  recent  investigation  has  shown  that  some 
of  these  statements  are  by  no  means  exact;  but  the 
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more  lirominent  of  their  inaccuracies  will  be  obvious  to 
the  reader  as  he  proceeds,  so  that  we  need  not  discuss 
them  here.  It  is  only  necessary  to  say,  for  the  present, 
that  the  limitation  of  light  to  a  ray  is  due  to  the 
excessive  minuteness  of  the  wave-lengths  of  every 
visible  radiation.  When  the  aperture  through  which 
light  passes  is  of  the  same  order  of  minuteness  as  the 
wave-length,  the  phenomena  undergo  a  complete  change 
of  character. 

219.  We  will  now,  for  the  purposes  of  this  elementary 
work,  assume  that  Huygens'  mode  of  finding  one  wave- 
surface  from  a  preceding  one  is  applicable  in  all  cases, 
and  will  not  trouble  ourselves  with  the  fact  that  our 
construction,  if  fully  carried  out,  would  indicate  a  retro- 
grading wave  as  well  as  a  progressive  one. 

The  well-known  fact  that  a  solitary  wave  can  be  pro- 
pagated in  water,  or  along  a  stretched  string,  may  assist 
the  reader  in  taking  the  bold  step  which  we  have  pro- 
posed to  him. 

And  Ave  will  also  assume  that  this  mode  of  repre- 
sentation leads  to  correct  results,  even  when  we  do  not 
choose  a  wave-front  as  the  locus  of  the  centres  of  dis- 
turbance : — that  in  fact  we  may  choose  for  our  purpose 
any  surface  through  which  the  rays  pass,  provided  always 
that  the  radii  of  the  construction-spheres  are  so  chosen 
that  the  length  of  each  ray  from  some  definite  wave-front 
to  the  centre  of  the  sphere,  together  with  the  radius  of 
that  sphere,  always  corresponds  to  a  path  described  in  a 
given  time.     [See,  again,  §  214  {d).'] 

220.  We  are  now  prepared  to  explain  the  reflection 
of  light,  and  we  need  do  so  for  a  plane  reflecting  surface 
alone,  with  plane  Avaves  impinging  on  it ;  because  the 
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length  of  a  wave,  as  we  shall  soon  see,  is  an  almost 
vanishing  quantity  in  comparison  Avith  the  radius  of 
curvature  of  any  artificial  mirror,  be  it  even  a  very 
small  drop  of  mercury. 

221.  Let  a  plane  wave-front  be  approaching  a  plane 
mirror,  and  at  any  instant  let  fig.  43  represent  a  section 
by  a  plane  perpendicular  to  each,  cutting  the  wave-front 
in  AB  and  the  mirror  in  AC.  From  what  has  been 
already  said,  the  motion  of  every  part  of  AB  is  perpen- 
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dicular  to  that  line,  and  in  the  plane  of  the  figure. 
During  the  time  that  the  disturbance  at  B  takes  to  reach 
C,  the  disturbance  which  had  reached  A  will  have  (in 
part,  for  there  is  usually  a  refracted  part  also)  spread 
back  into  the  medium  in  the  form  of  a  spherical  wave 
whose  radius,  AD,  is  equal  to  BC.  Its  section  is  of  course 
a  circle.  That  from  any  other  point  P  will  have  reached 
Q,  and  then  (in  part)  diverged  into  a  spherical  wave 
whose  centre  is  Q  and  radius  QT  (  =  QT')  =  BC  -  PQ. 
Obviously  all  the  circles  which  can  be  thus  drawn  ulti- 
mately intersect  in  the  straight  line  CD.  This  is  a  sec- 
tion of  the  reflected  wave-front.     A  plane  wave,  there- 
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fore,  remains  a  plane  wave  after  reflection ;  each  part  of 
it  olWiously  moves  in  the  plane  of  incidence ;  and  the 
similarity  of  the  triangles  ABC  and  CDA  proves  the 
equality  of  the  angles  of  incidence  and  reflection,  for  the 
ray  is  everywhere  perpendicular  to  the  wave-front.  It 
is  to  be  particularly  noted  that  this  is  independent  of 
the  velocity  of  the  light,  so  that  all  rays  are  reflected 
alike.  [In  this,  as  in  the  preceding  and  the  immediately 
following  instances,  the  diagram  has  been  taken  (with 
but  slight  change)  from  Huygens.] 

222,  This  being  true  of  any  plane  wave-front,  large 
or  small  in  area,  is  necessarily  also  true  of  any  wave- 
front  of  finite  curvature.  Thus,  if  a  set  of  rays  be 
drawn  perpendicular  to  any  wave-front,  they  will  after 
reflection  be  perpendicular  to  a  new  wave-front ;  and 
the  lengths  of  all  the  rays,  from  wave-front  to  wave- 
front,  will  be  equal.      [See,  again,  §  82.] 

This  is  merely  another  way  of  stating  that  if  a  set  of 
rays  can  be  cut  at  right  angles  by  a  surface  (of  continuous 
curvature)  they  will  always  be  capable  of  being  cut  at 
right  angles  by  such  a  surface,  even  after  any  number  of 
reflections  at  surfaces  of  finite  curvature,  provided  they 
move  in  a  homogeneous  isotropic  medium. 

This  proposition  will  be  seen  to  be  capable  of  exten- 
sion to  refraction,  provided  always  that  both  media  are 
homogeneous  and  isotropic. 

223.  For  a  plane  wave,  falling  on  a  plane  refracting 
surface,  our  construction  (fig.  4  4)  is  as  folloAvs  : — 

Let  AB  be,  as  before,  a  plane  wave-front  in  the  first 
medium,  and  AC  the  plane  surface  of  the  second  medium. 
As  before,  let  BC  be  perpendicular  to  AB.  Also  let  CD' 
be  drawn  parallel  to  BA.    Witli  centre  A,  and  radius  AD 
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equal  to  the  space  described  in  the  second  medium  while 
BC  is  described  in  the  first,  let  a  sphere  be  described. 
The  disturbance  at  A  Avill  have  diverged  in  this  sphere, 
while  that  at  B  has  just  reached  C.  The  disturbance  at 
any  other  point,  as  P,  will  have  passed  to  Q,  and  thence 
have  diverged  into  a  sphere,  of  radius  QT  such  that 

QT  :  QT' : :  AD  :  BC. 
Obviously  all  spheres  so  drawn  ultimately  intersect  along 
CD,  which  is  therefore  the  front  of  the  refracted  wave. 


Fio.  44. 

The  angles  of  incidence  and  refraction,  being  the  inclina- 
tions of  the  incident  and  refracted  rays  to  the  normal, 
are  the  inclinations  BAG  and  DCA  of  the  incident  and 
refracted  wave-fronts  to  the  I'efracting  surface.  Their 
sines  are  evidently  in  the  ratio  of  BC  to  AD,  i.e.  they 
are  directly  as  the  speeds  of  propagation  in  the  two 
media. 

224.  Hence  the  law  of  refraction  also  follows  from 
this  hypothesis.  But  there  will  now  be  separation 
of  the  various  homogeneous  rays,  because  the  ratio 
of  their  speeds  in  the  two  media  depends  on  the  wave- 
length. 

Besides,  it  is  clear  from  the  investigation  above  that, 
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in  the  refracting  medium,  the  rays  are  still  perpendicular 
to  the  wave-front.  Thus  the  proposition  lately  given 
may  now  be  extended  in  the  following  form  : — 

If  a  series  of  rays  of  homogeneous  light,  traA^elling  in 
homogeneous  isotropic  media,  be  at  any  place  normal  to  a 
wave-front,  they  will  possess  the  same  property  after  any 
number  of  reflections  and  refractions.     [§  82.] 

And  it  is  clear  from  the  investigations  already  given 
that  the  ti7ne  employed  by  light  in  passing  from  one  of 
these  wave-fronts  to  another  is  the  same  for  every  ray  of 
the  series. 

225,  We  now  see  how  crucial  a  test  of  theory  is  fur- 
nished by  the  simple  refraction  of  light.  On  the  corpus- 
cular theory  the  speed  of  light  in  water  is  to  its  speed 
in  air  as  4 :  3  nearly ;  on  the  undulatory  theory  these 
speeds  are  as  3  :  4  ;  since,  as  we  have  seen,  the  refractive 
index  of  water  is  about  ^.  But  Foucault's  experimental 
method  (§  70)  showed  at  once  that  the  speed  is  less  in 
water  than  in  air.  This  finally  disposed  of  the  corpus- 
cular theory. 

^r*  Though  it  had  been  conclusively  disproved  long 
before,  by  certain  interference  experiments  whose  nature 
will  presently  be  described,  the  argument  from  these  was 
somewhat  indirect  and  not  well  suited  to  convince  the 
large  non-mathematical  class  among  optical  students  and 
experimenters. 

226.  The  true  author  of  the  undulatory  theory  is  un- 
doubtedly Huygens.  Grimaldi,  Hooke,  and  others  had 
expressed  more  or  less  obscure  notions  on  the  subject, 
but  Huygens  (in  1678)  first  gave  it  in  a  definite  form, 
based  to  a  great  extent  upon  measurements  of  his  own. 
His  tract  on  the  subject  was  I'ead  in  that  year  to  the 
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French  Academy,  but  not  published  till  1690,  when  it 
appeared  with  the  title  TmiU  de  la  Limike. 

Huygens  applied  his  theory  to  the  explanation  of 
the  double  refraction  of  Iceland  spar,  which  had  been 
described  by  Bartholinus  in  1670. 

Unfortunately,  the  remarkable  step  taken  by  Newton 
in  explaining  the  law  of  refraction  on  the  corpuscular 
theory,— the  earliest  solution  of  a  problem  connected 
with  molecular  forces,— had  for  some  time  been  before 
the  scientific  world.  The  authority  of  Newton  was  para- 
mount in  such  matters,  and  the  work  of  Huygens  produced 
no  effect  at  the  time  of  its  publication. 

Even  the  genius  of  Young,  who,  at  the  commencement 
of  the  present  century,  recalled  attention  to  this  all-but- 
forgotten  theory,  and  enriched  it  by  the  addition  of  the 
principle  of  interference,  as  well  as  by  many  important 
applications,  failed  to  secure  its  recognition. 

227.  It  was  not  till  1815  and  subsequent  years  that, 
in  the  hands  of  Fresnel,  the  undulatory  theory  finally 
triumphed ;  and,  even  then,  the  battle  was  won  against 
determined  resistance  on  the  part  of  the  upholders  of 
the  corpuscular  theory.  Witness  what  Laplace  i  said,  in 
1817,  in  a  letter  to  Young.  We  paraphrase  part  of 
the  excerpt,  but  it  is  given  in  the  original  in 
Appendix  III. 

"However  ingenious  the  reasoning  by  which  you 
try  to  show  that,  on  the  wave-theory,  the  sines  of  the 
angles  of  incidence  and  refraction  are  in  a  constant 
ratio,  I  can  look  on  it  as  an  illustration  only,  and  not 

1  Young's  Works,  ed.  by  Peacock,  vol.  i.  p.  374.  It  is  matter 
for  curious  remark  that  Laplace  refers  to  Descartes  only,  and  rot 
to  Huygens. 

O 
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as  a  demonstration.  I  maintain  that  the  problem  of  the 
propagation  of  waves  from  one  medium  to  another  has 
not  yet  been  solved,  and  that  it  is  perhaps  beyond  the 
present  powers  of  analysis.  Deicartes  explained  this 
constant  ratio  by  the  help  of  two  hypotheses  ;  but,  as  he 
did  not  base  either  of  them  on  dynamical  laws,  his 
explanation  Avas  strongly  opposed  and  rejected  by  the 
majority  of  physicists,  until  Newton  showed  that  the 
hypothesis  resulted  from  the  action  of  the  refracting 
medium  on  light. 

"  Then  we  obtained  a  mathematical  explanation  of  the 
phenomenon  on  the  corpuscular  theory : — a  theory  which, 
besides,  gives  the  most  simple  explanation  of  aberration, 
a  phenomenon  not  explained  by  the  wave-theory. 

"Thus  the  hypotheses  of  Descartes,  like  many  of 
Kepler's  guesses  about  the  solar  system,  have  been  veri- 
fied by  analysis  ;  but  the  credit  of  discovery  belongs 
entirely  to  him  who  demonstrates. 

"  I  allow  that  there  are  novel  phenomena  of  light  still 
very  hard  to  explain  ;  but  careful  study  will  perhaps 
some  day  discover  the  properties  of  the  luminous 
corpuscles  on  Avhich  their  mathematical  demonstration 
depends. 

"  To  go  back  from  phenomena  to  laws,  and  from  laws 
to  forces,  is,  as  you  know,  the  true  course  of  physical 
science." 

228.  Poggendorff"  remarks  that  there  is  no  other  in- 
stance, in  the  whole  history  of  modern  physics,  in  which 
the  truth  was  so  long  kept  down  by  authority. 

Poggendorff  further  remarks  that,  of  the  six  chief 
phenomena  of  light  known  in  Huygens'  time,  he  fully 
explained  three : — reflection,  refraction,  and  the  double 
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refraction  of  Iceland  spar — at  least  so  far  as  concerns  the 
direction  of  the  reflected  or  refracted  rays. 

Complex  phenomena  such  as  difl"raction,  and  the 
colours  of  thin  plates,  as  well  as  the  apparently  simple 
fact  of  the  existence  of  rays,  required  for  their  explana- 
tion the  principle  of  interference,  which  was  first  given 
by  Young ;  and  dispersion  (not  yet  quite  satisfactorily 
disposed  of)  Avas  first,  in  a  way,  accounted  for  in 
comparatively  recent  times  by  Cauchy. 

Huygens  himself  was  the  discoverer  of  polarisation, 
but  he  could  not  account  for  it.  Even  Young  also,  be- 
cause (like  Huygens)  he  supposed  the  displacements  to  be 
in  the  direction  of  the  ray,  failed  to  account  for  it ;  and 
it  was  not  explained  till  Fresnel  reintroduced,  with  the 
most  brilliant  success,  a  guess  of  Hooke's  (of  date  1672) 
that  the  vibrations  of  light  in  an  isotropic  medium  are 
Xierpendicular  to  the  direction  of  the  ray. 


CHAPTER  XIV 

INTERFERENCE 

229.  Taking  the  undulatory  theory  as  the  only  one  left 
possible  by  the  experiments  of  Foucault,  we  will  now 
consider  the  explanation  it  offers  of  various  phenomena. 

It  will  be  remembered  that  we  have  as  yet  made  no 
assumption  whatever  as  to  the  precise  nature  of  a  wave  ;  and 
it  will  be  found  that  a  large  class  of  important  pheno- 
mena can  be  explained  by  the  wave-theory  without  our 
making  any  such  assumption ;  but  that  other  classes  of 
phenomena  compel  us  to  adopt  certain  limitations  of 
the  very  general  hypothesis  with  which  we  started. 

230.  As  long  as  we  deal  with  the  fii^st  class  of  pheno- 
mena, we  may  take  for  granted  those  properties  which 
are  common  to  all  ordinary  forms  of  wave-motion,  such 
as  those  in  water  or  in  air. 

In  ordinary  water-waves  the  motion  of  a  particle  is 
partly  to  and  fro  in  the  direction  in  which  a  wave  is 
travelling,  partly  up  and  down,  and  therefore  perpendi- 
cular to  that  direction.  This  is  obvious  to  every  one 
who  watches  a  floating  cork. 

In  sound-waves,  whether  in  air  or  in  water,  the  dis- 
placement of  each  particle  of  the  medium  is  wholly  in 
the  direction  in  which  the  wave  is  travelling. 
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Directly  connected  with  this  there  is  another  distinc- 
tion between  these  classes  of  waves.  In  ordinary  water- 
waves  the  water-elements  change  only  their /c>rm  as  the 
wave  passes ;  in  sound-waves  there  is  change  of  volume 
also. 

A  third  distinction,  also  directly  connected  with  the 
first,  is  that  sound-waves  in  water  travel  at  a  much 
greater  rate  than  the  swiftest,  i.e.  the  longest,  of  oscil- 
latory surface-waves. 

231.  But,  in  either  case,  when  two  series  of  waves 
arrive  at  a  common  point,  they  interfere,  as  it  is  called, 
with  one  another ;  so  that  the  actual  disturbance  of  the 
medium  at  any  instant  is  the  resultant  of  the  disturb- 
ances which  it  would  have  sufi'ered  at  that  instant  from 
the  two  series  separately. 

Thus  if  the  two  series  be  equal  and  similar,  and  if 
crests,  and  therefore  troughs,  arrive  simultaneously  from 
them,  the  result  is  a  doubled  amount  of  disturbance. 
If,  on  the  contrary,  a  crest  of  the  first  series  arrive  along 
with  a  trough  of  the  second,  the  next  trough  of  the  first 
series  will  arrive  along  with  the  next  crest  of  the  second, 
and  so  on.  One  series  is  then  said  to  be  half  a  wave- 
length behind  the  other.  In  this  case  the  portion  of  the 
medium  considered  will  remain  undisturbed. 

232.  Thus,  at  the  port  of  Batsha  in  Tong-king,  the 
ocean  tide-wave  arrives  by  two  different  channels,  one 
part  being  nearly  six  hours,  or  half  a  wave-length,  behind 
the  other.  As  a  result,  there  is  scarcely  any  noticeable 
tide  at  Batsha  itself,  though  at  places  not  very  far  from 
it  the  rise  and  fall  are  considerable.  This  was  known  to 
Newton,  and  is  noticed  by  him  in  the  Frincipia,  iii.  24. 
See  also  Fhil  Trans.,  vol.  xiv.  p.  G77,  for  the  observed 
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facts  and  Halley's  comments.  Thus,  also,  two  sounds  of 
the  same  wave-length  and  of  equal  intensity  produce 
silence,  if  they  reach  the  external  ear  with  an  interval  of 
half  a  wave-length,  or  any  odd  multiple  of  half  a  wave- 
length. 

233.  It  is  not  remarkable  that  Young's  Bakerian 
Lecture  (1801),  in  which  the  principle  of  interference  is 
for  the  first  time  described  and  applied,  should  consist 
in  great  part  of  extracts  from  the  Principia.  For  there 
are  many  passages  in  Newton's  works  which  might  have 
been  written  by  an  upholder  of  the  wave-theory.  Un- 
accountably, however,  Newton  in  the  context  almost 
always  brings  in  a  reference  to  the  "  rays  of  light "  as 
something  different  from  the  vibrations  of  the  ether,  yet 
capable  of  being  acted  on  by  them  so  as  to  be  put  into 
"  fits  of  easy  reflection  or  of  easy  transmission."  These 
allusions  are  the  most  obscure  parts  of  all  Newton's 
scientific  writings  ;  and  it  is  very  difficult  to  form  a  pre- 
cise conception  of  what  he  meant  to  express  in  them. 

234.  The  following  passage,  extracted  from  Young's 
temperate  reply  (JForks,  vol.  i.  p.  202)  to  the  violent 
but  ignorant  assault  made  on  him  by  Lord  Brougham 
in  the  Edinhirgh  Review,  is  chosen  as  showing  his  own 
estimate  of  his  own  work  and  of  its  relation  to  what  was 
already  known  : — 

"  It  was  in  May  1801  that  I  discovered,  by  reflecting 
on  the  beautiful  experiments  of  Newton,  a  law  which 
appears  to  me  to  account  for  a  greater  variety  of  interest- 
ing phenomena  than  any  other  optical  principle  that  has 
yet  been  made  known.  I  shall  endeavour  to  explain 
this  law  by  a  comparison. 

"  Suppose  a  number  of  equal  waves  of  water  to  move 
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upon  the  surface  of  a  stagnant  lake,  with  a  certain  con- 
stant velocity,  and  to  enter  a  narrow  channel  leading  out 
of  the  lake.  Suppose  then  another  similar  cause  to  have 
excited  another  equal  series  of  waves,  which  arrive  at 
the  same  channel,  with  the  same  velocity,  and  at  the 
same  time  with  the  first.  Neither  series  of  waves  Avill 
destroy  the  other,  but  their  effects  will  be  combined : 
if  they  enter  the  channel  in  such  a  manner  that  the 
elevations  of  one  series  coincide  with  those  of  the  other, 
they  must  together  produce  a  series  of  greater  joint 
elevations ;  but  if  the  elevations  of  one  series  are  so 
situated  as  to  correspond  to  the  depressions  of  the  other, 
they  must  exactly  fill  up  those  depressions,  and  the  sur- 
face of  the  water  must  remain  smooth :  at  least  I  can 
discover  no  alternative,  either  from  theory  or  from 
experiment. 

"  Now  I  maintain  that  similar  effects  take  place  when- 
ever two  portions  of  light  are  thus  mixed ;  and  this  I 
call  the  general  law  of  the  interference  of  light.  I  have 
shown  that  this  law  agrees,  most  accurately,  with  the 
measures  recorded  in  Newton's  Optics,  relative  to  the 
colours  of  transparent  substances,  observed  under  cir- 
cumstances which  had  never  before  been  subjected  to 
calculation,  and  with  a  great  diversity  of  other  experi- 
ments never  before  explained.  This,  I  assert,  is  a  most 
powerful  argument  in  favour  of  the  theory  which  I  had 
before  revived :  there  was  nothing  that  could  have  led 
to  it  in  any  author  with  whom  I  am  accj^uainted,  except 
some  imperfect  hints  in  those  inexhaustible  but  neglected 
mines  of  nascent  inventions,  the  works  of  the  great  Dr. 
Robert  Hooke,  Avhich  had  never  occurred  to  me  at  the 
time  that  I  discovered  the  law ;  and  except  the  New- 
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tonian  explanation  of  the  combinations  of  tides  in  the 
port  of  Batsha." 

235.  We  are,  therefore,  called  upon  to  regard  light 
as  propagated  by  some  species  of  regular  wave-motion, 
though  we  have  as  yet  no  hint  as  to  the  particular  species. 
For  the  present,  we  shall  not  be  concerned  with  the 
exact  nature  of  the  waves ;  the  period,  and  the  wave- 
length (which  are  deducible  one  from  the  other,  if  we 
know  the  speed  of  light  in  the  medium  considered)  are 
to  be  the  main  objects  of  our  inquiries.  And  the  result 
to  which  we  are  led  is  very  remarkable  indeed. 

,  236.  Young's  first  application  of  the  principle  of  in- 
terference was  made  to  the  colours  of  striated  surfaces, 
the  next  to  the  colours  of  thin  plates,  and  to  the  Diffrac- 
tion Fringes  (first  studied  by  Grimaldi,  and  afterwards 
by  Newton)  which  are  seen  near  what  would  be,  if  light 
moved  rigorously  in  straight  lines,  the  boundary  of  the 
geometric  shadow,  when  the  source  is  a  mere  point. 
Young's  explanation  of  this  last  phenomenon  was  greatly 
improved  by  Fresnel,  but  it  is  too  complex  for  a  work 
like  this ;  so  we  confine  ourselves  to  the  two  first. 
These,  however,  are  not  so  easily  intelligible  as  the 
application  to  an  experiment  devised  by  Fresnel  several 
years  later. 

We  therefore  commence  with  Fresnel's  experiment, 
which  gives  the  most  simple  arrangement  yet  contrived, 
but  it  must  be  understood  that  the  explanation  is  really 
due  to  Young. 

237.  BCD  (fig.  45)  is  an  isosceles  prism  of  glass,  with 
the  angle  at  C  very  little  less  than  two  right  angles.  A 
luminous  point  is  placed  at  0,  in  the  plane  through  the 
obtuse  edge  of  the  prism  and  perpendicular  to  its  base. 


INTERFERENCE  201 

If  homogeneous  light  be  used,  the  light  which  passes 
through  the  prism  will  consist  of  two  parts,  diverging 
as  if  from  points  0^  and  0^  symmetrically  situated  on 
opposite  sides  of  the  line  CO.     (§  129.) 

Suppose  a  sheet  of  paper  to  be  placed  at  A,  with  its 
plane  perpendicular  to  the  line  OCA,  and  let  us  consider 
what  illumination  "vWll  be  produced  at  different  parts  of 
this  paper.  As  0^  and  Og  are  images  of  0,  crests  of 
waves  must  be  supposed  to  start  from  them  simultane- 
ously. Hence  they  will  arrive  simultaneously  at  A, 
which  is  equidistant  from  them,  and   there   they  will 


Fig.  45. 


reinforce  one  another.  Thus  there  will  be  a  bright  band 
on  the  paper  parallel  to  the  edges  of  the  prism. 

If  Pj  be  chosen  so  that  the  difference  between  Vfi^ 
and  PjOj  is  half  a  wave-length  {i.e.  half  the  distance 
between  two  successive  crests),  the  two  streams  of  light 
will  constantly  meet  in  such  i-elative  conditions  as  to 
destroy  one  another.  Hence  there  will  be  a  line  of 
darkness  on  the  paper,  through  P^  parallel  to  the  edges 
of  the  prism. 

At  Pg,  where  O^Po  exceeds  O^P.,  by  a  whole  wave- 
length, we  have  another  bright  band ;  and  at  Pg,  where 
O.jPg  exceeds  O^P^  by  a  wave-length  and  a  half,  another 
dark  band  ;  and  so  on. 

Hence,  as  everything  is  symmetrical  about  the  bright 
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band  through  A,  the  screen  will  be  illuminated  by  a 
series  of  alternate  parallel  bright  and  dark  bands,  at 
approximately  equal  distances  from  one  another. 

238.  If  the  paper  screen  be  moved  parallel  to  itself 
to  or  from  the  prism,  the  locus  of  all  the  successive 
positions  of  any  one  band  will  (by  the  nature  of  the 
curve)  obviously  be  an  hyperbola  whose  foci  are  0^  and 
Og.  Thus  the  interval  between  any  two  bands  will 
increase  very  nearly  in  proportion  to  the  distance  of  the 
screen  from  the  source  of  light. 

But  the  intensity  of  the  bright  bands  diminishes 
rapidly  as  the  screen  moves  farther  off;  so  that,  in  order 
to  measure  their  distance  from  A,  it  is  better  to  substitute 
the  eye  (furnished  with  a  convex  lens)  for  the  screen. 
If  we  thus  measure  the  distance  APg  between  A  and  the 
nearest  bright  band,  measure  also  AO,  and  calculate 
(from  the  known  material  and  form  of  the  prism,  and 
the  distance  CO)  the  distance  O^Og,  it  is  obvious  that 
we  can  deduce  from  them  the  lengths  of  O^P.,,  and 
0,P,. 

Their  difference  is  the  length  of  a  wave  of  the  homo- 
geneous light  experimented  with.  Though  this  is  not 
the  method  actually  employed  for  the  purpose  (as  it 
admits  of  little  precision),  it  has  been  thus  fully  explained 
here  because  it  shows,  in  a  very  simple  way,  the  possibility 
of  measuring  a  wave-length. 

239.  And  now  we  have  a  first  hint  of  the  extreme 
minuteness  of  the  wave-period,  for  even  a  rude  measure- 
ment, of  the  kind  just  described,  shows  that  the  wave- 
length of  yellow  light  is  somewhere  about  x^^-g-g-th  of  an 
inch  only.  In  186,000  miles  this  is  contained  some- 
where  about    500,000,000,000,000    times.      This  last 
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number  must,  therefore,  approximately  represent  the 
number  of  waves  of  yellow  light  which  in  one  second 
pass  through  each  point  on  the  ray. 

240.  The  difference  between  O^P^  and  OoP^  becomes 
greater  as  AP^  is  greater.  Thus  it  is  clear  that  the 
bands  are  iiwre  widely  separated  the  longer  the  wave-length 
of  the  homogeneous  light  employed.  [The  positions  of  Oj 
and  0.,  change  vnih.  the  refrangibility  of  the  light ;  but 
this  change  is  slight,  and  does  not  seriously  modify  the 
result  just  given.  Its  tendency  is  to  increase  the  effect.] 
Hence,  when  we  use  white  light,  and  thus  have  systems 
of  bands  of  every  visible  wave-length  superposed,  the 
band  A  will  be  red  at  its  edges,  the  next  bright  bands 
will  be  blue  at  their  inner  edges  and  red  at  their  outer 
edges. 

But,  after  a  few  bands  are  passed,  the  bright  bands 
due  to  one  kind  of  light  will  gradually  fill  up  the  dark 
bands  due  to  another ;  so  that,  while  we  may  count 
hundreds  of  successive  bright  and  dark  bars  when 
homogeneous  light  is  used,  with  white  light  the  bars 
become  gradually  less  and  less  defined  as  they  are  farther 
from  A,  and  rapidly  merge  into  an  almost  uniform  white 
illumination  of  the  screen. 

In  this  example,  and  in  all  others  of  a  similar  char- 
acter Avhich  will  be  introduced  into  this  elementary 
work,  the  solution  is  only  approximate.  The  utmost 
resources  of  mathematics  are  in  most  cases  required  for 
the  purpose  of  complete  solution. 

241.  We  are  now  in  a  position  to  prove  that  light 
moves  slower  in  glass  than  in  air,  by  the  process  which 
was  merely  indicated  while  we  were  discussing  the  speed 
of  light.     [See  again,  §  71.] 
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For,  if  we  could  slightly  lengthen  the  paths  of  the 
rays  which  come]  from  0^,  leaving  those  from  Og  un- 
altered, the  system  of  bands  would  obviously  be  shifted 
in  the  direction  from  A  to  P  in  the  figure. 

This  would  happen  if  a  very  thin  film  of  glass  were 
interposed  in  the  path  of  the  rays  which  appear  to  come 
from  Op  The  best  mode  of  making  the  experiment  is  to 
put  a  piece  of  very  uniform  plate  glass,  cut  into  two  parts, 
between  the  prism  and  the  screen  :  so  that  rays  from  Oj 
pass  through  one  part,  and  those  from  Og  through  the 
other.  So  long  as  these  pieces  are  parallel,  no  shifting 
takes  place.  But  if  07ie  be  slightly  turned  round  any 
axis  not  perpendicular  to  its  plane,  so  as  to  give  the 
rays  a  longer  path  through  it,  the  system  of  bands  is  at 
once  displaced  to  the  side  at  which  it  is  situated. 

242.  Also,  we  can  now  see  how  it  is  theoretically 
possible  to  discover  whether  light  has  its  speed  afi'ected 
by  that  of  the  medium  in  which  it  is  travelling. 

We  know  that  sound  travels  faster  with  the  wind, 
and  slower  against  it,  than  it  does  in  still  air. 

We  may,  therefore,  suppose  a  disposition  of  the 
interference  apparatus  such  that  the  two  rays  which 
interfere  have  each  passed  through  a  long  tube  full  of 
water.  A  rapid  current  may  be  established,  in  either 
direction,  in  one  or  other  of  the  tubes,  or  in  opposite 
directions  in  the  two,  and  the  shifting  of  the  interference- 
bands  will  at  once  indicate  the  nature  of  the  efi"ect.  We 
cannot  describe  the  details  of  the  process.  The  result, 
however,  is  analogous  to  that  of  wind  on  sound,  but  of 
course  very  much  smaller ;  and  it  seems  that  the  actual 
change  of  the  speed  of  light,  thus  produced,  is  less  than 
the  speed  of  the  current.      This  has  given  rise   to  a 
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theoretical    discussion,  of  great   importance,  but  quite 
unsuitable  for  this  work. 

243.  Let  us  next  consider  the  effect  of  a  grating; 
a  series  of  fine  parallel  wires  placed  at  small  equal 
intervals,  or  a  piece  of  glass  or  of  speculum  metal  on 
which  a  series  of  equidistant  parallel  lines  have  been  ruled 
by  a  diamond  point.  AVe  take  only  the  case  in  which 
homogeneous  light  from  a  distant  source  falls  perpendicu- 
larly on  the  plane  of  the  grating,  and  when  the  bars 
and  the  openings  of  the  grating  are  all  equal  in  breadth. 


Fig.  40. 


244.  Let  ABCD  be  the  plane  of  the  grating,  seen  in 
section.  This  line  may,  by  our  previous  assumption,  be 
also  looked  on  as  a  section  of  one  of  the  plane  Avave- 
fronts  which  fall  on  the  grating. 

Consider  the  effect  produced  on  an  eye  or  screen  at  a 
considerable  distance,  in  the  direction  BE  (fig.  46).  If 
there  were  no  grating,  practically  no  light  would  reach 
the  eye  from  the  aperture  AD  unless  ABE  were  very 
nearly  a  right  angle.  This  is,  of  course,  the  statement 
of  Huygens  already  quoted. 

But  Young's  principle  enables  us  to  say  why  this  is 
the  case ;  to  explain,  in  fact,  what  really  becomes  of 
Huygens'  detached  wavelets. 
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Let  us  divide  AD  into  a  series  of  equal  parts,  by  lines 
perpendicular  to  BE,  and  distant  from  one  another  by 
half  a  wave-length  of  the  homogeneous  light  employed. 
The  portions  coming  to  the  eye  from  any  two  adjacent 
parts  AB,  BC,  of  the  incident  wave-front  will  be  prac- 
tically of  the  same  intensity,  and  will  exactly  neutralise 
one  another's  effects  on  the  eye.  I  or  if  we  take  points 
a  and  b,  similarly  situated  with  regard  to  A  and  B 
respectively,  the  distances  of  a  and  b  from  the  eye  differ 
by  half  a  wave-length,  and  rays  from  a  neutralise  those 
from  b.  This  is  true  Avherever  a  be  taken  between  A 
and  B.  Hence,  under  the  conditions  assumed,  no  light 
reaches  the  eye. 

[It  will  be  noticed  that,  in  what  precedes,  we  have 
assumed  that  the  aperture  AD  can  be  divided  into  a 
number  of  equal  parts,  such  that  their  distances  from  E 
differ  by  half  a  wave-length.  If  this  be  not  the  case 
(i.e.  if  the  aperture  be  of  dimensions  comparable  with 
the  wave-length)  the  above  reasoning  cannot  be  applied. 
Through  a  hole  so  small,  light  does  not  pass  as  a  definite 
ray,  but  diverges  in  all  directions  behind  the  screen, 
just  as  sound  does  when  passing  through  an  aperture  of 
a  few  feet  in  diameter.  When  sound  from  a  distant 
source  passes  through  an  aperture  of  several  hundred 
feet  in  -width,  it  is  propagated  approximately  as  a  ray.] 

245.  Now  suppose  the  alternate  parts  AB,  CD,  etc., 
to  be  opaque.  Similar  reasoning  will  show  that  the 
remaining  rays  conspire  to  strengthen  one  another. 

Thus,  when  homogeneous  light  from  a  distant  point 
falls  perpendicularly  on  a  grating  in  which  the  breadth 
of  the  bars  is  equal  to  that  of  the  interstices,  it  will  be 
seen  brightly  in  a  direction  inclined  at  an  angle  d  (ABE) 
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to  the  plane  of  the  grating : — the  angle  d  being  such 

that 

AC  cos  ^  =  wave-length. 

Similar  reasoning  shows  that  the  light  is  reinforced 
whenever  9  is  such  that 

AC  cos  e 

is  an  integral  multiple  of  the  wave-length. 

246.  The  appearance  presented  when  a  long  narrow 
slit  is  the  luminous  object,  and  the  bars  of  the  gi'ating 
are  placed  parallel  to  it,  is  therefore  (with  homogeneous 
light)  a  central  image :  with  others,  of  rapidly  diminishing 
intensity,  equidistant  from  it  on  each  side — their  angular 
distances  from  it  (as  seen  from  the  grating)  being  the 
values  of  the  angle  corresponding  to  the  sines 

\  2\  3\    , 

—,  — ,  — ,  etc. 
a    a    a 

Here  X  is  the  wave-length,  and  a  is  the  sum  of  the 
breadths  of  a  bar  and  an  interstice. 

It  is  found  in  practice,  and  it  is  also  deducible  from 
the  complete  theory,  that  the  ratio  of  the  breadths  of  the 
bar  and  interstice  has  but  little  effect  on  the  result 
(except,  of  course,  as  regards  the  whole  amount  of  light 
transmitted),  unless  it  be  either  very  large  or  very  small. 

Hence  if  A  be  expressed  as  a  fraction  of  an  inch,  and 
n  be  the  number  of  lines  per  inch  in  the  grating,  the 
angular  deviations  of  the  bright  bands  have  the  sines     . 

n\,  2n\  3?iX,  etc. 

247.  The  mean  wave-length  of  visible  rays  in  air  is 
s-bout  -o^ooth  of  an  inch.  Thus  a  grating  with  5000 
equidistant  lines  per  inch  will  give  with  such  light  an 
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angular  deviation  of  about  6°  (the  angle  whose  sine  is 
Tw^woj  or  i^g-)  for  the  first  bright  diffraction-line, 

248.  If  we  notice  that  the  sine  of  the  deviation  is 
proportional  to  the  wave-length,  it  will  be  obvious  that 
when  white  light  is  used  the  result  will  be  a  series 
of  spectra  on  each  side  of  the  central  white  image, 
their  more  refrangible  ends  being  turned  towards  that 
image. 

When  the  grating  is  a  very  regular  one,  and  the 
appearances  are  examined  by  means  of  a  telescope  ad- 
justed for  parallel  rays,  the  spectra  formed  in  this  way 
show  the  Fraunhofer  lines  with  as  great  perfection  as  do 
the  best  prisms.  And  they  have  one  special  advantage, 
which  prisms  do  not  possess.  The  relative  angular 
separation  of  the  various  colours  depends  solely  on  their 
wave-lengths,  and  thus  the  spectra  formed  by  different 
gratings  are  practically  similar  to  one  another.  There 
is,  in  fact,  almost  no  irrationality  in  this  kind  of  dis- 
persion. 

In  glass  prisms,  and  especially  in  those  of  flint  glass, 
the  more  refrangible  part  of  the  spectrum  is  much 
dilated,  while  the  less  refrangible  part  is  compressed. 

249.  The  counting  of  the  number  of  lines  per  inch  in 
a  grating  is  not  difficult,  nor  is  the  accurate  measurement 
of  the  angle  of  deviation  of  any  particular  Fraunhofer 
line. 

Hence,  by  the  help  of  the  very  simple  formula  given 
above,  the  wave-lengths  of  light  corresponding  to  the 
various  Fraunhofer  lines  have  been  determined  with 
great  accuracy  from  the  diffraction  spectra  of  gratings. 

The  following  are,  according  to  Angstrom,^  a  few  of 
1  Spectre  normal  da  Soldi ,  Upsal,  1868. 
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the  chief  values.     A  is  expressed  in  ten-millionth s  of  a 
millimetre.' 

A  Atmospheric  7604 

B  Atmospheric  6867        2541     1-3309 

C  Hydrogen  6562        2425     1-3317 

D  (double)  Sodium  {5889}  ^^''^  ^'^^^^ 

E  Calcium  and  Iron        5269  1943  1-3358 

F  Hydrogen  4861  1789  1-3378 

G  Iron  4307  1585  1-3413 

H  (double)  Calcium  and  Iron      {3933}     l^^l     1"3442 

For  the  sake  of  discussions  to  be  entered  on  later,  we 
have  appended  the  wave-length  and  the  refractive  index 
from  air  into  water  for  each  of  these  rays,  as  given  by 
Fraunhofer  himself.-  Fraunhofer's  unit  for  wave-length 
is  the  hundred-millionth  of  a  Paris  inch — so  that  his 
numbers    are    proportional,    not    equal,    to    those    of 

o 

Angstrom. 

250.  If  we  suppose,  AB,  CD,  etc.  (fig.  46),  to  be  trans- 
parent, while  BC,  etc.,  become  opaque,  it  is  obvious  that 
the  new  grating  will  be  the  complement  of  the  old  one, 
and  will  give  precisely  the  same  appearances  at  points 
outside  the  course  of  the  direct  beam.  For  when  there 
is  no  grating  there  is  practically  no  illumination  at  such 
points,  and  therefore  w^hat  passes  in  the  first  state  of  the 
grating  is  exactly  capable  of  destroying,  by  interference, 
what  passes  through  the  grating  in  its  second,  or  com- 
plementary state.  This  statement  of  course  is  equally 
true  of  any  grating,  whatever  be  the  ratio  of  the  breadths 
of  the  bars  to  those  of  the  interstices. 

^  As  there  are  nearly  25  millimetres  in  an  inch,  these  numbers, 
each  multiplied  by  4,  give  the  wave-lengths  approximately  in 
thousand-millionths  of  an  inch. 

2  Astronomische  Ahhandlungen,  von  Schumacher,  Zweites  Heft, 
1823  ;  Gilbert's  Annalen,  1817. 

P 
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251.  Another  very  curious  result  of  the  theory  of 
interference,  fully  verified  by  experiment,  is  furnished 
by  the  fact  that  the  central  spot  of  the  shadow  of  a  small 
circular  disk,  cast  by  rays  diverging  from  a  distant  point 
on  its  axis,  on  a  sufficiently  distant  screen,  is  sensibly  as 
brightly  illuminated  as  if  the  disk  had  not  been  inter- 
posed. The  source  of  light  should  be  an  image  of  the 
sun,  formed  by  a  lens  of  very  short  focus ;  the  disk  a 
small  circular  piece  of  tinfoil  pasted  on  glass  (say  half 
an  inch  in  diameter).  If  this  be  placed  20  feet  or  so 
from  the  source,  and  its  shadow  be  received  on  a  white 
screen  10  feet  or  more  behind  it,  the  phenomenon  is 
easily  exhibited.  And,  just  as  in  §  250,  we  see  that 
the  shadow  of  a  small  circular  hole  must,  under  the 
same  conditions,  have  a  dark  spot  at  its  centre. 

[Neither  of  the  above  results  is  exact ;  the  proper 
statement,  in  the  case  of  the  circular  hole,  being  that 
the  colour  of  the  central  spot  passes  through  nearly  the 
same  phases  as  do  Newton's  Rings  (§  257  below)  from 
the  dark  centre  outwards  as  the  screen,  originally  at  a 
considerable  distance,  is  brought  gradually  nearer  to 
the  hole.] 

252.  The  final  example  of  interference  which  we  can 
give  here  is  noteworthy  on  account  of  a  peculiarity  which 
it  presents.  Let  us  consider  the  case  of  homogeneous 
light  reflected  by  a  thin  uniform  plate  or  film  of  a  trans- 
parent isotropic  material. 

Let  AB  (fig.  47)  be  the  direction  of  the  incident  ray, 
BtZE,  the  direction  in  which  part  of  it  is  reflected  to  an 
eye  E  at  a  considerable  distance ;  and  let  DE  (of  course 
parallel  to  BE)  be  the  direction  in  which  another  part 
escapes,  after  refraction  into  the  plate  at  B  and  partial 
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reflection  at  the  second  surface  of  the  plate  at  C.  Then 
if  Dd  be  drawn  perpendicular  to  BE,  the  retardation  of 
the  wave  in  DE  as  compared  with  that  in  BE  will  be 
(2/jr,BC  -  B(7)  /A  wave-lengths,  where  /a  is  the  refractive 
index  into  the  plate.  [Similar  statements  may  be  made 
for  all  rays  parallel  to,  and  near  to,  AB ;  and  the  eff'ect 
on  the  eye  will  depend  upon  the  resultant  of  all  that 
reaches  it  after  reflection  at  the  surface  or  the  back  of 
the  plate,  or  after  successive  interior  reflections  from  the 
tAvo  surfaces.  But  it  is  sufficient  to  consider  those  in 
the  figure  above.] 


Fig.  47. 

Now  if  a  be  the  angle  of  refraction,  and  t  the  thick- 
ness of  the  plate,  it  is  easily  seen  that 

BC  cos  a'  =  t, 
and  BD  =  2BC  sin  a  =  2i;  tan  a . 

Hence  2mBC -  Bd=2/JLt  cos  a. 

253,  Hence  whenever,  for  a  given  thickness  of  plate, 

a  is  such  that 

2fjLt  COS  a 

is  an  integral  multiple  of  A,  the  two  rays  should  rein- 
force one  another  at  E. 
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The  same  will  happen  for  a  given  angle  of  incidence 
when  the  thickness  of  the  plate  is  such  that 

Ifxt  cos  a 

is  an  integral  multiple  of  A. 

When,  on  either  account,  2/xi  cos  a  is  an  odd  integral 
multiple  of  A./2,  the  rays  at  E  will  weaken  (perhaps 
even  destroy)  one  another. 

From  the  simple  expression  for  the  retardation  we  see 
that,  ccBteris  paribus,  it  is  greater  the  greater  the  refractive 
index.  It  is  less  as  cos  a  is  less,  i.e.  as  the  obliquity  of 
incidence  is  greater.  For  plates  of  the  same  material, 
the  thickness  must  vary  as  sec  a  in  order  that  they 
may  give  equal  retardation. 

254.  Hence,  in  homogeneous  light,  a  thin  plate, 
turned  about,  alternately  reflects  and  does  not  reflect 
to  an  eye  in  a  given  position.  And  a  fixed  plate  of 
non-uniform  thickness  reflects  light  from  some  parts 
and  not  from  others. 

When  white  light  is  used  there  will  in  general  be 
colours  seen,  which  vary  with  the  angle  of  incidence, 
and  also  with  the  thickness.  All  these  results  of  the 
theory  are  at  once  verified  by  trial  with  thin  films  of 
blown  glass,  of  split  mica,  or  those  of  a  soap-bubble. 
But  we  must  remark  that  (as  stated  in  §  213)  the  present 
investigation  is  incomplete.  No  account  has,  for  instance, 
been  taken  of  rays,  3,  5,  7,  etc.,  times  reflected  in  the 
glass  before  their  final  escape  to  join  the  beam  proceed- 
ing to  E.  These  produce  considerable  modifications  of 
the  simple  result  above  given. 

It  is  interesting  to  examine,  spectroscopically,  the 
light  thus  reflected  from  thin  plates.     For  we  thus  see 
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at  once,  by  dark  hands  in  the  spectrum,  which  portions 
are  destroyed  (by  interference)  in  any  direction. 

255.  If  the  plate  is  infinitely  thin  it  would  appear 
that  there  should  be  infinitely  slight  retardation  only, 
and  the  plate  should  thus  be  bright  in  homogeneous  light 
(and  of  course  white  in  white  light)  at  all  incidences. 

In  general  this  is  7iot  the  case.  Thus  when  a  soap- 
bubble,  or  a  vertical  soap-film,  is  screened  from  currents 
of  air,  and  allowed  to  drain,  the  uppermost  (i.e.  the 
thinnest)  part  becomes  perfectly  black.  It  can,  in  fact, 
be  seen  only  by  the  feeble  light  scattered  by  little  drops 
of  oil  or  particles  of  soap  or  dust  on  its  surface. 

Here,  again.  Young's  sagacity  supplied  the  germ  at 
least  of  the  explanation.  It  is  given  in  the  following 
extract  from  his  Theory  of  Light  and  Colours,  the  Bakerian 
Lecture  for  1801  already  referred  to  : — 

"  Proposition  IV. — TVhen  an  Undidation  arrives  at  a 
Surface  ivhich  is  the  Limit  of  Mediums  of  different  Densities, 
a  partial  Reflection  takes  place,  propmiionate  in  Force  to  the 
Difference  of  the  Densities. 

"  This  may  be  illustrated,  if  not  demonstrated,  by  the 
analogy  of  elastic  bodies  of  different  sizes.  If  a  smaller 
elastic  body  strikes  against  a  larger  one,  it  is  well  known 
that  the  smaller  is  reflected  more  or  less  powerfully, 
according  to  the  difference  of  their  magnitudes :  thus, 
there  is  always  a  reflection  when  the  rays  of  light  pass 
from  a  rarer  to  a  denser  stratum  of  ether,  and  frequently 
an  echo  Avhen  a  sound  strikes  against  a  cloud.  A  greater 
body  striking  a  smaller  one  propels  it  without  losing  all 
its  motion ;  thus,  the  particles  of  a  denser  stratum  of 
ether  do  not  impart  the  whole  of  their  motion  to  a  rarer 
but,  in  their  effort  to  proceed,  they  are  recalled  by  the 
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attraction  of  the  refracting  substance  with  equal  force ; 
and  thus  a  reflection  is  always  secondarily  produced, 
when  the  rays  of  light  pass  from  a  denser  to  a  rarer 
stratum.  But  it  is  not  absolutely  necessary  to  suppose 
an  attraction  in  the  latter  case,  since  the  effort  to  proceed 
would  be  propagated  backwards  without  it,  and  the 
undulation  would  be  reversed,  a  rarefaction  returning  in 
place  of  a  condensation  ;  and  this  will  perhaps  be  found 
most  consistent  with  the  phenomena." 

256.  This  idea,  of  a  rarefaction  returning  by  reflection 
when  a  condensation  is  incident,  is  equivalent  to  a  loss 
or  gain  of  half  a  wave-length  when  light  in  a  denser 
body  is  reflected  at  the  surface  of  a  rarer  body.  Whether, 
then,  the  plate  be  denser  or  rarer  than  the  medium 
surrounding  it,  one  or  other  of  the  two  interfering  rays 
loses  half  an  undulation  relatively  to  the  other  in  the  mere 
act  of  reflection.     This  completely  removes  the  difficulty. 

But  Young  went  further,  and  pointed  out  that  if  a 
thin  plate  be  interposed  between  two  media,  one  rarer, 
the  other  denser  than  the  plate,  this  half  wave-length 
effect  should  disappear.  He  verified  this  conjecture  by 
direct  experiment,  founded  on  a  modification  of  a  process 
due  to  Newton. 

257.  Newton  had,  long  before,  devised  and  carefully 
employed  an  excessively  ingenious  (because  extremely 
simple  and  efi"ective)  method  of  studying  the  colours  of 
thin  plates.  It  consisted  merely  in  laying  a  lens  of  small 
curvature  on  a  flat  plate  of  glass.  The  film  of  air  or 
other  fluid  between  the  spherical  surface  and  its  tangent 
plane  has  a  thickness  Avhich  is  directly  proportional  to 
the  square  of  the  distance  from  the  point  of  contact. 

When  such  an  arrangement  is  looked  at  in  homo- 
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geneous  light,  the  lens  having  been  pressed  into  contact 
Avith  the  flat  plate,  there  is  seen  a  central  black  spot, 
surrounded  by  successive  bright  and  dark  rings,  whose 
number  appears  to  be  practically  unlimited.  In  accord- 
ance with  the  remark  in  §  253,  the  diameters  of  these 
rings  increase  with  the  obliquity  of  incidence  of  the  light. 

The  radii  of  the  successive  bright  rings  were  found 
by  Newton  to  be  as  the  square  roots  of  the  odd  numbers 
1,  3,  5,  etc.  Hence  the  thicknesses  of  the  film  of  air  are 
directly  as  these  numbers.  This  is  in  accordance  with  the 
result  of  §  253,  the  lost  half  wave-length  being  allowed 
for.  If  water  be  placed  between  the  glasses,  instead  of  air, 
the  rings  are  observed  to  be  smaller.  This  also  is  con- 
sistent with  the  theory  above.  The  interval  between  two 
successive  rings  rapidly  diminishes  from  the  central  spot 
outwards.  For  it  is  obvious  that  the  areas  intercepted  be- 
tween successive  rings  are  equal.  Thus  the  interval  varies 
very  nearly  as  the  reciprocal  of  the  radius  of  either. 

258.  When  rays  of  higher  refrangibility  are  used,  the 
rings  diminish  in  diameter.  Hence  when  white  light  is 
employed  we  have  a  superposition  of  coloured  rings  of 
all  sizes,  but  it  is  no  longer  possible  to  trace  more  than 
four  or  five  alternations  of  bright  and  dark  rings — the 
colours  being  then  more  and  more  compound. 

This  series  of  coloured  rings  is  named  after  Newton, 
and  the  successive  colours,  gradually  more  and  more 
composite,  form  Newton's  scale  of  colours.  Thus  we  read, 
in  books  more  than  thirty  years  old,  of  a  red  or  blue  of 
the  third  order,  meaning  those  colours  as  seen  in  the 
third  bright  ring  round  the  central  dark  spot. 

Lord    Kayleigh  ^    has    recently    accomplished    the 
1  TraTis.  Boy.  Soc.  Edin.,  1886. 
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laborious  task  of  calculating  the  position  of  each  tint  of 
Newton's  scale  on  the  chromatic  triangle  (§  21)  of  which 
the  standard  rays  selected  by  Clerk-Maxwell  form  the 
corners.     The  diagram  shows,  on  a  very  small  scale,  his 


Fig.  48. 

results.  W  is  the  position  of  white.  The  two-figure 
numbers,  from  20  to  80,  represent  (as  in  §  21  above) 
the  positions  of  homogeneous  light  taken  at  equidistant 
intervals  from  the  solar  sjicctrum,  at  points  determined 
(in  Fraunhofer's  wave-length  unit,  §  249)  so  that 


20 
24 
44 


corresponds  to 


2450 
2328 
1951 


68 
80 


1688 
1604 
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Tlieir  positions  in  the  spectrum  are  shown  in  Fig.  1,  p.  15. 
It  will  be  observed  that  these  spectral  colours  lie  very 
nearly  on  two  sides  of  the  triangle,  i.e.  they  can  be 
(roughly)  made  up  of  red  and  green,  or  of  green  and  blue. 

The  curve,  commencing  at  A  where  there  is  no 
retardation,  exhibits  the  successive  tints  of  Newton's 
scale.  The  numbers  marked  at  intervals  along  this 
curve  give  (in  terms  of  Fraunhofer's  unit)  the  corre- 
sponding retardations. 

259.  Many  of  the  most  vi%'id  colours  of  natural  and 
artificial  bodies  are  due  to  one  or  other  of  the  forms  of 
interference  we  have  roughly  explained. 

Thus  Barton's  buttons  (once  employed  for  ornament 
as  they  produce  an  eflfect  very  similar  to  that  of  diamonds) 
were  simply  polished  metal  plates  stamped  by  a  die  of 
hardened  steel,  on  whose  surface  had  been  engraved 
a  pattern  consisting  of  small  areas  ruled  in  different 
directions  with  close  equidistant  parallel  grooves.  Light 
reflected  from  such  a  surface  behaves  as  if  it  had  passed 
through  a  grating. 

That  the  colours  of  a  pearl  and  of  mother-of-pearl  are 
due  to  a  similar  surface  corrugation,  was  proved  by 
Brewster,  who  took  impressions  from  such  substances 
in  black  wax,  and  found  that  it  was  thus  rendered 
capable  of  giving  the  same  play  of  colours. 

The  scales  from  the  wings  of  butterflies  owe  their 
bright  colours  to  a  delicate  ribbed  structure.  On  the 
other  hand,  the  thin  transparent  wings  of  the  house-fly, 
earwig,  etc.,  owe  their  colours  to  their  thinness.  The 
same  is  true  of  the  temper  colour  of  steel,  ISTobili's 
rings,  etc.  Very  beautiful  examples  of  thin  plates 
scaled   off  from  decayed   glass   (found    in  Eoman  ex- 
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cavations)  have  been  figured,  with  their  play  of  colours, 
by  Brewster.^ 

260.  Here  we  can  only  say  a  word  or  two  about  the 
probable  relation  between  the  wave-length  of  homo- 
geneous light  and  its  refractive  index  for  any  isotropic 
medium.  The  existence  of  dispersion  was  attributed  by 
Cauchy  to  the  fact  that  even  the  most  homogeneous 
media,  such  as  water,  have  grained  or  heterogeneous 
structure,  of  dimensions  not  incomparably  smaller  than 
the  average  length  of  a  wave  of  light.  This  grained 
structure  has  been  recently  proved  to  exist,  by  several 
perfectly  independent  processes  suggested  by  totally 
unconnected  branches  of  physics ;  and  its  dimensions 
have  been  assigned,  at  least  in  a  roughly  approximate 
manner. 

261.  It  appears,  from  the  theory  of  disturbances  in 
such  a  medium,  that  the  speed  of  homogeneous  light 
depends  upon  its  wave-length  in  a  manner  Avhich  is 
expressed  by  a  series  of  even  inverse  powers  of  that 
wave-length.     Hence  we  have  a  relation  such  as 

^  =  ^  +  §4-^,4- 


in  which,  from  our  present  ignorance  of  the  precise  con- 
nection between  matter  and  ether,  we  must  be  content 
to  find  the  multipliers  of  the  various  terms  by  direct 
measurement. 

If  we  neglect  all  but  the  first  two  terms,  we  may 
determine  a  and  (3  from  the  known  wave-lengths  of  two 
of  Fraunhofer's  lines,  and  their  refractive  indices  for  a 
particular  medium.  We  can  then  test  the  accuracy  of 
the  formula  by  its  agreement  with  the  corresponding 
i  Trmis.  Roy.  Soc.  Edin.,  1861. 
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numbers  in  the  same  medium  for  others  of  the  fixed 
lines. 

Thus,  taking  the  data  for  water  given  above  (§  249), 
we  have,  from  the  numbers  for  the  two  hydrogen  lines 
C  and  F,  the  values 

a  =  l-3243, 

/3  =  0'00000000319. 

Calculating  from  these,  and  the  Avave-length  of  H,  we 
have  for  its  refractive  index  1'3447,  instead  of  1"3442 
as  determined  by  Fraunhofer. 

So  far  as  we  may  trust  this  theory,  which  certainly 
accords  fairly  with  the  experimental  data  for  substances 
of  moderate  dispersive  power,  though  by  no  means  well 
with  those  for  substances  of  high  dispersive  power  such 
as  oil  of  cassia,  the  value  of  the  quantity  a  is  the  refractive 
index  for  the  longest  possible  waves ;  i.e.  it  is  that  of  the 
inferior  limit  of  the  spectrum.  But  the  question  of  dis- 
persion still  remains  very  obscure,  and  will  probably  not 
be  cleared  up  satisfactorily  until  we  obtain  much  further 
information  than  we  yet  have  as  to  the  condition  of  the 
ether  in  the  immediate  neighbourhood  of  particles  of 
ponderable  matter,  and  the  nature  of  the  action  between 
it  and  them. 

262.  Before  we  pass  from  the  consideration  of  ordinary 
light,  we  must  notice  a  remarkable  consequence  of  the 
relative  motion  of  the  spectator  and  the  luminous  source, 
which  depends  upon  the  facts  established  in  this  and  the 
preceding  Chapters. 

"NMien  a  steamer  at  sea  is  moving  in  a  direction 
perpendicular  to  the  crests  of  the  waves,  she  will  en- 
counter more  of  them  in  a  given  time  if  her  course  is 
towards  them  than  if  she  were  at  rest,  while,  if  she  be 
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moving  in  the  same  direction  as  the  waves,  fewer  of  them 
will  overtake  her  in  a  given  time  than  if  she  were  at 
rest. 

The  same  thing  is  true  of  sound-waves.  When  an 
express  train  passes  a  level  crossing,  at  full  speed,  the 
pitch  of  the  steam  whistle  is  higher  during  the  approach 
to,  and  lower  during  the  recess  from,  the  listener  at  the 
gate  than  it  would  be  if  the  engine  were  at  rest.  The 
successive  sound-pulses  are  emitted  at  the  same  intervals 
as  they  would  be  were  the  engine  at  rest,  but  from 
points  successively  nearer  to  or  farther  from  the  listener. 
Hence  more  or  fewer  reach  his  ear  in  a  given  time. 

The  principle  when  applied. to  light  is  usually  associ- 
ated with  the  name  of  Doppler,  but  it  is  precisely  the 
same  as  that  of  Eoraer's  observation  of  the  frequency  of 
the  eclipse  of  Jupiter's  satellites,  which  we  have  already 
given  (§  65) :  the  number  of  light- waves  which  reach 
the  eye  per  second  is  increased  if  the  source  is  ap- 
proaching, and  diminished  if  it  be  receding.  The  only 
difference  is  that  we  are  now  dealing  Avith  a  phenomenon 
which  occurs  some  000,000,000,000,000  times  per 
second,  instead  of  once  every  forty-two  hours. 

Now,  increased  wave-frequency,  with  unaltered  speed 
of  light,  certainly  implies  shorter  wave-length,  and 
most  probably  greater  refrangibility,  and  vice  versA. 
In  default  of  knowledge  as  to  the  true  nature  of  the 
luminiferous  medium,  and  of  the  species  of  vibration  on 
which  light  depends,  by  which  we  might  hope  to  be 
able  to  predict  the  result  in  any  case,  we  must  appeal 
to  experiment.  Observation  has  not  yet  settled  the 
question  of  the  relative  motion  of  bodies,  the  ether 
they  contain,  and  the  ether  in  free  space ;  but  it  has 
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shown  that  something,  quite  analogous  to  the  pheno- 
menon above  described  with  regard  to  sound,  does  take 
place  with  light. 

This  principle  has  been  applied  with  success  by 
Huggins  and  others  to  find  the  rate  at  which  we  are 
approaching  to,  or  receding  from,  different  fixed  stars, 
and  the  rate  of  motion  in  solar  cyclones ;  and  it  may 
even  be  applied,  as  was  ingeniously  suggested  by  Fox 
Talbot  (B.  A.  Repwt,  1871),  to  determine  (from  the  re- 
lative velocities  of  the  components  of  a  double  star  in 
the  line  of  sight,  measured  by  its  aid)  the  distance  of 
the  star  itself  from  our  system. 


CHAPTER   XV 

DOUBLE    REFRACTION    AND    POLARISATION 

263.  We  now  come  to  phenomena  which  cannot  be  even 
roughly  explained  by  processes  based  on  the  vague 
analogies  of  sound  and  water  waves  which  have  hitherto 
sufficed  for  our  elementary  treatment  of  the  subject. 

264.  These  phenomena  were  first  observed  in  Iceland 
spar.  They  were  described  in  a  general  way  (§  226)  by 
Bartholinus,  who  showed  that  one  of  the  two  rays,  into 
which  a  single  incident  ray  is  divided  by  this  substance, 
follows  the  ordinary  law  of  refraction. 

265.  Huygens,  who  studied  the  subject  only  eight 
years  later,  verified  the  greater  part  of  the  results  of 
Bartholinus,  and  added  many  new  ones.  From  his  point 
of  view  it  was  of  course  obvious  that  the  ordinary  ray 
is  propagated  by  spherical  waves,  i.e.  its  speed  is  the 
same  in  all  directions  inside  the  crystal.  To  explain  the 
extraordinary  ray,  he  assumed  that  it  was  propagated 
in  waves  of  the  form  of  an  ellipsoid  of  revolution,  the 
simplest  assumption  he  could  make. 

266.  To  test  this  assumption  he  first  noticed  that  a 
rhombohedral  crystal  of  Iceland  spar  behaves  in  precisely 
the  same  way  whichever  pair  of  parallel  faces  light  passes 
through.     Hence  he  acutely  concluded  that  the  axes  of 
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the  ellipsoids  of  revolution  (if  such  were  the  form  of  the 
waves  for  the  extraordinary  ray)  must  be  symmetrically 
situated  with  regard  to  each  of  these  planes.  The  only 
such  lines  in  a  rhombohedron  are  parallel  to  that  which 
joins  those  corners  which  are  formed  by  the  meeting  of 
three  equal  plane  angles.  In  the  case  of  Iceland  spar 
these  equal  angles  are  obtuse.  Huygens  then  verified, 
by  experiments  well  contrived,  though  carried  out  by  a 
very  rough  mode  of  measm-ement,  the  general  agreement 
of  his  hypothesis  with  the  facts  ;  and  he  further  tested  it 
by  comparing  its  indications,  as  to  the  position  of  the 
two  images  for  any  position  of  the  crystal,  with  the  results 
of  direct  observation.  There  can  be  no  question  that 
the  whole  investigation  was,  for  the  age  in  which  it  was 
made,  of  an  exceedingly  high  order.  But  it  must  not 
be  left  unsaid  that  far  more  accurate  measurements  than 
those  of  Huygens  were  necessary  before  it  could  be 
asserted  that  the  form  of  the  extraordinary  wave  is  an 
elUpsoid  of  revolution,  and  not  merely  a  surface  closely 
resembling  such  an  ellipsoid.  These  improved  measure- 
ments were  made  in  1802  by  Wollaston,  and  they  have 
recently  been  repeated  with  far  more  perfect  optical 
means  by  Stokes,  Mascart,  and  Glazebrook.  The  result 
has  been  the  complete  verification  of  Huygens'  conjec- 
ture. The  generating  ellipse  of  the  extraordinary  waves 
is  found  to  have  its  minor  axis,  which  is  that  of  revolu- 
tion, equal  to  the  diameter  of  the  corresponding  sphere 
for  the  ordinary  ray.  Its  major  axis  is  to  the  minor 
nearly  in  the  ratio  I'GSd  :  1'483. 

267.  We  are  now  in  a  position  to  trace  the  paths  of 
the  two  rays  into  which  a  ray,  falling  in  any  direction 
on  a  surface  of  the  crystal,  is  divided  by  refractioa 
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Let  fig.  49  represent  a  plane  wave-front  AB  (in  air) 
falling  on  the  surface  AC  of  a  piece  of  Iceland  spar  cut 
in  any  way.  The  figure  is  a  section  perpendicular  to  the 
surface,  and  parallel  to  the  incident  ray.  The  wave- 
front  AB  cuts  the  surface  of  the  spar  in  a  line  (not  shown) 
at  right  angles  to  the  plane  of  the  pnper.     Draw  from 


Fjg.  49. 

A  the  axis  Aa  of  the  crystal  (not  necessarily  in  the  plane 
of  the  paper)  and  the  sphere  and  ellipsoid  of  revolution 
which  have  Aa  for  a  common  semi-axis. 

Then,  if  C  be  taken  such  that  BC  is  to  Aa  as  the 
speed  of  light  in  air  is  to  that  of  the  ordinary  ray  in 
the  crystal,  the  wave  front  of  the  ordinary  ray  is  found 
by  drawing  a  tangent  plane  to  the  sphere,  passing  through 
C  and  perpendicular  to  the  plane  of  the  paper.  This 
touches  the  sphere  in  a  point  o  (in  the  plane  of  the  paper), 
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and  AoO  is  the  ordinary  ray,  Tliis  is,  of  course,  merely 
a  repetition  of  tlie  construction  Ave  have  ah'eady  given 
for  singly  refracting  bodies  (§  223). 

To  find  the  direction  of  the  extraordinary  ray,  a  plane, 
perpendicular  to  the  paper  and  passing  through  C,  must 
be  dra^vn  so  as  to  touch  the  ellipsoid.  Let  e,  be  the 
point  of  contact,  which  will  in  general  not  be  in  the 
plane  of  the  paper,  unless  Aa  is  in  or  perpendicular  to 
that  plane ;  then  AgE  is  the  extraordinary  ray. 

Thus,  in  general,  the  extraordinary  ray  is  not  in  the 
plane  of  incidence.  Also  the  ratio  of  the  sines  of  the 
angles  of  incidence  and  refraction  is  generally  different 
for  different  directions  of  incidence,  in  the  case  of  the 
extraordinary  raj'. 

268.  In  an  elementary  work  we  cannot  attempt 
to  study  these  phenomena  more  fully ;  so  we  merely 
state  that  all  the  observed  appearances,  so  far  as  the 
directions  of  the  refracted  rays  are  concerned,  are  ex- 
plained by  supposing  the  wave-surface  in  the  crystal  to 
be  made  up  of  the  sphere  and  the  ellipsoid  of  revolution 
above  described.  Thus  Avhen  both  eyes  are  used,  the 
two  images  of  a  plane  object  seen  through  a  crystal  of 
Iceland  spar  appear  in  general  to  be  situated  at  different 
distances  above  the  plane.  One  of  them  maintains  its 
apparent  position  as  the  crystal  is  made  to  rotate  about 
a  perpendicular  to  the  two  parallel  faces  employed  ;  the 
other's  position  varies  as  the  crystal  is  turned. 

269.  But  we  have  now  to  inquire  ichy  the  incident 
ray  is  divided  into  two,  and  Avhy  one  of  them  follows 
the  ordinary  law  of  refraction.  Here  another  experi- 
mental result  of  Huygens  comes  to  our  assistance.  We 
paraphrase  the  author's  description  : — 

Q 
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"I  will,  before  concluding,  mention  another  remark- 
able phenomenon  which  I  discovered  after  the  above 
was  written.  For,  although  I  have  not  yet  been  able  to 
find  the  cause  of  it,  I  do  not  wish  on  that  account  to 
refrain  from  pointing  it  out,  in  order  that  others  may 
have  an  opportunity  of  seeking  to  explain  it.  It  appears 
that  it  will  be  necessary  to  make  hypotheses  additional 
to  those  already  given, — though  these  will  lose  none  of 
their  probability,  confirmed  as  they  have  been  by  so 
many  tests.  The  phenomenon  is  that,  taking  two  frag- 
ments of  the  crystal  (Iceland  spar)  and  laying  them  on 
one  another,  or  even  holding  them  apart,  if  all  the  faces 
of  the  one  be  parallel  to  those  of  the  other,  a  ray  of 
light  divided  into  two  by  the  first  fragment  will  not  be 
further  subdivided  by  the  second.  The  ordinary  ray 
from  the  first  Avill  be  refracted  ordinarily  by  the  second, 
the  extraordinary  ray  extraordinarily.  And  the  same 
thing  happens  not  only  in  this  arrangement  but  in  all 
others  in  which  the  principal  sections  ^  of  the  two  frag- 
ments are  in  the  same  plane,  whether  the  surfaces  turned 
towards  one  another  be  parallel  or  not.  It  is,  in  fact, 
marvellous  that  these  rays,  falling  on  the  second  frag- 
ment, do  not  divide  like  the  ray  incident  on  the  first. 
One  would  say  that  the  ordinary  ray  from  the  first 
fragment  had  lost  what  is  necessary  for  the  production  of 
extraordinary  refraction,  and  the  extraordinary  ray  that 
which  is  necessary  for  ordinary  refraction ;  but  there  is 
something  else  which  upsets  this  view.  For  when  one 
places  the  fragments  so  that  their  principal  sections  are 

^  Defined  as  passing  throiigli  the  shorter  diagonal  of  one  of  the 
rhombic  faces  of  the  crystal,  and  through  the  edge  formed  by  the 
two  adjacent  faces. 
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at  right  angles,  whether  the  opposed  surfaces  be  parallel 
or  not,  the  ordinary  ray  from  the  first  suffers  only  extra- 
ordinary refraction  by  the  second,  and  vice  versa. 

"But  in  all  the  infinite  number  of  positions  other 
than  those  named,  both  rays  from  the  first  fragment  are 
divided  into  two  1)y  the  second.  Thus  the  single  incident 
ray  is  divided  into  four,  sometimes  equally,  sometimes 
unequally  bright,  according  to  the  varying  relative  posi- 
tion of  the  crystals.  But  all  together  do  not  seem  to 
have  more  light  than  has  the  single  incident  ray. 

"When  we  consider  that,  the  two  rays  given  by  the 
first  crystal  remaining  the  same,  it  depends  upon  the 
position  of  the  second  crystal  whether  they  shall  be 
divided  into  two  or  not,  while  the  incident  ray  is  always 
divided,  it  appears  that  we  must  conclude  that  the  waves 
of  light  which  have  traversed  the  first  crystal  have 
acquired  a  form  or  disposition  which  in  some  positions 
enables  them  to  excite  the  two  kinds  of  matter  which 
give  rise  to  the  two  kinds  of  refraction,  in  other  positions 
to  excite  only  one  of  them.  But  I  have  not  yet  been 
able  to  find  any  satisfactory  explanation  of  this." 

So  far  Huygens.  His  statements  are  perfectly  in 
accordance  with  fact ;  and  they  were  reproduced  by 
Newton  ^  in  very  nearly  the  same  form.  Newton  adds : — 
"  The  unusual  refraction  is,  therefore,  performed  by  an 
original  property  of  the  rays.  And  it  remains  to  be 
inquired,  whether  the  rays  have  not  more  original  pro- 
perties than  are  yet  discovered.  Have  not  the  rays 
of  light  several  sides,  endued  with  several  original 
properties  1 " 

270.  It  is  very  curious  to  notice  how  near  each  of 
1  OjMcs,  Queries  25,  26. 
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these  great  men  came  to  the  true  explanation,  and  yet 
how  long  a  time  elapsed  before  that  explanation  was 
found.  The  date  of  Huygens'  work  is  1690,  that  of 
Newton's  1704.  It  was  not  till  1810  that  further  in- 
formation on  the  subject  Avas  obtained.  Then  one  brilliant 
observation  opened  the  way  for  a  host  of  discoveries  in 
a  new  and  immense  field  of  optics. 

271.  In  the  last-mentioned  year  Malus,  while  engaged 
on  the  theory  of  double  refraction,  casually  examined 
through  a  doubly  refracting  prism  the  sunlight  reflected 
from  the  windows  of  the  Luxembourg  palace.  He  was 
surprised  to  find  that  the  two  rays  alternately  disappeared 
as  the  prism  was  rotated  through  successive  right  angles, 
— in  other  words,  that  the  reflected  light  had  acquired 
properties  exactly  corresponding  to  those  of  one  of  the 
rays  transmitted  through  Iceland  spar.  Even  Malus 
was  so  imbued  with  the  corpuscular  theory  of  light  that 
he  named  his  phenomenon  polarisation,  holding  it  as 
inexplicable  on  the  wave  theory,  and  as  requiring  a 
species  of  polarity  (akin  to  the  magnetic)  in  the  light- 
corpuscles — a  close  reproduction  of  one  of  Newton's 
guesses. 

272.  But,  after  a  short  time,  Hooke's  old  guess  was 
independently  reproduced,  and  in  the  hands  of  Young 
and  others,  but  most  especially  of  Fresnel,  the  conse- 
quences of  the  assumption,  that  the  vibrations  of  the 
luminiferous  medium  take  place  perpendicularly  to  the 
direction  of  the  ray,  were  the  almost  complete  explana- 
tion of  the  cause  of  double  refraction,  and  the  discovery 
(often  the  i)rediction)  of  a  long  series  of  the  most  gor- 
geous phenomena  known  to  science. 

273.  The  real  difficulty  in  the  way  of  this  conception 
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probably  lay  in  the  fact  that  most  of  the  familiar  forms 
of  wave-motion — such  as  sound-waves  in  air  or  in  water, 
and  ordinary  water-waves — are  not  of  this  character.  In 
sound-waves  the  vibrations  are  wholly  in  the  direction  of 
propagation,  while  in  surface-waves  in  water  they  are  partly 
parallel  to,  and  partly  perpendicular  to,  the  direction  in 
which  the  wave  is  travelling.  That  a  body  may  transmit 
waves  in  which  the  vibration  is  perpendicular  to  the 
direction  of  a  ray,  it  must  have  the  properties  of  an 
elastic  solid  rather  than  of  a  fluid  of  any  kind.  And  our 
experience  of  the  almost  entire  absence  of  resistance  to 
the  planetary  motions  seems,  at  first  sight  at  least,  alto- 
gether incompatible  with  the  idea  that  the  planets  move 
in  a  jelly-like  solid,  filling  all  space  through  which  light 
can  be  propagated. 

274.  Without  going  into  difficult  dynamical  details, 
we  may  obtain  a  notion  of  the  nature  of  the  motion  now 
to  be  considered,  by  observing  the  propagation  of  a  wave 
when  a  long  stretched  wire  or  string  is  struck  or  plucked 
near  one  end.  Here  the  line  of  motion  of  each  part  of 
the  wu-e  is  almost  exactly  perpendicular  to  the  direction 
of  the  wire,  i.e.  to  the  line  along  which  the  wave  travels. 
(When  the  string  is  extensible  there  may  be  another 
wave,  due  to  extension ;  but  this,  which  is  analogous  to 
sound,  has  its  vibrations  along  the  string,  and  it  usually 
travels  at  a  very  different  rate  from  the  other,  so  that 
the  two  are  not  in  any  way  associated.) 

275.  Now  it  is  clear  that  waves  of  this  wholly  trans- 
verse character  can  have,  in  Newton's  language,  sides. 
And  it  is  also  clear  that  they  cannot  interfere  so  as 
mutually  to  destroy  one  another,  unless  their  corre- 
sponding sides  are  parallel  to  one  another ;  nor  can  they 
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interfere  at  all,  so  as  to  modify  one  another's  intensity, 
if  their  sides  are  perpendicular  to  one  another.  Hence 
a  very  severe  test  of  the  theory  will  be  furnished  by 
examining  various  cases  of  interference  of  polarised  light, 
Avhich  ought  to  present  in  general  marked  differences 
from  those  of  ordinary  light.  It  was  by  experiments  of 
this  kind  that  Fresnel  and  Arago  first  firmly  established 
the  bases  of  the  theory  of  polarisation. 

276.  The  important  fact  discovered  by  Mains  was 
soon  generalised  into  the  following  statement : — 

Light  reflected  from  the  surface  of  substances  so 
different  as  water,  glass,  polished  wood,  etc.,  at  a  certain 
definite  angle,  which  depends  on  the  nature  of  the  sub- 
stance, is  found  to  possess  all  the  properties  of  one  of 
the  rays  transmitted  through  Iceland  spar.  If  the  plane 
of  reflection  is  parallel  to  the  axis  of  the  spar,  the  pro- 
perties of  the  reflected  light  are  those  of  the  ordinary 
ray;  if  perpendicular  to  it,  those  of  the  extrawdinary  ray. 

277.  It  was  reserved  for  Brewster  to  discover,  as  the 
result  of  a  very  laborious  series  of  experimental  measure- 
ments, the  simple  law  which  follows  : — 

The  tangent  of  the  polarising  angle  is  equal  to  the  refrac- 
tive index  of  the  reflecting  siihslance. 

This  may  be  put  in  another  form,  in  which  its  con- 
nection vdth.  theory  is  a  little  more  evident : — 

JJ'lien  the  reflected  ray  is  completely  polarised,  it  is  per- 
pendicidar  to  the  refracted  ray. 

More  recent  experiments  have  shown  that  these 
results  are  only  close  approximations  to  the  truth.  But 
we  cannot  here  discuss  these  delicate  points. 

278.  Bearing  in  mind  Huygens'  observations  on 
light  which  has  passed  through  two  crystals  of  Iceland 


DOUBLE  REFRACTION  AND  POLARISATION       231 

spar,  we  can  now  see  that  a  ray  of  light  polarised  by 
reflection  is  in  general  divided  into  two  by  a  crystal  of 
Iceland  spar.  But  there  is  only  one  ray  when  the  prin- 
cipal plane  of  the  crystal  is  parallel  to  the  plane  of 
reflection,  and  also  when  these  planes  are  perpendicular 
to  one  another. 

279.  We  may  now  much  simplify  matters  by  sup- 
pressing the  Iceland  spar,  and  using  two  reflecting  plates 
of  glass,  so  placed  that  a  ray  meets  each  of  them  in 
succession  at  the  polarising  angle.  It  is  then  found  that 
when  the  planes  of  reflection  are  parallel  the  ray  is  re- 
flected (almost  without  loss)  from  the  second  plate,  but 
when  they  are  perpendicular  to  one  another  there  is 
complete  extinction.  In  intermediate  positions  the  in- 
tensity was  found  by  Mains  to  be  as  the  square  of  the 
cosine  of  the  inclination  of  these  planes. 

This  very  simple  experiment,  which  any  one  may 
easily  make  for  himself,  by  putting  two  pieces  of  glass 
(blackened  at  the  back)  at  the  proper  angle  in  the 
ends  of  two  Avooden  tubes  which  fit  into  one  another, 
enables  us  to  form  a  general  notion  of  the  modification 
which  is  called  polarisation.  The  "  sides "  of  the  re- 
flected ray  are  obviously  in,  and  perpendicular  to,  the 
plane  of  incidence ;  for  a  ray  can  be  reflected  over  and 
over  again  if  the  successive  planes  of  incidence  are 
parallel,  but  is  stopped  at  once  if  one  of  them  be  per- 
pendicular to  the  others. 

280.  Here,  however,  two  new  difficulties  come  in  at 
once : — 

(1)  Are  the  vibrations  of  the  reflected  ray  in,  or  per- 
pendicular to,  the  plane  of  reflection  ? 

(2)  As  ordinary  sun-  or  lamp-light,  reflected  at  the 
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proper  angle  from  a  polarising  surface,  shows  no  variation 
of  intensity  when  the  azimuth  of  the  plane  of  reflection  is 
changed,  what  can  be  then  the  direction  of  its  \dbrations'? 

281.  Many  important  phenomena  are  explained  in 
terms  quite  independent  of  the  proper  answer  to  (1);  and 
in  others  which  do  depend  on  the  answer  the  theoretical 
differences  between  the  results  of  the  two  hypotheses 
are  so  small  as  to  have  hitherto  remained  undetected. 

When  we  think  of  Huygens'  result  (§  269)  in  con- 
nection with  tliat  of  Malus  (§  276),  we  see  that  if  the 
vibrations  of  light  polarised  by  reflection  be  perpendicu- 
lar to  the  plane  of  reflection,  those  of  the  ordinary  ray 
in  Iceland  spar  will  be  perpendicular  to  the  axis  of  the 
crystal,  which  is  an  axis'  of  optical  symmetry.  Hence 
we  find  no  difficulty  in  accounting  for  the  fact  that  the 
ordinary  ray  is  propagated  Avith  equal  speed  in  all 
directions  in  the  crystal.  If  we  assumed  the  vibrations 
to  be  parallel  to  the  plane  of  reflection,  we  should  find 
great  difficulty  in  explaining  the  behaviour  of  the 
ordinary  ray  in  Iceland  spar. 

Haidinger  ^  strengthened  this  species  of  argument  by 
an  examination  of  the  behaviour  of  dichroic  uniaxal 
crystals,  such  as  tourmaline.  These  colour  both  rays  in 
the  same  manner,  when  they  pass  nearly  in  the  direction 
of  the  axis,  and,  therefore,  necessarily  have  their  vibra- 
tions perpendicular  to  it.  At  greater  inclinations  to  the 
axis,  the  ordinary  ray  preserves  its  colour,  but  the  extra- 
ordinary ray  changes  colour  in  a  marked  manner.  Thus 
we  naturally  conclude  that  the  ordinary  ray  is,  in  all 
cases,  due  to  vibrations  perpendicular  to  the  axis,  and, 
therefore,  to  its  plane  of  polarisation. 

1  Fogg.  Arm.  Ixxxvi.  131  (1852). 
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In  one  important  test,  suggested  by  Stokes/  the 
results  of  different  experimenters  have  been  at  variance 
in  a  way  not  yet  thoroughly  explained. 

Another  test,  however,  also  due  to  Stokes,^  appears 
to  settle  the  matter.  In  the  passages  which  follow,  the 
term  "  false  dispersion "  is  employed  to  signify  "  light 
reflected  from  motes."     (See,  again,  §  207.) 

"  If  a  little  tincture  of  turmeric  be  greatly  diluted 
M'ith  alcohol,  and  then  water  be  added,  a  yellow  fluid  is 
obtained  which  appears  to  be  perfectly  clear,  exhibiting 
no  sensible  opalescence  ;  but  the  occurrence  of  a  copious 
false  dispersion,  when  the  fluid  is  examined  by  sunlight, 
reveals  at  once  the  existence  of  suspended  particles, 
though  they  are  too  minute  to  be  seen  indi^adually,  or 
even  to  give  a  discontinuous  appearance  to  the  falsely 
dispersed  beam." 

"  When  a  horizontal  beam  of  falsely  dispersed  light  is 
viewed  from  above,  in  a  vertical  direction,  and  analysed, 
it  is  found  to  consist  chiefly  of  light  polarised  in  the 
plane  of  reflection.  It  has  often  struck  me,  while  en- 
gaged in  these  observations,  that  Avhen  the  beam  had  a 
continuous  appearance,  the  polarisation  was  more  nearly 
perfect  than  when  it  was  sparkling,  so  as  to  force  on  the 
mind  the  conviction  that  it  arose  merely  from  motes. 
Indeed,  in  the  former  case,  the  polarisation  has  often 
appeared  perfect,  or  all  but  perfect.  It  is  possible  that 
this  may  in  some  measure  have  been  due  to  the  circum- 
stance, that  when  a  given  quantity  of  light  is  diminished 


1  "On    the   Dynamical    Tlieory   of   Diffraction,"   1849.      See 
Stokes'  Math.  aiul  Phys.  Pcq^ers,  vol.  ii.  p.  327. 

2  "On  the  Change  of  Refrangibility  of  Light,"  rJiil.  Trans.,  p. 
530.     1852. 
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in  a  given  ratio,  the  illumination  is  perceived  with  more 
difficulty  when  the  light  is  uniformly  diffused  than  when 
it  is  spread  over  the  same  space,  but  collected  into 
specks.  Be  this  as  it  may,  there  was  at  least  no  tend- 
ency observed  towards  polarisation  in  a  plane  perpen- 
dicular to  the  plane  of  reflection,  when  the  suspended 
particles  became  finer,  and  therefore  the  beam  more 
nearly  continuous. 

"  Now  this  result  appears  to  me  to  have  no  remote 
bearing  on  the  question  of  the  direction  of  the  vibrations 
in  polarised  light.     So  long  as  the  suspended  particles 
are  large  compared  with  the  waves  of  light,  reflection 
takes  place  as  it  would  from  a  portion  of  the  surface  of 
a  large  solid  immersed  in  the  fluid,  and  no  conclusion 
can  be  drawn  either  way.     But  if  the  diameters  of  the 
particles  be  small  compared  with  the  length  of  a  wave 
of  light,  it  seems  plain  that  the  vibrations  in  a  reflected 
ray  cannot  be  perpendicular  to   the  vibrations  in   the 
incident  ray.     Let  us  suppose  for  the  present,  that  in 
the  case  of  the  beams  actually  observed,  the  suspended 
particles  were  small  compared  with  the  length  of  a  wave 
of    light.      Observation  showed   that    the  reflected  ray 
was  polarised.     Now  all  the  appearances  presented  by 
a  plane-polarised  ray  are  symmetrical  with  respect  to 
the  plane  of  polarisation.    Hence  we  have  two  directions 
to  choose  between  for  the  direction  of  the  vibrations  in 
the  reflected  ray,  namely,  that  of  the  incident  ray,  and 
a  direction  perpendicular  to  both  the  incident  and  the 
reflected  rays.     The  former  would  be  necessarily  per- 
pendicular to  the  directions  of  vibration  in  the  incident 
ray,  and  therefore  we  are  obliged  to  choose  the  latter, 
and  consequently  to  suppose  that  the  vibrations  of  plane- 
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polarised  light  are  perpendicular  to  the  plane  of  polaris- 
ation, since  experiment  shows  that  the  plane  of  polaris- 
ation of  the  reflected  ray  is  the  plane  of  reflection. 
According  to  this  theory,  if  we  resolve  the  vibrations  in 
the  incident  ray  horizontally  and  vertically,  the  resolved 
parts  will  correspond  to  the  two  rays,  polarised  respect- 
ively in,  and  perpendicularly  to,  the  plane  of  reflection, 
into  which  the  incident  ray  may  be  conceived  to  be 
divided,  and  of  these  the  former  alone  is  capable  of  fur- 
nishing a  reflected  ray, — that  is,  of  course,  a  ray  reflected 
vertically  upwards.  And  in  fact  observation  shows 
that,  in  order  to  c^uench  the  dispersed  beam,  it  is  sufii- 
cient,  instead  of  analysing  the  reflected  light,  to  polarise 
the  incident  light  in  a  plane  perpendicular  to  the  plane 
of  reflection. 

"  Now  in  the  case  of  several  of  the  beams  actually 
observed,  it  is  probable  that  many  of  the  particles  were 
really  small  compared  with  the  length  of  a  wave  of 
light.  At  any  rate  they  can  hardly  fail  to  have  been 
small  enough  to  produce  a  tendency  in  the  polarisation 
towards  what  it  would  become  in  the  limit.  But  no 
tendency  whatsoever  was  observed  towards  polarisation 
in  a  plane  perpendicular  to  the  plane  of  reflection.  On 
the  contrary,  there  did  appear  to  be  a  tendency  towards 
a  more  complete  polarisation  in  the  plane  of  reflection." 

This  beautiful  experiment,  and  the  reasoning  based  upon 
it,  show  at  once  how  to  account  for  the  fact  that  the  light 
of  the  sky  is  polarised.  The  reader  who  wishes  to  know 
the  facts  of  atmospheric  polarisation  should  consult  the 
valuable  paper  by  Brewster  {Trans.  Roy.  Soc.  Edin.,  1863), 
where  a  long-continued  series  of  observations  is  given. 

A  curious  phenomenon,  often  observable  but  rarely 
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observed,  is  easily  explained  by  this  fact.  In  some 
azimuths  we  can  see  sky-light  brightly  reflected  from  a 
pool,  in  others  it  is  scarcely  reflected  at  all,  even  at  the 
same  angle  of  incidence.     The  water  looks  like  ink. 

282.  It  is  quite  possible  that,  as  is  required  by  Clerk- 
Maxwell's  Eledro-magnetk  Theonj  of  light,^  there  may  be 
simultaneous  displacements,  but  of  diff"erent  characters, 
in  each  of  these  planes,  and  then  the  question  would  be 
reduced  to — Which  of  these  displacements  is  the  luminous 
one  ?  But  on  this  theory,  hotli  are  probably  essential  to 
vision,  as  they  are  essential  to  wave-propagation. 

283.  As  to  the  second  question  {of  §  280),  it  may  be 
said — first,  that,  so  far  as  the  test  of  double  refraction  can 
inform  us,  a  polarised  ray,  whose  plane  of  polarisation  is 
made  to  rotate  very  rapidly  (whether  uniformly  or  not),  pro- 
duces precisely  the  same  effects  as  a  ra}'  of  ordinary  light; 
and,  secondly,  that,  so  great  is  the  number  of  vibrations 
even  of  red  light  in  one  second,  it  would  be  impossible 
to  make  the  plane  of  polarisation  rotate  fast  enough  to 
affect  the  circumstances  of  any  of  the  phenomena  of 
interference,  even  Avhen  they  take  place  between  two 
portions  of  the  same  ray,  one  of  which  is  retarded 
thousands  of  wave-lengths  more  than  the  other.  But, 
thirdly,  the  fact  that,  when  homogeneous  light  is  used, 
Newton's  rings  have  been  counted  u])  to  the  7000th,  shows 
that,  whatever  be  the  actual  nature  of  the  vibrations  of 
unpolarised  light,  they  must  for  at  least  7000  waves  in 
succession  be  almost  precisely  similar  to  one  another. 
Then  for  other  7000  waves  or  so  we  may  have  a  totally 
diff"erent  type  of  vibration.  This  is  the  suggestion  made 
by  Airy,  in  his  Tract  on  the   Undidatm'y  Theory.     But, 

■'  See  liis  Electricity  and  Magnetism,  Chap.  XX. 
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fourthly,  in  the  course  of  yth  of  a  second,  at  the  very 
utmost,  the  vibrations  must  have  been  ahnost  uniformly 
distributed  over  all  directions  perpendicular  to  the  ray ; 
else  interference  phenomena,  such  as  some  of  those 
described  in  §  291  below,  would  exhibit  constant  changes 
of  appearance,  although  no  part  of  the  apparatus  employed 
were  altered  in  position. 

Here,  hoAvever,  Stokes  again  comes  to  our  assistance. 
In  his  paper,  entitled  "  On  the  Composition  of  Streams 
of  Polarised  Light  from  different  Sources,"  ^  he  shows 
what  will  be  the  average  effect  of  a  very  great  number  of 
special  sources  of  light ;  thus  giving  one  of  the  earliest 
illustrations  of  the  use  (in  physics)  of  the  statistical 
methods  of  Probabilities.  We  can  here  merely  give  an 
idea  of  the  nature  of  the  explanation. 

All  common  light  has  its  origin  from  a  practically 
infinite  number  of  sources,  consisting  of  the  vibrating 
particles  of  the  luminous  body.  The  contributions  fi^om 
each  of  these  sources  (so  far  as  one  definite  wave-length  is 
concerned)  which  are  received  at  any  one  point  may  be, 
and  probably  are,  as  different  in  direction  of  vibration  as 
they  certainly  must  be  in  phase;-  and  therefore,  in 
order  to  estimate  the  total  effect  at  any  instant  at  that 
particular  point,  we  must  apply  the  methods  of  averages. 
From  this  point  of  view  the  uniformity  of  optical  pheno- 
mena becomes  quite  analogous  to  the  statistical  species 
of  unifonnity  which  is  now  found  to  account  for  the 
behaviour  of  the  practically  infinite  group  of  particles 
forming  a  cubic  inch   of  gas.     The  reader  need  only 

1  Camb.  Phil.  Trans.,  1853. 

2  A  curious  exception  occurs  iu  tlie  case  of  light  radiated  from  a 
body  which  polarises  by  absorption.     See  Chap.  XVI. 


238  LIGHT 

think  of  the  fact  that,  so  numerous  are  those  particles, 
it  is  practically  (though  not  theoretically)  impossible 
that  even  a  cubic  millimetre  of  air  should,  even  for 
Two-Q-^^h  of  ^  second,  contain  oxygen  particles  alone. 

284.  When  light  is  reflected  at  an  incidence  either 
less  or  greater  than  the  polarising  angle,  it  behaves  as  if 
part  of  it  only  were  polarised  and  the  rest  ordinary  light; 
and  it  is  said  to  be  ])artidly  polarised.  Tested  by  a 
crystal  of  Iceland  spar,  it  gives  two  images  in  all  positions 
of  the  crystal ;  but  their  brightness  is  unequal  except  in 
the  special  positions  where  they  would  be  of  equal  bright- 
ness were  the  ray  wholly  polarised. 

285.  From  the  fourth  of  the  remarks  made  above 
regarding  common  light,  and  the  facts  of  double  refrac- 
tion, it  follows  at  once  that,  when  light  is  to  any  extent 
polarised  by  reflection,  there  must  be  an  exactly  equal 
amount  of  polarised  light  in  the  refracted  ray,  and  its 
plane  of  polarisation  must  be  perpendicular  to  the  plane 
of  refraction.  This  was  established  by  experiment  soon 
after  Malus'  discovery.  But  as  the  reflected  ray  from 
glass,  water,  etc.,  is  in  general  much  weaker  than  the 
refracted  ray,  the  percentage  of  polarised  light  is  gener- 
ally much  greater  in  the  former.  It  was  found,  however, 
by  experiment  that  refraction  at  a  second  glass  plate, 
parallel  to  the  first,  increases  the  proportion  of  polarised 
to  common  light  in  the  transmitted  ray,  and  thus  that 
light  may  be  almost  completely  polarised  by  transmission, 
at  the  proper  angle,  through  a  number  of  parallel  plates. 
The  experimental  data  of  this  subject  were  very  carefully 
obtained  by  Brewster.  He  has  found,  for  instance,  how 
the  angle  of  incidence  for  the  most  complete  polarisation 
varies  with  the  number  of  plates.     The  plane  of  polarisa- 
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tion  of  such  a  bundle  is  ;per;pe7idicular  to  the  plane  of 
refraction. 

286.  This,  however  useful  on  many  occasions,  is  at 
best  a  rough  arrangement  for  producing  polarised  light. 
By  far  the  most  perfect  polariser  for  a  broad  beam  of 
light  is  a  crystal  of  Iceland  spar,  sufficiently  thick  to 
allow  of  the  complete  separation  of  the  two  rays.  But 
such  specimens  are  rare  and  costly,  so  that  the  polariser 
in  practical  use  is  now  what  is  called  NicoVs  prism,  in- 
vented in  1828.^  By  cutting  a  rhomb  of  Iceland  spar 
in  two,  and  cementing  the  pieces  together  Avith  Canada 
balsam  (after  carefully  polishing  the  cut  faces),  Nicol 
produced  an  arrangement  in  which  one  only  of  the  two 
rays  is  transmitted,  the  other  being  totally  reflected  at 
the  surface  of  the  balsam.  The  reason  is  that  the  re- 
fractive index  of  Canada  balsam  is  intermediate  between 
those  of  the  ordinary  and  extraordinary  rays  in  the  spar. 
The  ordinary  ray  in  the  spar,  falling  very  obliquely  on  a 
medium  of  a  smaller  refractive  index,  is  totally  reflected ; 
the  extraordinary  ray,  falling  on  a  medium  of  greater, 
but  very  little  greater,  refractive  power,  is  almost  wholly 
transmitted.  The  only  defect  of  the  Nicol's  prism  is 
that,  to  secure  the  total  reflection,  its  length  must  be 
considerably  greater  than  its  breadth  ;  and  thus  it  neces- 
sarily limits  the  divergence  of  the  beam  it  allows  to  pass. 

287.  Certain  doubly  refracting  crystals  exert  con- 
siderable absorption  on  one  of  the  two  rays  they  pro- 
duce, and  can  therefore,  when  in  plates  of  sufficient 
thickness,  be  employed  as  polarisers.  This  is  the  case 
with  some  specimens  of  tourmaline  when  cut  into  plates 
parallel   to   the   axis  of  the  crystal.     It  is  also  found 

1  Jameson's  Journal,  p.  83. 
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in  the  flat  crystals  of  several  artificial  salts,  such  as,  for 
instance,  iodo-sulphate  of  quinine.     (See,  again,  §  281.) 

288.  Let  us  now  suppose  that  by  one  or  other  of 
these  pieces  of  apparatus,  say  a  Nicol's  prism,  light  has 
been  polarised.  If  we  examine  this  ray  by  means  of  a 
second  Nicol,  placed  in  a  similar  position  to  the  first,  it 
passes  practically  unaltered.  As  the  second  Nicol  is 
made  to  rotate,  more  and  more  of  the  light  is  stopped, 
till  the  rotation  amounts  to  a  right  angle.  Two  well- 
constructed  Nicols,  placed  in  this  position,  are  prac- 
tically opaque  to  the  strongest  sunlight.  During  the 
next  quadrant  of  rotation  the  transmitted  ray  gradually 
increases  in  brightness,  until  at  180°  of  rotation  it  passes 
practically  unaltered.  Precisely  the  same  phenomena 
occur  in  the  same  order  during  the  next  half  of  a  com- 
plete rotation.  The  reader  will  observe  that  this  is 
merely  Huygens'  original  statement,  limited  to  one  of 
the  four  rays  which  are  produced  by  passing  common 
light  successively  through  two  crystals  of  Iceland  spar. 

A  Nicol,  therefore,  enables  us  to  test  directly  what 
portions  of  a  beam  of  light  are  polarised  in  a  particular 
plane.  And  the  rays  which  pass  through  a  Nicol,  in 
any  one  position,  and  in  a  second  produced  by  rotating 
it  either  way  through  a  right  angle,  are  strictly  comple- 
mentary, in  the  sense  that,  if  superposed,  they  would 
reproduce  the  original  beam. 

289.  Whatever  be  the  true  mechanism  of  polarised 
light,  there  can  be  no  doubt  that  its  vibrations  are 
symmetrical  with  respect  to  the  ray,  and  also  with  respect 
to  the  plane  of  polarisation.  Hence  we  may,  for  many 
important  purposes,  symbolise  them  by  simple  harmonic 
vibrations  taking  place  either  in  or  perpendicular  to  the 
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plane  of  polarisation.  But,  if  they  be  supposed  to  take 
place  simultaneously  in  these  two  planes,  their  quality 
or  nature  must  be  essentially  different  in  the  two,  else 
the  s)mimetry  above  referred  to  would  be  violated. 
Hence  it  will  be  sufficient  for  the  present  to  assume  that 
they  take  place  perpendicular  to  the  plane  of  polarisation. 
The  nature  of  the  resulting  effects,  so  far  as  the  eye  is 
concerned,  Avill  not  be  different  for  the  different  hypo- 
theses. Also,  as  no  instance  has  yet  been  observed, 
even  with  the  most  intense  beams  of  light,  in  which  the 
joint  effects  produced  are  not  those  due  to  simple  super- 
position, we  may  assume  that  the  elastic  force  of  the 
luminiferous  medium,  called  into  play  by  a  displacement, 
is  directly  proportional  to  the  displacement,  and  there- 
fore that  the  vibrations  for  each  wave-length  follow  the 
simple  harmonic  law,  that  of  the  cycloidal  pendulum. 

290.  The  subject  of  the  composition  of  simple  har- 
monic motions  {i.e.  vibrations  such  as  those  of  a  tuning- 
fork,  or  of  an  ordinary  pendulum  vibrating  through  very 
small  arcs)  of  equal  period  is  an  important  branch  of 
Kinematics,  upon  which  we  cannot  here  dilate.  We  will 
therefore  simply  assume  the  following  results  : — 

1.  Two  simple  harmonic  motions  of  the  same  period, 
in  lines  perpendicular  to  one  another,  give  in  general, 
when  superposed,  elliptic  motion  such  as  that  of  a  simple 
pendulum  slightly  disturbed,  and  not  \dbrating  in  one 
vertical  plane.  This  motion  may  be  in  the  positive  or 
negative  direction  of  rotation. 

2.  The  ellipse  becomes  a  straight  line,  and  the  re- 
sultant motion  therefore  simple  harmonic,  Avhen  the 
phases  of  the  components  are  the  same,  or  differ  by  an 
integral  multiple  of  tt. 
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3.  It  becomes  a  circle  when  the  amplitudes  of  the 
components  are  equal,  and  their  phases  differ  by  an  odd 
multiple  of  ^tt.  The  motion  takes  place  in  one  direction 
(say  right-handedly)  in  the  circle  when  this  multiplier  is 
1,  5,  9,  13,  etc,  and  in  the  opposite  (left-handed)  when 
it  is  3,  7,  11,  15,  etc. 

These  statements  may  be  verified  in  an  extremely 
easy  and  highly  instructive  manner,  by  means 
of  Blackburn's  pendulum.  Let  AC,  CB,  fig. 
50,  be  two  fine  wires,  of  equal  length,  attached 
to  points  A,  B  in  the  same  horizontal  line.  For 
convenience  in  describing  the  results,  suppose 
that  A  lies  due  north  of  B.  Let  a  third  and 
(for  our  present  piu'pose)  very  much  longer 
wire,  CD,  be  attached  to  the  others  at  C,  and 
support  D,  the  bol)  of  the  pendulum. 

When  the  motion  of  D  is  wholly  north  and 
south,  it  behaves  as  a  simple  pendulum  of 
length  CD.  But,  if  its  motion  be  wholly  east 
and  west,  the  whole  system  of  wires  turns 
>0  like  a  rigid  body  about  the  line  AB.  Hence 
pj^  gQ  D  moves  as  a  simple  pendulum,  of  length 
greater  than  CD  by  the  distance  of  C  from 
AB.  The  period  of  vibration  is  therefore  slightly  longer 
in  the  E.W.  than  in  the  N.S.  direction.  [The  ratio  of 
the  periods  may  be  altered  to  any  extent  by  varying  the 
relative  lengths  of  the  wires,  and  the  distance  AB.] 
When  D  is  displaced  through  a  small  angle  in  a  direction 
neither  N.S.  nor  E.W.,  the  displacement  may  be  resolved 
into  components  in  these  directions,  and  the  motion  of 
D  corresponds  to  a  sxiperposition  of  the  motions  due  to 
these   component  displacements  separately.     Hence  D 
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has  a  definite  range  of  excursion  N.  and  S.,  and  another 
definite  range  E.  and  W. ;  so  that,  whatever  be  its  path, 
it  must  always  touch  in  succession  the  sides  of  a  certain 
rectangle. 

In  fig.  51,  let  0  represent  the  equilibrium  position 
of  the  pendulum  bob ;  Oy  a  northward,  and  Ox  an  east- 
ward line ;  and  OA  the  initial  displacement  of  the  bob. 
Produce  AO  to  B,  where  OB  =  AO,  and  construct  the 
parallelogram  AB'BA',  whose  sides  run  N.S,  and  E.W. 
Then  the  motion  of  the  bob  consists  of  a  pendulum 
motion  of  range  NN',  superposed  on  another  of  range 
MM'  whose  period  is  slightly  longer.  And,  since  the 
Avhole  original  displacement  was  OA,  the  pendulum 
was  (at  starting)  at  N  in  the 
motion  NN',  and  at  M  in  the 
motion  MM'. 

When  the  N.S.  pendulum 
has  arrived  at  0,  in  its  course 
NON',  the  E.W.  pendulum  has 
not  quite  reached  0.  Hence  in 
the  complex  motion  the  bob,  dis- 
placed to  A,  will  (when  let  go) 
pass  to  the  right  of  0,  touch  A'B 
and  then  BB',  each  at  a  point 
near  to  B,  pass  to  the  left  of 
O,  and   so  on.      Its  motion  is  *"^'  ''^" 

therefore,  at  each  instant,  in  an  ellipse  in  which  it  is 
moAdng  negatively  or  clock-wise. 

This  ellipse  gradually  widens  out,  until  it  becomes 
the  greatest  ellipse  which  can  be  inscribed  in  the  rect- 
angle, ie.  that  whose  principal  semi-axes  are  ON  and 
OM.     Here  the  N.S.  pendulum  has  gained  a  quarter 


■ 
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oscillation  on  the  other,  for  it  is  at  N  (the  extremity  of 
its  range)  while  the  E.W.  pendulum  is  at  0  (midway  in 
its  range). 

The  ellipse  now  gradually  narrows  again,  as  its 
point  of  contact  with  BA'  passes  from  N'  towards  A', 
and  becomes  the  diagonal  A'B'  when  the  N.S. 
pendulum  has  gained  half  an  oscillation  on  the 
other. 

But,  in  returning  from  B',  the  pendulum  bob  Avill 
pass  to  the  left  of  0,  because  NO  is  described  in  less 
time  than  M'O.  The  motion  again  becomes  elliptical, 
going  through  the  same  set  of  ellipses  as  before — but  in 
the  opposite  order.  And  the  bob  is  now  moving  posi- 
tively or  counter-clock-wise  in  its  ellipse. 

Permanent  records  of  the  whole  track  of  the  bob  may 
be  made,  on  a  horizontal  sheet  of  paper  placed  close  below 
the  pendulum,  by  a  fine  stream  of  ink  escaping  from  the 
bob ;  or,  still  better,  by  sparks  from  an  induction  coil, 
one  pole  of  which  is  connected  to  one  of  the  points  of 
suspension  of  the  pendulum,  the  other  to  a  plate  of 
metal  on  which  the  paper  is  laid. 

If  we  fix  the  point  C  (fig.  50),  at  any  instant  when 
it  is  in  the  same  vertical  plane  Avith  A  and  B,  the 
pendulum  "svill  describe  (completely,  and  for  an  inde- 
finite period)  the  instantaneous  ellipse  of  Avhich  it  was  at 
that  instant  describing  a  portion. 

291.  Now  suppose  a  plane-polarised  ray  of  one  definite 
wave-length,  i.e.  homogeneous  light,  to  fall  on  a  plate 
of  a  doubly-refracting  crystal  (a  thin  plate  of  mica 
or  selenite,  for  instance).  Within  the  plate  it  will  in 
general  be  divided  into  two,  which  are  polarised  in  planes 
at  ricfht  andes  to  one  another.     The  directions  of  vibra- 
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tion  in  these  rays  are  determined  by  the  physical  pro- 
perties of  the  material.  Let  them  be  represented  by 
the  lines  Ox,  Ot/  in  fig.  5 1 .  Then,  if  OA  represents  the 
semiamplitude  of  vibration  in  the  incident  ray,  it  may 
be  looked  on,  by  §  290  (2),  as  the  resultant  of  two  simple 
harmonic  motions  of  the  same  period,  Avhose  semiampli- 
tudes  are  OM  and  ON,  and  which  are  in  the  same  phase. 
Each  of  these  will  pass  through  the  plate  of  crystal 
unchanged.  But  one  "will,  in  general,  travel  faster  than 
the  other ;  for  one  of  the  essential  causes  of  double 
refraction  is  the  difference  of  speeds  of  the  two  rays. 
The  portions  of  the  two  rays  which  simultaneously  escape 
from  the  crystal,  and  Avhich  travel  together  outside  it 
(parallel  to  their  path  at  incidence),  will  therefore  differ 
in  phase.  Hence,  to  find  the 
nature  of  the  transmitted  light, 
we  must  recombine  the  vibra- 
tions in  OM,  ON,  taking  account 
of  this  difference  of  phase.  By 
§  290  (1),  the  result  will  be,  in 
general,  elliptic  motion.  The 
ellipse  will  necessarily  be  one 
of  the  infinite  number  which 
can  be  inscribed  in  the  rectangle 
AA'BB',  whose  construction 
is  obvious.  For  the  amj^Ii- 
tudes  of  the  excursions  parallel  fig.  51. 

to  Ox  and  Oy  are  not  altered ;  but  the  maximum  dis- 
placement in  the  one  direction  is,  in  general,  no  longer 
simidtaneous  with  that  in  the  other.  We  have  then,  in 
general,  what  is  called  elliptically  polarised  light.  This 
degenerates,  by  §  290  (2),  into  plane -polarised  light, 
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whose  vibrations  are  along  OA  or  OA'  according  as  the 
difference  of  phase  is  0,  27r,  iir,  etc.,  or  tt,  Stt,  ott,  etc. 
And  it  will  become  drmlarly  polarised  light  if  OM  =  ON 
{i.e.  if  AO.C  =  \'^)  and  the  difference  of  phase  be 
an  odd  multiple  of  |7r.  By  §  290  (3),  this  will  be 
right  or  left  handed,  according  to  the  value  of  the  odd 
multiplier. 

292.  This  conclusion  from  the  assum^ption  above  made 
is  fully  borne  out  by  experiment.  "When  a  plate  of  mica, 
of  such  a  thickness  as  to  retard  one  of  the  two  rays  a 
quarter  of  a  wave-length  more  than  the  other,  is  inter- 
posed between  two  Nicols,  we  observe  the  following 
phenomena : — 

If  the  Nicols  were  originally  placed  so  as  to  extinguish 
the  light,  the  introduction  of  the  mica  plate  in  general 
partially  restores  it.  Now,  let  the  mica  plate  be  made 
to  rotate  in  its  own  plane.  The  liglit  vanishes  for 
successive  positions,  differing  by  a  quadrant  of  rotation, 
i.e.  whenever  the  directions  of  vibration  in  the  crystal 
coincide  with  the  principal  planes  of  the  Nicols.  In 
each  of  these  i:)Ositions  the  light  from  the  first  Nicol 
passes  unchanged  (except  in  phase)  through  the  mica, 
and  is  therefore  entirely  stopped  ])y  the  second  Nicol. 

Half-way  between  these  positions  the  light  transmitted 
through  the  system  is  at  its  brightest ;  and  in  such  a  case 
it  is  not  altered  in  brightness  by  rotating  the  second 
Nicol.  It  is  then  circularly  polarised  ;  and  in  whatever 
position  the  second  Nicol  is  placed,  the  component  of 
the  circular  motion  which  is  ready  to  pass  through  it  is 
of  the  same  amplitude.  Here,  then,  is  a  case  in  Avhich 
a  Nicol  (the  second)  cannot  enable  us  to  distinguish 
between  common  light  and  light  very  seriously  modified. 
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If  the  Nicols  be  placed  in  any  (random)  relative  posi- 
tion, the  introduction  of  any  doubly-refracting  plate  will, 
in  general,  affect  the  intensity  of  the  transmitted  light. 
And,  if  the  plate  be  turned  round  in  its  own  plane,  it 
will  produce  an  effect  depending  on  the  rotation.  This 
effect  is  null  in  every  one  of  the  positions  in  which 
either  of  the  directions  of  vibration  in  the  plate  is  per- 
pendicular to  the  plane  of  polarisation  of  the  light  trans- 
mitted by  either  Nicol. 

293.  In  what  precedes,  we  have  assumed  that  homo- 
geneous light  was  used.  In  general,  a  doubly-refracting 
plate  produces  a  difference  of  phase  in  its  two  rays  whose 
amount  depends  on  the  wave-length ;  and  thus  when 
Avhite  light  is  used  we  have  a  display  of  colour,  some- 
times extremely  gorgeous :  and  we  may  distinguish  light, 
circularly  polarised  by  the  mica  plate  of  §  292,  from 
common  light,  by  slight  changes  of  colour  and  intensity 
as  the  second  Nicol  is  turned. 

294.  Hitherto  we  have  spoken  of  the  polarising  angle 
for  light  reflected  in  air  from  bodies  such  as  glass,  water, 
etc.,  which  have  higher  refractive  index  than  air,  and 
Ave  have  seen  that  an  equal  amount  of  light  is  polarised 
in  the  refracted  beam.  But  what  if  there  be  no  refracted 
beam?  This  is  the  case  of  total  reflection  inside  the 
denser  body. 

Fresnel  discovered  that  in  this  case  the  two  kinds  of 
polarised  light  (in  planes  at  right  angles  to  one  another) 
co-exist  in  the  totally  reflected  ray,  but  that  they  differ 
in  phase,  and  therefore  in  general  recombine  into  ellip- 
tically  polarised  light.  Guided  by  peculiar  theoretical 
considerations,  he  was  led  to  construct  a  parallelepiped 
of  glass  {FresneVs  rhomb),  inside  which   light  is  twice 
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totally  reflected  at  a  certain  angle  (depending  on  the 
refractive  index  of  the  glass),  with  the  result  that,  if  it  be 
originally  polarised  in  a  plane  inclined  at  45°  to  the  plane 
of  reflection,  the  emergent  light  is  circularly  polarised. 

295.  Reflection  from  the  surface  of  metals,  and  of  very 
highly  refractive  substances  such  as  diamond,  gener- 
ally gives  at  all  incidences  elliptically  polarised  light. 
Attempts  have  been  made  to  determine  from  such  eff'ects 
the  refractive  indices  of  metals  and  other  opaque  sub- 
stances. These  are  all  based  upon  theory,  and  cannot 
as  yet  command  much  confidence.  [Quite  recently 
Kundt  has  attempted  a  direct  determination  of  the 
refractive  indices  of  diff'erent  metals,  by  forming  them 
into  prisms  of  extreme  thinness.  This  method  is  one  of 
great  difiiculty  from  the  experimental  side.  But  there 
seems  to  be  a  fair  amount  of  accordance  between  the 
results  given  by  these  entirely  diff'erent  processes. 
Herz  has  recently  measured  the  refractive  indices  of 
pitch  and  other  substances,  Avhen  the  source  of  the  ether 
waves  (of  a  few  feet  in  length)  was  the  oscillatory 
discharge  of  an  electric  condenser  of  very  small 
capacity.] 

With  certain  doubly-refracting  substances  the  light 
reflected  at  a  definite  angle  is  diff"erently  polarised,  and 
sometimes  even  difterently  coloured,  for  diff'erent 
azimuths  of  the  plane  of  incidence.  Substances  which 
exert  powerful  absorption  on  definite  portions  of  the 
spectrum  exhibit,  by  reflection,  a  quasi-metallic  lustre. 
This  is  beautifully  shown  by  many  of  those  aniline 
compounds  (§  205)  which  produce  abnormal  dispersion. 

296.  When  a  thin  plate  of  doubly-refracting  crystal, 
which  gives  a  bright  colour  when  placed  between  two 
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Nicols,  is  slightly  inclined  to  the  ray,  the  colour  changes 
as  the  difference  of  phase  of  the  two  refracted  rays  is 
increased.  If,  then,  the  plate  be  one  of  Iceland  spar  cut 
perpendicularly  to  the  axis,  no  colour  will  be  produced 
by  parallel  rays  passing  through  it  perpendicularly,  be- 
cause both  rays  have  a  common  speed  parallel  to  the 
axis  ;  but,  if  convergent  or  divergent  light  be  used,  there 
is  a  gorgeous  display  of  circular  coloured  rings  surround- 
ing the  axis,  which  depends  upon  the  increasing  retarda- 
tion of  the  ordinary  ray  behind  the  extraordinary  as 
their  inclination  to  the  axis  increases.  AVhen  the  prin- 
cipal planes  of  the  Xicols  are  at  right  angles,  this  system 
of  rings  is  intersected  by  two  black  diameters,  in  these 
planes  respectively.  When  the  second  Xicol  is  turned 
through  a  right  angle,  we  have  exactly  the  complement 
of  the  former  appearance,  i.e.  a  figure  such  that,  if  super- 
posed on  the  former,  it  would  give  a  uniform  field  of 
white  light  (§  288). 

297.  It  is  to  be  noticed  that  none  of  these  phenomena 
can  be  observed  without  the  use  of  the  second  Nicol. 
This  arises  from  the  fact  that,  where  the  vibrations  in 
an}'  direction  interfere  so  as  to  weaken  one  another,  those 
in  the  direction  perpendicular  to  the  former  interfere  so 
as  to  strengthen  one  another  to  an  equal  amount.  The 
second  Nicol  enables  us  to  select  one  of  these  portions, 
and  examine  it  independently  of  the  other. 

[There  are  individuals,  generally  with  very  dark  eyes, 
who  are  able  to  distinguish  polarised  light  from  common 
light,  because  of  a  polarising  structure  in  the  eye  itself. 
This  gives  rise  to  what  are  called  Haidinger's  Brushes, 
whenever  polarised  light  falls  on  the  eye.  Such  indi- 
viduals see  the  brushes  in  all  reflected  or  refracted  (i.e. 
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partially  polarised)  light.  The  great  majority  of  men, 
however,  can  only  see  the  phenomenon  with  polarised 
light,  and  then  with  difficulty.  The  best  way  of  making 
the  observation  is  to  look  through  a  Nicol  at  a  bright 
cloud,  or  a  piece  of  white  paper  well  illuminated,  and  to 
give  a  slight  rotation  to  the  Nicol  at  intervals.  In  the 
line  of  sight  there  will  be  detected  four  little  coloured 
tufts,  or  brushes,  two  having  a  brownish,  the  others  a 
bluish  or  purplish  tint.] 

298.  The  only  double  refraction  we  have  considered 
particularly  is  that  of  Iceland  spar,  where  everything  is 
symmetrical  about  the  axis  of  the  crystal.  Such 
crystals,  and  they  include  as  a  rule  all  those  of  the 
second  and  third  crystallographic  systems,  are  called 
uniaxal.  Crystals  of  the  first  system  are  not  doubly 
refractive. 

But  it  was  one  of  the  most  valuable  of  Brewster's 
discoveries  that  the  groat  majority  of  non-isotropic  sub- 
tances  are  doubly  refracting,  and  in  general  are  biaxal, 
i.e.  have  two  equally  important  o])tic  axes,  whose  mutual 
inclination  may  have  any  value  from  0°  to  90°.  The 
form  of  the  ivave-surface  in  such  bodies  was,  at  least  very 
approximately,  assigned  by  Fresnel.  This  forms  one  of 
the  most  brilliant  of  his  many  grand  discoveries ;  and  it 
led  to  Hamilton's  prediction  of  the  existence  of  the  two 
species  of  conical  refraction,  Avhich  was  experimentally 
verified  by  Lloyd. 

299.  According  to  Fresnel's  approximate  theory,  the 
form  of  the  wave-surface  is  now  no  longer  the  sphere  and 
rotation-ellipsoid  of  Huygens,  but  a  single  surface  of  the 
fourth  order,  consisting  of  an  inner  and  an  outer  sheet 
which  meet  at  four  points,  through  which  the  one  passes 
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continuously  into  the  other.^  A  small  portion  of  the  sur- 
face in  the  neighbourhood  of  one  of  these  points  forms 
approximately  a  double  cone  of  large  angle,  of  which 
the  point  is  the  vertex.  One  of  the  two  cones  is 
tangent  to  the  outer,  the  other  to  the  inner,  sheet  of 
the  wave.  The  appearance  of  the  outer  sheet,  in  the 
neighbourhood  of  one  of  these  points,  closely  resembles 
that  of  the  part  of  an  apple  round  the  point  of  inser- 
tion of  the  stalk.  And,  like  the  apple,  it  can  be 
touched  by  a  tangent  plane  along  a  circle  surrounding 
the  dimple. 

Now  if  we  make  the  construction  of  §  267  with  a  sur- 
fjice  like  this,  it  is  obvious  that  in  general  there  Avill  be 
a  single  tangent  plane  to  the  outer,  and  another  to  the 
inner,  sheet  of  the  surface.  Thus  we  get  the  two  refracted 
rays.  But  it  is  only  under  special  conditions  that  either 
of  them  will  be  in  the  plane  of  incidence.  Hence  in 
biaxal  crystals  both  rays  are  extraordinary. 

But,  for  one  special  direction  of  the  incident  ray,  the 
tangent  plane  Avill  touch  the  surface  along  the  circle  above 
spoken  of.  Hence  there  will  be  an  infinite  number  of 
refracted  rays,  forming  a  cone  of  Avhich  the  circle  is  the 
base.  If  the  sides  of  the  plate  of  crystal  be  parallel, 
each  of  these  rays  will  escape  parallel  to  its  direction  at 
incidence,  and  thus  the  single  incident  ray  will  emerge 
as  a  hollow  cylinder.     This  is  Infernal  Conical  Refraction. 

^  Fresnel's  elegant  construction  of  this  surface  is  as  follows  : — 
Draw  any  central  section  of  an  ellipsoid,  and  a  line  througli  the 
centre  perpendicular  to  the  plane  of  the  section.  Along  this  line 
lay  off,  in  either  direction  from  the  centre,  lines  equal  to  the  chief 
semi -axes  of  the  section.  Their  extremities  lie  on  the  wave- 
surface.  The  form  of  the  ellipsoid,  in  any  case,  depends  on  the 
nature  of  the  crystal. 
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But  hy  using  small  holes  in  thin  plates  of  metal, 
placed  on  the  surfaces  of  the  plate  of  crystal,  -we  may 
prevent  any  light  from  passing  through  it  except  along 
the  line  joining  the  centre  of  the  wave-surface  with  one 
of  the  conical  points.  The  incident  rays  corresponding 
to  this  will  form  a  hollow  cone,  and  will  emerge  again 
as  a  hollow  cone ;  because  at  the  conical  point  there  is 
an  infinite  number  of  tangent  planes.  Hence,  for  the 
proper  exhil)ition  of  this  phenomenon,  the  light  should 
be  convergent  at  incidence.  Sun-light  or  lamp-light 
brought  to  a  focus  at  the  point  of  incidence,  should  be 
employed.     This  is  External  Conical  Refraction. 

300.  Fresnel  made  the  very  striking  discovery  that 
glass,  and  other  simply  refracting  bodies,  are  rendered 
doubly  refracting  when  in  a  state  of  strain ;  as,  for 
instance,  when  compressed  in  a  vice.  To  this  Brewster 
added  the  observation  that  the  requisite  strain  might  be 
produced  by  unequal  heating  instead  of  by  mechanical 
stress,  and  also  that  unannealed  glass  is  usually  doubly 
refractive.  Clerk-Maxwell  ^  shoAved  that  shearing  stress 
in  viscous  liquids,  such  as  Canada  balsam,  renders  them 
temporarily  doubly  refractive.  This  subject  has  been 
elaborately  investigated  by  Kundt.^ 

301.  Quartz  is,  like  Iceland  spar,  a  uniaxal  crystal, 
but  differs  in  an  extraordinary  manner  from  it  as  regards 
its  double  refraction.  The  wave -surface  is  still,  as 
Huygens  suggested  for  Iceland  spar,  a  concentric  sphere 
and  ellipsoid  of  revolution.  But  here  the  ellipsoid  is 
prolate,  and  lies  wholly  within  the  sphere,  not  touching 
it  even  at  the  extremities  of  its  axis.  So  far  as  this 
difference   is    concerned,  the    construction    for    the    re- 

1  Proc.  Roy.  Soc,  1873.  "  Fogg.  Ann.,  1881. 
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fracted  rays  presents  no  greater  difficulty  than  before, 
only  that,  as  is  obvious,  the  extraordinary  ray  is  refracted 
more  than  the  ordinary  ray. 

But  neither  of  the  rays  is  plane-polarised.  This  very 
remarkable  discovery  was  made  by  Fresnel,  who  examined 
its  consequences  with  great  care  and  skill.  The  rays  are 
in  general  elliptically  polarised,  and  rotate  in  opposite 
directions  ;  but  the  ellipses  become  circles  when  the  rays 
are  parallel  to  the  axis  of  the  crystal.  It  would  take  us 
too  much  into  detail  to  examine  the  general  question,  so 


Fig.  52. 

we  will  confine  ourselves  to  rays  passing  perpendicularly 
through  a  plate  of  quartz  cut  perpendicular  to  the  axis ; 
and  for  further  simplicity  we  will  suppose  the  incident 
light  to  be  homogeneous  and  plane-polarised. 

Now  it  is  an  obvious  kinematical  theorem  that  the 
resultant  of  two  equal  uniform  circular  motions  of 
equal  periods,  in  opposite  directions,  in  the  same 
plane,  is  simple  harmonic  motion.  For  let  P,  Q  (fig. 
52)  be  simultaneous  positions  of  points,  moving  with 
equal  but  opposite  angular  velocities  in  the  circle. 
OA,  which  bisects  POQ  in  one  position,  will  bisect 
it  in  every  position.     Hence  the  (equal)  resolved  parts 
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of  the  motions  of  P  and  Q,  parallel  to  OA,  are  to  be 
added  for  the  resultant  motion.  Their  motions  perpen- 
dicular to  OA  are  evidently  equal  and  opposite  at  every 
instant,  and  when  superposed  destroy  one  another. 

Now  the  position  of  OA  depends,  as  we  have  seen, 
on  any  simultaneous  positions  of  P  and  Q.  If  Q  should 
be  retarded  by  any  cause  so  that  P,  Q'  are  simultaneous 
positions,  the  resultant  simple  harmonic  motion  will  be 
exactly  the  same  as  before,  Init  it  will  be  along  OA' 
(equally  inclined  to  OP,  OQ')  instead  of  OA. 

But  we  have  seen  that  in  quartz  one  of  the  two  wave- 
surfaces  lies  Avholly  within  the  other.  Hence  one  of  the 
rays  takes  a  longer  time  to  pass  through  the  plate  than 
does  the  other ;  and  thus  the  portions  of  the  two,  whicli 
recombine  into  plane-polarised  light  after  passing  through 
the  crystal,  are  not  relatively  in  the  same  state  as  when 
they  entered  it.  The  plane  of  polarisation  is  therefore 
turned  through  an  angle  which  is  directly  proportional 
to  the  thickness  of  the  plate. 

302.  When  we  use  homogeneous  light  of  a  shorter 
wave-length,  other  things  being  the  same,  the  amount 
of  rotation  is  found  to  be  greater.  According  to  the 
measurements  of  Broch,  it  is  (roughly)  inversely  as  the 
square  of  the  wave-length.  The  rotation  per  millimetre 
of  quartz  is  about  22°  for  the  D  line  of  sodium.  Thus, 
even  with  very  small  thicknesses  of  c[uartz,  the  rotatory 
dispersion  of  the  planes  of  polarisation  of  the  different 
constituents  of  white  light  is  very  great ;  for  a  single 
millimetre  it  is  about  30°  for  that  portion  of  the  range 
of  the  spectrum,  Avhich  can  almost  always  be  observed. 
As  there  is  (practically)  no  additional  loss  of  light  in- 
curred by  using  a  thick  plate  of  quartz  instead  of  a  thin 
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one,  it  is  probable  that  for  many  spectroscopic  purposes 
this  process  would  be  almost  incomparably  superior  to 
any  other,  provided  we  could  obtain  sufficient  thick- 
nesses of  perfectly  homogeneous  material.  Unfortun- 
ately, this  condition  seems  very  difficult  of  attainment. 

303.  When  sunlight,  plane-polarised,  is  transmitted 
through  a  plate  of  quartz,  and  examined  by  a  prism,  it 
gives  the  usual  spectrum.  But  when  this  spectrum  in 
its  turn  is  examined  through  a  Nicol,  one  or  more  dark 
bands  appear,  parallel  to  the  Fraunhofer  lines.  These 
bands  are  narrower  as  they  are  more  numerous,  and 
more  numerous  as  the  plate  is  thicker.  They  travel 
along  the  spectrum  in  one  direction  or  other,  as  the 
Nicol  is  made  to  rotate  positively  or  negatively.  The 
cause  of  this  appearance  is  obvious  from  the  statements 
of  §  301. 

304.  The  amount  of  the  rotation,  of  the  plane  of 
polarisation  of  any  j^articular  ray,  is  very  nearly  the 
same,  for  the  same  thickness,  in  plates  of  quartz  (cut  per- 
pendicular to  the  axis)  from  different  crystals.  But  the 
sense  of  the  rotation  is  positive  or  right-handed  in  some 
specimens  of  quartz ;  negative  or  left-handed  in  others. 
Sir  J.  Herschel  made  the  important  observation  that 
this  peculiarity  in  any  one  specimen  is  always  connected 
with  the  aspect  in  which  certain  small  plagiedral  faces 
lie  on  the  crystal. 

305.  Phenomena  of  essentially  the  same  character  as 
those  just  described,  but  not  connected  with  any  special 
axis,  are  presented  by  numerous  liquids,  such  as  tur- 
pentine, essential  oils,  solutions  of  sugar,  etc.  :  and  the 
observation  of  the  amount  of  rotation  of  the  plane  of 
polarisation  of  a  particular  ray,  by  passing  it  through  a 
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standard  thickness  of  such  a  liquid,  is  often  a  convenient 
substitute  for  chemical  analysis,  especially  for  manufac- 
turing purposes.  Various  devices  have  been  employed, 
called  Saccharimeters,  but  they  are  all  practically  depend- 
ent on  the  principles  above  explained. 

It  need  only  be  added  that  the  rotation  produced  by 
any  of  these  liquids  is  very  small  compared  with  that 
due  to  an  equal  thickness  of  quartz,  and  that  some  of 
them  give  right-handed  rotation,  others  left-handed. 

306.  In  any  one  specimen,  however,  of  quartz  or 
liquid,  if  the  ray  be  reflected  back  so  as  to  pass  twice 
through  it,  the  rotation  is  exactly  undone.  The  plate 
of  quartz,  or  the  layer  of  liquid,  has  exactly  the  same 
properties  at  its  two  sides ;  just  as  a  corkscrew 
(whether  right  or  left  handed)  is  the  same  at  either 
end. 

But  it  was  one  of  the  most  important  of  Faraday's  dis- 
coveries, that  a  rotation  of  the  plane  of  polarisation  takes 
place  when  light  is  transmitted  through  certain  bodies 
placed  in  the  magnetic  field  (1846).  For  simplicity  we 
will  suppose  that  (as  in  Faraday's  experiments)  the  light 
passes  in  the  direction  of  a  line  of  magnetic  force,  i.e.  in 
the  direction  in  which  a  very  small  magnet,  free  to  turn, 
would  place  itself.  [We  may  remark  in  passing  that 
Verdet  found,  by  measurement,  that,  if  the  direction  of 
the  ray  be  inclined  to  the  line  of  magnetic  force,  the 
amount  of  the  rotation  is  {cceteris  paribus)  proportional 
to  the  cosine  of  the  inclination.]  The  amount  of  the 
rotation  depends  on  the  nature  of  the  body,  the  thick- 
ness of  the  plate  or  layer  operated  on,  and  the  intensity 
of  the  magnetic  field,  being  directly  proportional  to 
each  of  the  two  latter.     The  direction  of  the  rotation  is, 
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as  Verdet  showed,  in  some  paramagnetic  bodies  opposite 
to  that  in  diamagnetic  bodies.  The  approximate  law  of 
the  inverse  square  of  the  wave-length  (§  302)  is  also 
found  to  hold ;  but  here  the  resemblance  ends.  For,  if 
the  ray  be  reflected  back  through  the  medium  under 
magnetic  force,  the  amount  of  rotation  is  found  to  be 
doubled.  Hence  the  medium  has  now  opposite  proper- 
ties at  its  two  sides  ;  they  differ,  in  fact,  as  the  two 
poles  of  a  rotating  body  like  the  earth  differ  from  one 
another.  Along  the  axis  of  a  crystal  of  quartz  there  is 
dipolar  symmetry,  along  the  lines  of  force  in  a  trans- 
parent diamagnetic  there  is  dipolar  asymmetry. 

307.  It  would  appear,  as  was  first  pointed  out  by 
Thomson,  and  as  follows  from  Clerk-Maxwell's  theory 
of  the  electro-magnetic  field,  that  there  must  be  rotation 
in  the  luminiferous  medium  within  the  body,  everyAvhere 
round  the  lines  of  magnetic  force ;  and  that  this  is  the 
direct  cause  of  the  phenomenon.  Thus,  as  the  rotation 
of  the  plane  of  vibration,  in  Foucault's  pendulum  experi- 
ment, may  be  explained  by  the  fact  that  (relatively  to 
the  earth's  surface)  the  time  of  a  complete  rotation  of  a 
conical  pendulum  differs  according  as  it  rotates  with,  or 
against,  the  earth's  rotation  about  its  axis,  so  in  the  two 
circularly  polarised  rays  into  which  a  plane-polarised  ray 
is  divided  in  the  magnetic  field,  the ^mof/s  may  be  different. 
In  one  of  the  rays  it  is  less,  in  the  other  greater,  than 
that  of  the  incident  light.  Thus  the  difference  of  phase, 
required  for  the  explanation  of  the  electro -magnetic 
rotation  of  the  plane  of  polarisation,  may  depend  merely 
upon  greater  speed  of  rotation  in  one  of  the  component 
circularly  polarised  rays,  and  not  upon  difference  of  rate 
of  propagation  as  in  quartz  (§  301).     But  experimental 
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determinations  on  this  very  interesting  point  are 
wanting.  Of  course,  in  the  case  supposed,  the  sheets  of 
the  wave-surface  would  coincide,  so  that  there  would  be 
no  double  refraction. 

It  has  been  quite  recently  shown,  by  Rontgen  and 
others,  that  the  Faraday  effect  is  given  by  gases,  and 
that  it  may  be  discovered,  in  sufficient  thicknesses  of 
gas,  even  when  the  earth's  magnetism  is  the  sole  cause. 

308.  This  is  not  the  place  to  discuss  electric  theories, 
so  we  must  content  ourselves  with  the  remark  that, 
according  to  Clerk-Maxwell's  theory,^  the  speed  of  pro- 
pagation of  transverse  waves,  in  the  medium  which  is 
required  for  the  explanation  of  electric  and  magnetic 
phenomena,  is  the  ratio  of  the  electro-magnetic  and  the 
electro-static  units   of  electricity.     This   is  a  quantity 
which  can  be  measured  by  processes  purely  electrical. 
And  it  is  found  that  the  various  values  of  this  quantity, 
given  by  different  experimenters,  agree  with  those  of  the 
speed  of  light,  at  least  as  closely  as  the  several  deter- 
minations of  the  value  of  either  agree  among  themselves. 
Hence  we  see  that,  possibly  in  the  immediate  future, 
the   subjects  of  light   and   electricity  will  have  to  be 
studied  together  :  not  merely  because  both  depend  upon 
energy,  but  because  both  depend  upon  energy  associated 
with  one  and  the  same  medium — a  medium  Avhich  is 
certainly  material,  though  it  has  as  yet  defied  the  pro- 
cesses  and  resources  of  the  chemists.      The  reader  is 
recommended  to  peruse,  carefully,  the  article  "Ether," 
by  Clerk-Maxwell,  in  the  latest  edition  of  the  Encydo- 
pcedia  Britannica.     He  will  find  there,  in  a  brief  but  very 
suggestive  form,  an  account  of  almost  all  that  is  yet 
^  See  liis  Electricity  and  Magnetism,  Chap.  XX. 
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known    about   the   properties   and    functions    of    this 
extraordinary  substance. 

In  a  recent  remarkable  investigation  {Proc.  Roy.  Soc 
Edin.,  or  PhU.  Mag.,  1887)  Sir  W.  Thomson  has  en- 
deavoured to  account  for  the  behaviour  of  the  ether  by 
assuming  it  to  consist  of  an  altogether  irregular  but  closely 
packed  assemblage  of  minute  vortices,  constituting  what 
he  calls  a  "turbulent  medium."  His  process  depends  upon 
a  peculiar  mode  of  averaging ;  and  his  result— viz.  that 
transverse  disturbances  are  propagated  with  speed  a 
little  less  than  half  the  average  speed  of  the  turbulent 
motion— is  regarded  by  him  as  at  least  a  plausible 
explanation  of  the  phenomena. 


CHAPTER   XVI 

RADIATION    AND    SPECTRUM   ANALYSIS 

309.  In  the  preceding  chapters  we  have  treated  of  light 
in  its  progress  through  various  media  to  the  eye ;  and 
we  have  dealt  with  it : — (a)  as  propagated  according 
to  definite,  though  in  certain  cases  only  approximate 
laws ;  {/?)  as  due  to  a  species  of  wave-motion :  but  we 
have  as  yet  said  nothing  as  to  the  conditions  under 
which  it  is  given  off  by  a  luminous  source,  or  as  to 
the  connection  between  the  radiating  and  absorbing 
powers  of  a  body.  This  part  of  our  subject  is  of 
comparatively  recent  origin,  and  can  be  treated  by 
itself. 

But  we  must  now  greatly  expand  our  ideas,  as  in  §  3 
above,  and  look  upon  luminous  rays  as  merely  that 
particular  class  of  radiations  each  of  which  is  capable  of 
affecting  our  eyes.  In  order  to  study  their  properties 
from  the  modern  point  of  view,  as  forms  of  energy,  it  is 
necessary  to  consider  all  classes  of  ethereal  radiations 
together.  Here  we  must  digress  into  matters  which 
are  usually  treated  in  connection  with  Heat. 

310.  First  we  must  give,  as  briefly  as  possible,  the 
reasons  for  assuming  that  all  radiation  in  the  luminif erous 
medium  is  of  essentially  the  same  character,  and  that 
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what  we  call  light  is  merely  that  portion  which  is  capable 
of  affecting  our  sense  of  sight. 

We  find  a  perfectly  analogous  phenomenon  in  the 
case  of  waves  in  air.  There  can  be  no  doubt  from  the 
known  properties  of  air,  that  it  is  capable  of  propagating, 
and  does  propagate,  waves  very  much  longer  or  very  much 
shorter  than  those  of  any  audible  sound,  though  of 
precisely  the  same  dynamical  character.  We  do  not  call 
them  sounds,  simply  because  we  do  not  hear  them.  The 
range  of  audible  sounds  differs  considerably  in  different 
individuals.  Some  are  painfully  affected  by  the  sounds 
from  the  longer  pedal  pipes  of  an  organ,  some  by  those 
of  very  short  grilU  pipes ;  while  the  great  majority 
cannot  hear  any  sound  from  either. 

When  we  gradually  heat  a  platinum  wire,  by  passing 
an  electric  current  through  it,  it  begins  by  radiating 
heat  only ;  presently  it  radiates  red  light,  along  with  an 
increased  amount  of  dark  heat.  As  the  temperature 
further  rises,  all  the  loAver  radiations  increase  in  intensity, 
and  new  and  higher  ones  come  in,  till  at  last  the  wire  is 
white-hot — i.e.  it  gives  off  all  kinds  of  visible  light,  in 
much  the  same  proportion  as  that  in  which  we  receive 
them  from  the  sun.  When  the  current  is  interrupted, 
the  same  succession  of  phenomena  occurs,  in  the  opposite 
order,  as  the  wire  cools.  One  point  to  be  particularly 
observed,  as  it  is  extremely  important  to  the  theory  of 
spectrum  analysis,  is  that  each  special  kind  of  radiation 
increases  in  intensity  as  the  temperature  rises. 

311.  In  homogeneous  media,  all  kinds  of  radiation 
are  propagated  in  straight  lines.  Hence  the  heating, 
like  the  illuminating  power  of  a  source,  is  inversely  as 
the  square  of  the  distance. 
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They  seem  all  to  be  propagated,  in  free  space,  with 
the  remarkably  great  velocity  of  light.  At  least,  the 
sun's  heat  is  intercepted  by  the  moon,  in  a  total  eclipse, 
at  the  instant  that  the  last  trace  of  the  disk  vanishes. 

They  are  all  reflected  according  to  the  same  law.  A 
burning  mirror  is  adjusted  by  means  of  the  luminous 
rays. 

Heat  rays  are  less  refracted  than  red  rays,  just  as  red 
rays  are  less  refracted  than  blue,  by  any  one  medium. 
We  might  go  through  a  whole  series  of  other  analogies, 
but  the  two  which  follow  seem  absolutely  decisive  of 
the  identity. 

Fizeau  and  Foucault  proved  that  the  ordinary  diffrac- 
tion experiments  succeed  with  dark  heat  as  with  light, 
only  indicating  a  greater  wave-length. 

Forbes  conclusively  established  the  polarisation  of 
dark  heat,  and  its  double  refraction. 

312.  Pr6vost,  at  the  end  of  last  century,  first  dis- 
tinctly enunciated  the  statement  that  the  radiation 
from  a  body  depends,  for  its  quality  and  quantity,  upon 
the  body  itself,  and  its  temperature,  alone.  Thus  the 
equality  of  temperature  which  is  ultimately  attained,  as 
experiment  shows,  by  all  bodies  situated  in  an  enclosure 
impervious  to  heat  and  containing  no  source  of  heat,  is 
maintained  by  a  constant  exchange  of  heat  between  the 
members  of  each  pair  of  the  bodies.  And  the  attain- 
ment of  equality  of  temperature  depends  on  the  fact 
that  the  amount  of  radiation  from  any  one  body  increases 
as  its  temperature  is  raised.  For,  when  there  are 
initial  differences  of  temperature,  the  hotter  bodies  radi- 
ate more  and  receive  less,  and  the  colder  radiate  less 
and  receive  more,  than  when  the  final  state  has  been 
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arrived  at.  This  is  true,  but  it  is  by  no  means  the  whole 
truth.  De  la  Provostaye  was  the  first  to  throw  additional 
light  on  the  subject ;  but,  though  he  advanced  in  the 
right  direction,  the  first  appi'oximately  complete  state- 
ment of  the  matter,  as  we  now  know  it,  was  given  by 
Balfour  Stewart  in  1858.^  The  main  features  of  his 
work  are  not  very  hard  to  trace,  and  will  be  given  pre- 
sently. But  some  preliminary  statements  and  definitions 
are  indispensable.  We  will  make  them  as  brief  as  possible. 

313.  It  was  known,  mainly  by  the  valuable  experi- 
ments of  Leslie  at  the  very  beginning  of  the  century, 
how  considerably  bodies  differ  in  their  radiating  powers, 
even  when  all  are  at  the  same  temperature.  Also  that 
the  better  radiating  bodies  are  in  general  those,  such  as 
lamp-black,  which  absorb  nearly  all  the  light  which  falls 
upon  them ;  while  polished  silver,  which  is  an  excellent 
reflector,  radiates  only  about  -^th.  as  much  as  lamp-black 
under  similar  conditions.  De  la  Provostaye  and  Desains 
extended  the  inquiry,  with  the  result  of  showang  that 
the  radiating  and  absorbing  powers  of  one  and  the  same 
body  are  proportioned  to  one  another,  and  become  less 
as  the  reflective  power  of  the  body  is  increased — as,  for 
instance,  by  altering  the  texture  of  its  surface.  But  all 
these  measurements  referred  to  the  total  radiation,  and 
no  attempt  seems  to  have  been  made  to  confine  them  to 
small  specific  classes  of  rays. 

314.  But  while  this  was  the  case  with  radiant  heat, 
it  was  otherwise  with  light.  The  first  suggestion  as  to 
the  origin  of  the  dark  lines  in  the  solar  spectrum  (§  139) 
seems  to  have  been  made  by  Brewster,  who  was  led  to 

1  Trans.  Roy.  Soc.  Edin.,  1858.     On  an  extension  of  Prevost's 
Law.     See  also  P/w7.  Mag.,  1863.     I.  354. 


264  LIGHT 

it  by  his  discovery  of  the  remarkable  series  of  absorption- 
bands  seen  in  the  spectrum  of  light  which  has  passed 
through  peroxide  of  nitrogen.^  Brewster  proceeded,  by 
comj)aring  the  spectrum  of  sunlight  at  mid-day  with  that 
at  sunset,  to  show  that  some  at  least  of  the  lines  in  the 
spectrum  are  due  to  the  earth's  atmosphere. 

An  exceedingly  close  approach  to  the  full  explanation 
was  made  in  1849  by  Foucault,^  who  found  that,  while 
the  electric  arc  gave  two  bright  lines  in  the  place  of 
Fraunhofer's  double  line  D  (§§  136,  139),  the  light  from 
one  of  the  carbon  points  (which  of  itself  gives  a  con- 
tinuous spectrum)  showed  the  D  lines  dark  when  it  was 
passed  by  reflection  through  the  arc. 

About  1850  Stokes  explained  the  phenomenon  by  an 
analogy  drawn  from  sound.  He  pointed  out  that  a 
space  filled  with  stretched  wires,  or  tuning-forks,  all  set 
to  one  pitch,  would  (when  these  were  in  vibration)  give 
off  that  particular  note  alone ;  but  that,  if  it  were  inter- 
posed between  a  performer  on  a  powerful  instrument 
and  an  audience,  it  would  specially  absorb  and  weaken 
that  particular  note. 

Angstrom,  in  1853,  stated,  as  the  result  of  numerous 
experiments,  that  the  rays  which  a  gas  can  absorb  are 
precisely  those  which  it  can  give  off  when  luminous. 

No  further  action,  however,  seems  to  have  been  taken 
in  consequence  of  these  very  definite  statements  and 
analogies.  It  became  again  the  turn  of  radiant  heat, 
and  fi-om  its  behaviour  Stewart,  in  1858,  published  his 
extension  of  Pr6vost's  theory  (§  312). 

315.  Just  as  dynamical  reasoning  is  simplified  by  the 

1   Trans.  Roy.  Soc.  Edin.,  1836.     Phil.  Mag.,  1836.     I.  384. 
-  L'lnstitut,  Feb.  7,  1849.     See  Phil.  Mag.,  1860.     I.  193. 
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introduction  of  ideal  properties  never  found  realised  in 
ordinary  matter,  such  as  those  of  rigid  bodies,  perfect 
fluids,  etc.,  so  we  may  simplify  the  present  investigation 
by  the  following  abstract  conceptions  : — 

1.  A  black  body  is  one  which  absorbs  every  ray 
which  falls  on  it.  It  can,  therefore,  neither  reflect  nor 
transmit.  A  piece  of  coke  or  charcoal  suggests  the 
conception  of  such  a  body. 

2.  A  perfectly  reflecting  body  is  one  which  cannot 
transmit  or  absorb  any  ray.  Polished  silver  suggests 
such  a  body. 

3.  Coloured  glasses  of  various  kinds  (especially  those 
coloured  by  didymium)  suggest  the  conception  of  a  body 
perfectly  absorbent  of  one  or  more  definite  kinds  of  radia- 
tion, and  transparent  to  all  others.  We  may  make  this 
conception  less  restricted  by  assuming  the  absorption  of 
the  particular  ray  to  be  partial  only. 

Many  more  such  conceptions  are  suggested  by  the 
results  of  experiments  on  the  properties  of  various 
materials,  but  those  just  given  are  sufficient  for  our 
immediate  purpose. 

316.  Let  a  number  of  bodies  of  any  kind  be  enclosed 
in  a  perfectly  reflecting  envelope,  within  which  there  is 
no  source  of  heat,  then  by  our  fundamental  experimental 
fact  (§  312)  the}'  will  ultimately  reach  one  common 
temperature  and  retain  it  unaltered. 

This  equilibrium  of  temperature  is  maintained  by 
constant  radiation,  reflection,  and  absorption,  which 
(for  the  moment)  we  assume  to  take  place  at  the  surface 
of  each  one  of  the  bodies.  Hence  at  every  point  within 
the  enclosure  the  radiation  which  passes  (either  way) 
perpendicularly  across  unit  of  surface,  oriented  in  any 
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way,  must  be  the  same.  For  any  number  of  additional 
bodies,  if  at  the  j^roper  temperature,  may  be  introduced 
in  any  positions  Avithout  affecting  the  equilibrium. 

Also,  as  one  of  the  bodies  may  be  a  black  body,  we 
see  that  this  radiation  must  be  that  of  a  black  body  at 
the  temperature  of  the  contents  of  the  enclosure. 

Thus  we  have  the  justification  of  the  important 
statements  made  (without  proof)  in  §§  50,  55  above. 

317.  Place  in  front  of  the  black  body  a  body  of  the 
class  (3)  of  §  315  also  at  the  proper  temperature.  This 
cannot,  as  we  have  seen,  alter  the  nature  of  the  radiation. 
But  it  does  abstract  from  the  radiation  of  the  black  body 
the  whole  or  part  of  one  particular  ray.  Hence  it  must 
make  up  for  this  by  emitting  that  ray  to  exactly  the 
same  amount  as  it  absorbs  it. 

The  Absorptive  Power,  under  any  circumstances,  for  a 
particular  radiation,  is  defined  as  the  ratio  Vt^hich  the 
part  absorbed  bears  to  the  whole  incident  radiation  of 
that  kind. 

Thus,  if  we  now  define  the  Emissivity  of  a  body  at  a 
given  temperature,  for  a  particular  radiation,  as  the  ratio 
of  its  emission  of  that  radiation  to  the  emission  of  the 
same  radiation  by  a  black  body  at  the  same  temperature, 
we  see  that  at  any  one  temperature  the  emissivity  of  a  body 
for  any  radiation  is  equal  to  its  absorptive  power  foi'  the 
same  radiation. 

318.  The  experiments  by  which  Stewart  tested  these 
results  were,  for  the  greater  part,  confined  to  heat  rays. 
But  he  gave  a  very  striking  illustration  of  the  theory,  as 
regards  light,  from  the  behaviour  of  coloured  glass  put 
into  a  clear  fire.  For  a  red  glass  appears  red  so  long  as 
it  is  colder  than  the  coals  behind  it,  apparently  loses  all 
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colour  when  it  is  at  the  same  temperature  as  these,  and 
shows  the  complementary  colour  (green)  when  a  colder 
coal  is  behind  it. 

319.  Kirchholf's  investigations^  on  the  same  subject 
appeared  a  year  or  so  later,  but  were  more  immediately 
connected  with  light.  His  proof  of  the  main  proposition 
(§  317)  is  essentially  based  on  the  same  experimental 
result  as  that  from  which  Stewart  proceeded ;  but  he 
employed  mathematical  methods,  instead  of  simple  con- 
ceptions like  (3)  of  §  315,  to  limit  the  reasoning  to  one 
definite  kind  of  radiation.  Thus  the  investigation  is  by 
no  means  easy  reading  for  the  ordinary  student. 

But  KirchhofF's  exi^erimental  verifications  of  his  result 
were  almost  exclusively  confined  to  luminous  rays.  One 
of  these  is  specially  important.  When  chloride  of  lithium 
is  placed  in  the  flame  of  a  Bunsen  lamp,  the  flame  as- 
sumes a  dark  crimson  colour,  which  is  found  to  be  due 
to  radiation  of  one  definite  wave-length.  Sunlight  shows 
no  deficiency  in  this  particular  ray,  but  it  does  so  under 
certain  conditions,  when  passed  through  the  lithium 
flame. 

320.  Another  extremely  beautiful  verification  of  the 
theory,  at  which  Kirchhoff"  and  Stewart  independently 
arrived,  is  this  : — that  the  radiation  from  a  heated  plate 
of  tourmaline,  cut  parallel  to  the  axis  of  the  crystal,  is 
polarised.  The  plane  of  polarisation  is  found  to  be  per- 
pendicular to  that  of  light  which  has  passed  through  the 
plate  (§  287) ;  it  is  therefore  coincident  with  that  of  the 
light  absorbed  by  the  plate. 

321.  Kirchhofi"  also  gave,  but  in  a  much  more  precise 

^  Berlin   Acad.,    MonatsbericM,   Oct.    1859.     Also  Fogg.   Ann. 
cix.  275. 
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form,  the  result  of  Stewart  which  was  described  in 
§318. 

He  found  experimentally  that,  when  the  source  of 
light  is  an  ignited  lime -ball  (the  Drummond  light), 
which  gives  a  continuous  spectrum,  hight  D  lines  are 
produced  by  passing  the  light  through  a  Bunsen  flame 
containing  common  salt,  but  dark  D  lines  when  the  colder 
flame  of  a  spirit  lamp  is  used. 

The  theory  of  this  is  obvious  from  the  general  result 
of  §  317.  For,  if  E  be  the  intensity  of  a  particular  radia- 
tion from  the  source,  E'  that  of  the  same  radiation  from 
a  black  body  at  the  temperature  of  the  flame,  and  e  the 
emissivity  (i.e.  the  absorbing  power)  of  the  flame  itself 
for  the  same  radiation,  the  intensity  of  that  radiation, 
after  it  has  passed  through  the  flame,  is  obviously 

E(l-c)  +  cE'. 

The  first  term  is  what  the  flame  allows  to  pass,  the  second 
is  what  it  supplies.     The  expression  may  be  put  in  the 

form 

E  +  c(E'-E). 

Hence  there  is  strengthening  or  weakening  by  the  flame, 
as  E'  is  greater  or  less  than  E.  Thus,  to  produce  a  dark 
line  in  an  otherwise  continuous  spectrum,  the  absorbing 
body  must  be  at  a  temperature  so  low  that  a  black  body 
at  that  temperature  will  not  emit  the  particular  radiation 
concerned  so  powerfully  as  does  the  source. 

It  is  interesting  to  study  the  behaviour  of  a  lithium 
flame  with  sunlight,  as  the  sunlight  is  gradually  weakened 
by  the  introduction  of  a  wedge  of  neutral  tinted  glass. 
This  has  the  effect  of  diminishing  E  in  the  formula  above, 
so  that  the  dark  line  which  is  produced  by  the  flame  in 
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full  sunlight  is  gradually  weakened,  then  disappears,  to 
be  succeeded  by  a  bright  line  which  gradually  becomes 
more  marked. 

322.  It  will  be  observed  that  the  essential  basis  of 
the  reasoning,  by  which  the  above  results  were  arrived 
at,  is  the  ultimate  equality  of  temperature  among  a 
number  of  bodies  in  an  enclosure  impervious  to  radiation. 
This  is  undoubtedly  true,  as  a  general  experimental  fact, 
but  it  is  so  only  in  consequence  of  the  practically  infinite 
size  of  a  thermometer  bulb  in  comparison  "with  the  size 
of  the  particles  of  matter.  The  kinetic  theory  of  gases 
shows  us  that,  in  a  gas  at  uniform  tempera tui'e,  as  it  is 
called,  the  majority  of  the  particles  are  moving  mth  speeds 
not  very  different  from  the  velocity  of  mean  square,  but 
that  the  remainder  have  speeds  greater  or  less  in  every 
possible  ratio.  The  number  having  any  particular  speed 
no  doubt  becomes  rapidly  smaller,  the  more  that  speed 
differs  from  the  mean.  But  the  phrase  "  uniform  tem- 
perature "  is  an  expression  to  be  justified  only  in  a 
statistical  sense,  as  the  average  of  irregularities  too 
regularly  spread,  and  on  a  scale  too  small,  to  be  detected 
by  our  instruments.  Hence  the  whole  theory,  which 
really  involves  Carnot's  Principle  (the  basis  of  the  Second 
Laio  of  Thermo-dynamics),  is  true  only  in  the  same  sense 
as  Carnot's  Principle  itself  is  true. 

We  have  only  to  think  of  luminous  paint  (§  212)  to 
see  that  there  are  gi^ave  exceptions  to  the  assumption  of 
§  310  that  all  bodies  require  to  be  raised  above  a  certain 
(high)  temperature  before  they  can  radiate  visible  light. 
Thus  it  is  absurd  to  speak,  as  many  authors  have  recently 
done,  of  a  rigorous  proof  of  the  equality  of  absorbing 
power  and   emissivity.      The  kernel,   at  least,    of  the 
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proper  treament  of  this  question  is  to  be  found  in  the 
remarks  of  Stokes  about  fluorescence  (§  209) ;  but  in 
this  elementary  book  we  content  ourselves  with  the 
reasoning  already  given,  allowing  that  its  grounds  are 
approximate  only,  but  claiming  that  the  results  are, 
except  in  special  cases  of  great  difficulty,  found  to  be 
realised  in  practice. 

323.  The  mode  in  which  Stewart  originally  gave  the 
statement  of  §  317  brought  more  explicitly  forward  than 
we  have  done  the  fact  that  radiation  is  not  confined  to 
the  surface  of  a  partially  transparent  body,  but  takes 
place  from  all  the  internal  particles  as  well.  But  it  is 
quite  clear  that  the  thickness  of  the  absorbing  plate  there 
spoken  of  is  immaterial  to  the  result,  and  therefore  that 
the  radiation  through  it  is  strengthened  by  fresh  internal 
radiation,  exactly  to  the  amount  of  the  weakening  by 
absorption,  in  every  stage  of  its  progress  through  the 
plate.  We  thus  see  how  the  results  of  §  317  are  at  once 
deducible  from  the  theory. 

Stewart  experimentally  illustrated  this  additional 
point  by  proving  that  a  thick  plate,  of  any  partially 
transparent  material,  radiates  more  at  the  same  tempera- 
ture than  a  thin  one.  He  also  showed  that  the  internal 
radiation,  so  long  as  the  body  is  homogeneous  and  iso- 
tropic, must  be  proportional  to  the  square  of  the  refractive 
index.  This  is  easily  seen  by  considering  how  a  small 
pencil  of  rays  is  widened  by  refraction  as  it  emerges 
from  the  body  into  air. 

324.  We  can  spare  but  a  few  paragraphs  to  the  pro- 
cesses and  results  of  Spectrum  Analysis,  of  which  we  have 
just  given  the  approximate  theoretical  basis.  The  subject 
has  been  so  extensively  developed,  since   it  was   first 
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brought  into  a  working  form  by  Kirchhoff  and  Bunsen, 
that  there  are  now  many  excellent  special  treatises 
(m  different  languages)  wholly  confined  to  its  principles, 
practice,  and  teachings. 

325.  In  §§  130, 141, 163,  we  showed  how  to  procure  a 
pure  spectrum  by  means  of  a  slit,  a  thin  prism,  and  an 
achromatic  lens.     An  arrangement  of  one  or  more  prisms 
of  large  angle,  provided  each  be  placed  in  the  position  of 
mnimum  deviation  (§  134),  improves  the  results  by  greatly 
increasing  the  whole  dispersion.     To  obtain   the  best 
effect,  however,  in  this  case,  it  is  necessary  that  the  beam 
of  light  should  consist  of  parallel  rays  before  incidence, 
and  (therefore)  after  refraction.     This  is  accomplished 
by  placing  an  achromatic  lens  in  front  of  the  prism,  and 
at  its  focal  distance  from  the  slit.     This  arrangement  is 
called  a  collimator.     Rays  diverging  from  the   slit  are 
rendered  parallel  by  the  collimator,  and  an  achromatic 
telescope   (focussed  for  parallel  rays)  is   employed   to 
examine  them  after  refraction. 

In  place  of  the  prism,  or  train  of  prisms,  we  may  of 
course  employ  a  grating  (§  243). 

326.  By  any  one  of  these  processes  we  obtain  a  pure 
spectrum  of  the  light  from  the  source  employed.  This 
consists  of  a  series  of  images  of  the  slit,  parallel  to  one 
another,  each  due  to  one  of  the  constituents  of  the  light 
and  IS  therefore  continuous  if  the  radiation  is  so.  Any 
two  of  these  images,  due  to  definite  wave-lengths  are 
separated  from  one  another  by  an  angular  interval 
depending  upon  the  dispersion  and  upon  the  magnify- 
mg  power  employed. 

_     a.  If  the  source  be  a  black  body  (§315)  the  spectrum 
IS  continuous,  for  such  a  body  radiates  (as  it  absorbs) 
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every  wave-length.  The  brightness  and  also  the  upper 
limit  of  this  spectrum  depend  upon  the  temperature  of 
the  body.  Conversely,  when  the  spectrum  is  continuous, 
the  source  is  something  which  behaves,  at  least  approxi- 
mately, like  a  black  body.  This  may  be  a  partially 
transparent  solid  or  liquid,  or  even  a  gas ;  but  in  these 
cases,  especially  the  latter,  it  must  be  either  in  very 
great  thickness  or  of  very  great  density. 

/3.  But  if  the  source  be  an  incandescent  gas  or  vapour, 
in  not  too  great  thickness  and  not  under  extreme  pres- 
sure, the  spectrum  usually  consists  of  a  series  of  isolated 
images  of  the  slit.  Even  if  the  radiation  corresponding 
to  each  of  these  images  were  absolutely  homogeneous, 
and  the  slit  of  infinitesimal  breadth,  the  corresponding 
image  must  be  of  finite  (though  small)  breadth,  because 
the  various  particles  of  a  hot  gas  are  moving  at  different 
speeds  to  or  from  the  spectator,  and  the  Doppler  principle 
(§  262)  comes  in.  Also,  during  the  collisions  of  the 
particles,  their  vibrations  are  constrained,  and  the  wave- 
length of  the  emitted  light  is  altered.  The  denser  the 
gas,  ie.  the  greater  proportion  the  time  of  collision  bears 
to  the  time  of  free  path,  the  more  this  tells ;  and  when 
the  gas  is  compressed  to  nearly  the  density  of  the  corre- 
sponding liquid,  the  separate  images  have  broadened 
out  so  as  to  meet  one  another,  and  we  have  the  case 
treated  under  (a)  above. 

y.  If  the  gas,  considered  as  a  whole,  have  rapid 
internal  currents,  the  Doppler  principle  again  comes  in, 
and  the  lines  are  broadened  (sometimes  bodily  shifted) 
towards  the  less  refrangible  side  by  the  radiation  from 
the  parts  receding  from  the  spectator,  and  vice  versd. 

8.  As  each  particle  of  a  gas  is  subjected  to  nearly 
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periodic  impacts  by  its  fellow  particles,  or  those  of  another 
gas  mixed  with  them,  we  may  expect  to  find  that 
the  relative  intensities  of  the  various  rays  which  it  can 
give  out  will  depend  on  the  temperature,  and  the  amount 
of  admixture  :  just  as  a  bell,  which  has  an  infinite  num- 
ber of  special  periods  of  vibration,  will  give  out  different 
characters  of  mixed  sounds  according  to  the  special 
period  of  a  persistent  exciting  cause  of  its  vibrations. 

The  general  principle  of  §  317  shows  that  the  same 
remarks  will  apply  if  the  bodies  be  employed  to  absorb 
light  (from  a  black  body)  instead  of  radiating  it. 

327.  The  student  may  verify  these  results  in  an 
exceedingly  simple  manner  by  the  help  of  a  single  good 
prism  held  close  to  the  eye  (as  in  Wollaston's  original 
experiment,  §  139),  with  a  glass  grating  (§  243),  or  better, 
with  a  so-called  direct-vision  spectroscope. 

When  the  source  of  light  is  a  very  thin  wire,  heated 
in  a  Bunsen  flame,  and  the  edge  of  the  jDrism  or  the  lines 
of  the  grating  are  placed  parallel  to  it,  a  slit  is  not 
necessary  :  and  a  continuous  spectrum  is  observed,  whose 
general  brightness  and  whose  extension  towards  the  violet 
both  depend  upon  the  temperature  of  the  wire  (§  310). 
The  flame  itself  (limited   by  a  narrow  slit)  gives, 
especially  in  the  greenish  cone  at  its  base,  the  pecuHar 
spectrum  of  the  hydrocarbons,  consisting  of  three  bright 
bands,  each  sharply  terminated  towards  the  red   end, 
and  gradually  becoming  fainter  towards  the  violet.     This 
spectrum  had  been  carefully  studied  by  Swan,  before 
the  publication  of  the  reasonings  of  Stewart  and  Kirch- 
hoff.     Huggins  and  others  have  found  it  to  be  character- 
istic of  the  intrinsic  light  of  several  comets. 

328.  Now  introduce  into  the  flame  a  wire  dipped  in 
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brine,  or  in  a  strong  solution  of  chloride  of  lithium, 
calcium,  barium,  magnesium,  thallium,  etc.,  and  we  have 
at  once  the  characteristic  bright  line  spectrum  of  the 
corresponding  metal.  The  chlorides  are  chosen  because 
they  are  found  to  be  the  most  volatile,  and  also  the 
most  easily  decomposed  at  the  temperature  of  the  Bunsen 
flame. 

With  a  more  powerful  spectroscope,  adjusted  to  a 
divided  circle,  the  refractive  index  for  each  of  these  rays 
can  be  accurately  ascertained. 

329.  For  the  verification  of  the  reversal  of  spectral 
lines,  the  process  of  Kirchholf  (§  319)  may  be  used. 
Here  the  source  (preferably  a  black  body,  but  a  Drum- 
mond  lime-ball  will  do)  must  usually  be  at  a  considerably 
higher  temperature  than  the  absorbing  flame — so  that  a 
common  spirit-lamp  flame  should  be  em_ployed. 

330.  For  the  less  volatile  metals,  such  as  iron,  titanium, 
nickel,  etc.,  the  electric  arc,  or  the  spark  from  a  powerful 
induction  coil,  is  required.  With  the  former  source  of 
heat,  a  small  fragment  of  the  metal  is  placed  on  the 
lower  carbon  electrode ;  with  the  latter,  the  electrodes 
themselves  are  usually  wires  of  the  metal  to  be 
studied. 

331.  The  most  striking  exhibition  of  reversal  is  that 
given,  in  imitation  of  Foucault's  original  experiment 
(§  314),  by  passing  the  continuous  radiation  from  one 
of  the  incandescent  carbon  terminals  of  the  electric  arc 
through  a  train  of  prisms  and  a  lens,  so  as  to  give  a 
continuous  spectrum  on  a  screen  (§  163),  and  then  inter- 
posing (between  the  source  and  the  prisms)  a  Bunsen 
flame  in  which  a  piece  of  metallic  sodium  is  heated  to 
incandescence.     [An  opaque  body  should  be  placed  so 
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as  to  prevent  the  direct  light  of  the  burning  sodium  from 
falling  on  the  screen.] 

Another  curious  form  of  this  experiment  is  to  place 
a  small  spirit-lamp  flame,  with  a  wire  dipped  in  brine 
inserted  near  its  base,  in  front  of  a  large  and  powerful 
Bunsen  flame  containing  a  pellet  of  metallic  sodium.  This 
acts  as  a  background;  and  upon  it,  as  Bunsen  showed 
the  colder  flame  appears  dark,  like  a  piece  of  crape. 

332.  The  first  practical  application  of  this  theory  was 
to  the  classification  of  the  spectra  given  by  diff-erent 
elementary  bodies  when  incandescent;  and  the  almost 
immediate  result  was  the  detection  of  two  new  metals 
(csesmm  and  rubidium)  in  the  concentrated  brine  pro- 
cured by  evaporating  large  quantities  of  a  mineral  water 
from  Diirckheim.  Their  presence  was  proved  by  the 
existence  of  bright  lines,  not  traceable  to  any  known 
element.  Bunsen  was  thus  led  to  isolate  these  metals 
by  appropriate  chemical  processes. 

Kirchhoff,  on  the  other  hand,  undertook  the  laborious 
task  of  studying  the  dark  lines  of  the  solar  spectrum 
and  comparing  their  refrangibility  with  that  of  the  bright 
lines  of  the  spectra  of  incandescent  terrestrial  substances. 
He  thus  arrived  at  the  conclusion  that  a  very  lar-e 
number  of  the  Fraunhofer  lines  are  due  to  metallic  irot, 
in  a  vaporous  form,  in  the  sun's  atmosphere.  This  parti- 
cular inquiry  has  since  been  developed  by  numerous  in- 
vestigators, among  whom  may  be  particularly  mentioned 
Angstrom  and  Thal^n,  Cornu,  and  Piazzi  Smyth. 

The  diagram,  fig.  53,  which  is  taken  from  Angstrom's 
great  work  {Spectre  normal  du  Soleil)  shows  a  small  por- 
tion of  the  solar  spectrum  (in  the  green  region),  includ- 
ing the  three  magnesium  lines  called  b  by  Fraunhofer. 
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The  numbers  above  it  are  the  wave-lengths  in  millionths 
of  a  millimetre  (§  249),  and  the  companion  figures  below 
show  the  positions  of  the  bright  lines  of  metallic  iron 
(in  a  spectrum  by  themselves),  and  of  other  terrestrial 
elements,  corresponding  to  the  same  range  of  wave- 
lengths. The  coincidences  are  obvious  from  the  figure, 
and  so  are  the  corresponding  conclusions  as  to  the  con- 
stitution of  the  sun's  atmosphere. 

333.   So  far,  we  have  spoken  of  sunlight  as  a  whole. 
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But  when,  by  means  of  a  lens  or  mirror  of'  long  focus, 
we  produce  an  image  of  the  sun,  of  an  inch  or  two  in 
diameter,  we  can  place  the  slit  of  the  spectroscope  at  any 
desired  point  of  the  image,  and  thus  study  the  special 
radiation  from  the  corresponding  region  of  the  sun. 
When  this  is  done,  as  it  has  been  by  Janssen,  Lockyer, 
and  many  others,  the  comparative  simplicity  and  uni- 
formity observed  in  the  spectrum  of  the  total  sunlight 
are  found  to  give  place  to  an  ever-changing  variety  of 
appearances,  some  of  a  very  puzzling  character.     This 
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is  especially  the  case  in,  and  in  the  neighbourhood  of, 
spots  and  faculce.     Sometimes  the  hydrogen  lines,  such  as 
F,  are  seen  bright,  on  a  comparatively  dark  ground; 
sometimes  they  are  crooked,  indicating  (§  326,  y)  great 
local  differential  motion  towards  or  from  the  spectators. 
Again  one  or  more  of  the  lines  due  to  one  element 
are  found  bright,  while  others  are  dark ;   or  crooked, 
while   the   others   are   straight,   etc.      We    cannot    ex- 
amine such  cases  in  detail,  but  the  statement  (5)  of 
§  326  gives  an  idea  of  the  difficulty  of  the  question; 
which  is  still  further  complicated  by  the  fact  that  what 
we   observe  at  any  point   of  the   sun's   surface  is  the 
"  integral,"  as  it  were,  of  all  the  radiation  and  absorption 
which  take  place  throughout  a  column  of  violently  heated 
and  rapidly  moving  gases  somewhere  about  1 00,000  miles 
in  height,  with  the  luminous  body  of  the  sun  behind 
them.      The  distribution   of  temperature  and  velocity 
throughout  this  column  may  be    of  the  most  varied 
character. 

334.  A  partial  clue  to  the  solution  of  this  problem  is 
afforded  by  the  study  of  the  spectrum  of  the  solar  atmo- 
sphere outside  the  apparent  edge  of  the  disk.     Observa- 
tions of  total  eclipses  of  the  sun  had,  long  ago,  sho^vn 
that  certain  "red  protuberances,"  as  they  were  called, 
were  seen  round  the  dark  body  of  the  moon.     That  these 
belonged  to  the  sun  was  conclusively  proved  by  observa- 
tions and  photographs  taken  during  the  great  eclipse  of 
1860.     To  Lockyer  and  Janssen,  independently,  we  owe 
the  discovery  that  it  is  possible  to  examine  these  pro- 
tuberances even  when  there  is  no  eclipse.     Their  light  is 
found  to  be  due  mainly  to  incandescent  hydrogen,  i.e.  it 
consists  of  a  few  definite  wave-lengths  only.      These 
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retain  their  brightness,  however  great  be  the  disiDersion  of 
the  train  of  prisms  employed,  while  the  rest  of  the  light 
(mainly  the  glare  from  the  earth's  atmosphere),  giving  a 
nearly  continuous  spectrum,  is  weakened  in  proportion 
as  the  dispersion  is  greater.  [The  principle  involved  is 
exactly  the  same  as  that  which  leads  to  telescopic  obser- 
vations of  stars  by  daylight,  §51.]  The  slit  of  the  spectro- 
scope may  now  be  widened,  and  thus  we  have  a  set  of 
pictures  of  the  protuberance,  each  formed  by  one  of  the 
homogeneous  rays  which  alone  it  emits.  But  the  pic- 
tures thus  given  may  not,  by  any  means,  accurately  re- 
present the /(9?'m  of  the  object.  For  we  are  looking  at  a 
rei^resentation  which  may  be  very  materially  altered  (by 
the  Doppler  principle)  in  consequence  of  the  extraordin- 
ary speed  with  which,  in  many  cases,  these  solar  storms 
have  been  shown  to  move. 

335.  The  particularly  well-marked  lines  A  and  B  (see 
§  249)  were  assigned  by  Angstrom  to  the  earth's 
atmosphere.  Piazzi  Smyth  greatly  strengthened  the 
proof  by  careful  observations  made  on  the  solar  spectrum, 
at  sunrise  and  at  mid-day,  in  the  clear  atmosphere  of 
Lisbon ;  and  quite  recently  Egoroff  has  directly  proved, 
by  using  long  tubes  filled  with  compressed  oxygen,  that 
they  are  due  to  that  gas.  Special  lines,  and  cloudy 
bands,  have  been  found  (some,  long  ago,  by  Brewster) 
to  be  dependent  on  the  amount  of  aqueous  vapour  in  the 
air.  One  of  these,  which  is  close  to,  but  on  the  less 
refrangible  side  of,  the  D  line,  has  been  characterised  by 
Smyth  as  the  Rain-hand,  and  is  found  to  be  of  high  im- 
port in  the  matter  of  weather  forecasts. 

336.  We  cannot  further  dilate  on  these  matters, 
which  have  already  had  whole  volumes  devoted  to  them. 
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We  may  merely  mention  that,  when  the  methods  above 
spoken  of  are  applied  to  stellar  light,  the  results 
obtained  are  necessarily  of  the  class  described  in  §  332, 
where  we  spoke  of  sunlight  as  a  whole.  But  the  con- 
stituents indicated  by  the  absorption  lines  vary  very 
much  from  star  to  star.  In  this  way  four  very  definite 
classes  of  stellar  spectra  have  been  recognised,  the  physical 
import  of  which  has  not  yet  been  fully  traced.  It  is,  at 
least,  a  plausible  idea  that  we  can  thus  gather  informa- 
tion as  to  the  relative  ages  of  various  stars  ;  those  which 
are  merely  nascent,  as  well  as  those  which  are  nearly 
extinct,  giving  on  the  whole  faint  continuous  spectra 
crossed  by  a  few  bright  lines ;  while  those  which  are  a 
their  hottest  show  a  few  lines  only,  and  these  usually 
broad  as  well  as  dark  ones.  Such  is  the  case  with  Sirius, 
Vega,  etc.,  which  are  blue  stars.  Our  own  sun  belongs 
to  the  class  of  yellow  stars,  probably  somewhat  past 
maturity,  and  the  spectra  of  this  class  are  crossed  by  a 
multitude  of  fine  lines.  Others,  still  more  aged,  show 
fluted  bands  instead  of  sharp  lines  as  the  characteristic 
of  their  spectra.  The  occasional  outburst  of  a  star,  in 
which  its  brightness  suddenly  increases  to  a  notable 
amount,  has  occurred  in  one  well-marked  instance  since 
the  new  methods  came  into  general  use.  This  was  found 
to  be  due  to  a  mass  of  incandescent  hydrogen,  probably 
analogous  to  the  red  protuberances  so  constantly  observed 
in  our  own  sun. 


APPENDIX 


I. — HA3IILT0N   ON   THEORIES   OF   LIGHT  (§  189) 

"Those  who  have  meditated  on  the  beauty  and 
utility,  in  theoretical  mechanics,  of  the  general  method 
of  Lagrange — who  have  felt  the  power  and  dignity  of  that 
central  dynamical  theorem  which  he  deduced,  in  the 
M^canique  Analytique  .  .  .  — must  feel  that  mathematical 
optics  can  only  then  attain  a  co-ordinate  rank  with 
mathematical  mechanics  .  .  .  ,  when  it  shall  possess  an 
appropriate  method,  and  become  the  unfolding  of  a 
central  idea.  ...  It  appears  that  if  a  general  method 
in  deductive  optics  can  be  attained  at  all,  it  must  flow 
from  some  law  or  principle,  itself  of  the  highest  general- 
ity, and  among  the  highest  results  of  induction.  .  ,  , 
[This]  must  be  the  principle,  or  law,  called  usually  the 
Law  of  Least  Action  ;  suggested  by  questionable  views, 
but  established  on  the  "vWdest  induction,  and  embracing 
every  known  combination  of  media,  and  every  straight, 
or  bent,  or  curved  line,  ordinary  or  extraordinary,  along 
which  light  (whatever  light  may  be)  extends  its  influence 
successively  in  space  and  time :  namely,  that  this  linear 
path  of  light,  from  one  point  to  another,  is  always  found 
to  be  such,  that  if  it  be  compared  with  the  other  infin- 
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itely  various  lines  by  Avhich  in  thought  and  in  geometry 
the  same  two  points  might  be  connected,  a  certain 
integral  or  sum,  called  often  Action,  and  depending  by 
fixed  rules  on  the  length,  and  shape,  and  position  of  the 
path,  and  on  the  media  which  are  traversed  by  it,  is  less 
than  all  the  similar  integrals  for  the  other  neighbouring 
lines,  or,  at  least,  possesses,  with  respect  to  them,  a 
certain  stationary  property.  From  this  Law,  then,  which 
may,  perhaps,  be  named  the  Law  of  Stationary 
Action,  it  seems  that  we  may  most  fitly  and  with  best 
hope  set  out,  in  the  synthetic  or  deductive  process,  and 
in  the  search  of  a  mathematical  method. 

"Accordingly,  from  this  known  law  of  least  or 
stationary  action,  I  deduced  (long  since)  another  con- 
nected and  coextensive  principle,  which  may  be  called, 
by  analogy,  the  Law  of  Varying  Action,  and  which 
seems  to  off"er  naturally  a  method  such  as  we  are  seek- 
ing :  the  one  law  being  as  it  were  the  last  step  in  the 
ascending  scale  of  induction,  respecting  linear  paths  of 
light,  while  the  other  law  may  usefully  be  made  the 
first  in  the  descending  and  deductive  way. 

"  The  former  of  these  two  laws  was  discovered  in  the 
following  manner.  The  elementary  principle  of  straight 
rays  showed  that  light,  under  the  most  simple  and  usual 
circumstances,  employs  the  direct,  and,  therefore,  the 
shortest  course  to  pass  from  one  point  to  another. 
Again,  it  was  a  very  'early  discovery  (attributed  by 
Laplace  to  Ptolemy)  that  in  the  case  of  a  plane  mirror, 
the  bent  line  formed  by  the  incident  and  reflected  rays 
is  shorter  than  any  other  bent  line,  having  the  same 
extremities,  and  having  its  point  of  bending  on  the 
mirror.       These   facts    were    thought   by  some   to    be 
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instances  and  results  of  the  simplicity  and  economy  of 
nature ;  and  Fermat,  whose  researches  on  maxima  and 
minima  are  claimed  by  the  continental  mathematicians 
as  the  germ  of  the  differential  calculus,  sought  anxiously 
to  trace  some  similar  economy  in  the  more  complex  case 
of  refraction.     He  belifeved  that  by  a  metaphysical  or 
cosmological  necessity,  arising  from  the  simplicity  of  the 
universe,  light  always  takes  the  course  which  it  can 
traverse  in  the  shortest  time.     To  reconcile  this  meta- 
physical opinion  with  the  law  of  refraction,  discovered 
experimentally  by  Snellius,  Fermat  was  led  to  suppose 
that  the  two   lengths,  or  indices,  which    Snellius  had 
measured  on  the  incident  ray  prolonged  and  on  the 
refracted  ray,  and  had  observed  to  have  one  common 
projection  on  a  refracting  plane,  are  inversely  propor- 
tional to  the  two  successive  velocities  of  the  light  before 
and  after  refraction,  and  therefore  that  the  velocity  of 
light  is  diminished  on  entering  those  denser  media  in 
which  it  is  observed  to  approach  the  perpendicular :  for 
Fermat  believed  that  the  time  of  propagation  of  light 
along  a  line  bent  by  refraction  was  represented  by  the 
sum  of  the  two  products,  of  the  incident  portion  multi- 
plied by  the   index  of  the  first  medium,   and  of  the 
refracted  portion  multiplied  by  the  index  of  the  second 
medium;  because  he  found,  by  his  mathematical  method, 
that  this  sum  was  less,  in  the  case  of  a  plane  refractor, 
than  if  light  went  by  any  other  than  its  actual  path  from 
one  given  point  to  another;  and  because  he  perceived 
that  the  supposition  of  a  velocity  inversely  as  the  index, 
reconciled  his  mathematical  discovery  of  the  minimum 
of  the  foregoing  sum   with   his   cosmological  principle 
of  least  time,     Descartes  attacked  Fermat's  opinions  re- 
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specting  light,  but  Leibnitz  zealously  defended  them ; 
and  Huygens  was  led,  by  reasonings  of  a  very  different 
kind,  to  adopt  Fermat's  conclusions  of  a  velocity  inversely 
as  the  index,  and  of  a  minimum  time  of  propagation  of 
light,  in  passing  from  one  given  point  to  another  through 
an  ordinary  refracting  plane.  Newton,  however,  by  his 
theory  of  emission  and  attraction,  was  led  to  conclude 
that  the  velocity  of  light  was  directly,  not  inversehj,  as 
the  index,  and  that  it  was  increased  instead  of  being 
diminished  on  entering  a  denser  medium;  a  result  incom- 
patible with  the  theorem  of  shortest  time  in  refraction. 
This  theorem  of  shortest  time  was  accordingly  abandoned 
by  many,  and  among  the  rest  by  Maupertuis,  who,  how- 
ever, proposed  in  its  stead,  as  a  new  cosmological  principle, 
that  celebrated  law  of  least  action  which  has  since  acquired 
so  high  a  rank  in  mathematical  physics,  by  the  improve- 
ments of  Euler  and  Lagrange. 

"Maupertuis  gave  the  name  of  action  to  the  product 
of  space  and  velocity,  or  rather  to  the  sum  of  all  such 
products  for  the  various  elements  of  any  motion ;  con- 
ceiving that  the  more  space  has  been  traversed  and  the 
less  time  it  has  been  traversed  in,  the  more  action  may 
be  considered  to  have  been  expended  :  and  by  combining 
this  idea  of  action  with  Newton's  estimate  of  the  velocity 
of  light  as  increased  by  a  denser  medium,  and  as  propor- 
tional to  the  refracting  index,  and  with  Fermat's  mathe- 
matical theorem  of  the  minimum  sum  of  the  products  of 
paths  and  indices  in  ordinary  refraction  at  a  plane,  he 
concluded  that  the  course  chosen  by  light  corresponded 
always  to  the  least  possible  action,  though  not  always  to 
the  least  possible  time.  He  proposed  this  view  as  recon- 
ciling physical  and  metaphysical  principles,  which  the 
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results  of  Newton  had  seemed  to  put  in  opposition  to 
each  other ;  and  he  soon  proceeded  to  extend  his  law  of 
least  action  to  the  phenomena  of  the  shock  of  bodies. 
Euler,  attached  to  Maupertuis,  and  pleased  with  these 
novel  results,  employed  his  own  great  mathematical 
powers  to  prove  that  the  law  of  least  action  extends  to 
all  the  curves  described  by  points  under  the  influence  of 
central  forces  ;  or,  to  speak  more  precisely,  that  if  any 
such  curve  be  compared  with  any  other  curve  between 
the  same  exti-emities,  which  differs  from  it  indefinitely 
little  in  shape  and  in  position,  and  may  be  imagined  to 
be  described  by  a  neighbouring  point  with  the  same  law 
of  velocity,  and  if  we  give  the  name  of  action  to  the 
integral  of  the  product  of  the  velocity  and  element  of  a 
curve,  the  difference  of  the  two  neighbouring  values  of 
this  action  will  be  indefinitely  less  than  the  greatest 
linear  distance  (itself  indefinitely  small)  between  the  two 
near  curves ;  a  theorem  which  I  think  may  be  advan- 
tageously expressed  by  saying  that  the  action  is  stationary. 
Lagrange  extended  this  theorem  of  Euler  to  the  motion  of 
a  system  of  points  or  bodies  which  act  in  any  manner  on 
each  other ;  the  action  being  in  this  case  the  sum  of  the 
masses  by  the  foregoing  integrals. 

"  Laplace  has  also  extended  the  use  of  the  principle 
in  optics,  by  applying  it  to  the  refraction  of  crystals  ;  and 
has  pointed  out  an  analogous  principle  in  mechanics,  for 
all  imaginable  connections  between  force  and  velocity. 
But  although  the  law  of  least  action  has  thus  attained  a 
rank  among  the  highest  theorems  of  physics,  yet  its 
pretensions  to  a  cosmological  necessity,  on  the  ground 
of  economy  in  the  universe,  are  now  generally  rejected. 
And  the  rejection  appears  just,  for  this,  among  other 
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reasons,  that  the  quantity  pretended  to  be  economised 
is    in    fact    often    lavishly  expended.       In    optics,   for 
example,  though  the  sum  of  the  incident  and  reflected 
portions  of  the  path  of  light,  in  a  single  ordinary  reflec- 
tion at  a  plane,  is  always  the  shortest  of  any,  yet  in 
reflection  at  a  curved  mirror  this  economy  is  often  vio- 
lated.    If  an  eye  be  placed  in  the  interior,  but  not  at 
the   centre,  of  a  reflecting  hollow  sphere,  it  may  see 
itself  reflected  in  two   opposite    points,  of  which  one 
indeed  is  the  nearest  to  it,  but  the  other  on  the  contrary 
is  the  farthest ;   so  that  of  the  two  different  paths  of 
light,  corresponding  to  these  two  opposite  points,  the  one 
indeed  is  the  shortest,  but  the  other  is  the  longest  of 
any.      In   mathematical   language,  the    integral  called 
action,  instead  of  being  always  a  minimum,  is  often  a 
maximum  ;  and  often  it  is  neither  the  one  nor  the  other  : 
though  it  has  always  a  certain  stationary  property,  of  a 
kind  which  has  been  already  alluded  to,  and  which  will 
soon  be  more  fully  explained.     We  cannot,  therefore, 
suppose  the  economy  of  this  quantity  to  have  been  de- 
signed in  the  divine  idea  of  the  universe  :  though  a  sim- 
plicity of  some  high  kind  may  be  believed  to  be  included 
in  the  idea.     And  though  we  may  retain  the  name  of 
action  to  denote  the  stationary  integral  to  which  it  has 
become  appropriated — which  we  may  do  without  adopt- 
ing either  the  metaphysical  or  (in  optics)  the  physical 
opinions  that  first  suggested  the  name — yet  we  ought 
not  (I  think)  to  retain  the  epithet  least,  but  rather  to 
adopt  the  alteration  proposed  above,  and  to  speak  in 
mechanics  and  in  optics  of  the  Law  of  Stationary  Action.'" 
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II. — HUYGENS   ON   RAYS    (§    216) 

"Pour  venir  aux  proprietez  de  la  lumiere;  re- 
marquons  preraierement  que  chaque  partie  d'onde  doit 
s'6tendre  en  sorte,  que  les  extremitez  soient  tousjours 
comprises  entre  les  mesmes  lignes  droites  tirees  du  point 
lumineux.  Ainsi  la  partie  d'onde  BG-,  ayant  le  point 
lumineux  A  pom-  centre,  s'^tendra  en  Fare  CE,  termin6 


par  les  droites  ABC,  AGE.  Car  bien  que  les  ondes 
particulieres,  produites  par  les  particules  que  comprend 
I'espace  CAE,  se  repandent  aussi  hors  de  cet  espace, 
toutesfois  elles  ne  concourent  point  en  mesme  instant,  k 
composer  ensemble  une  onde  qui  termine  le  mouvement, 
que  precisement  dans  la  circonference  CE,  qui  est  leur 
tangente  commune. 

"  Et  d'icy  Ton  voit  la  raison  pourquoy  la  lumiere,  k 
moins  que  ses  rayons  ne  soient  reflechis  ou  rompus,  ne 
se  repand  que  par  des  lignes  droites,  en  sorte  qu'elle 
n'^claire  aucun  objet  que  quand  le  chemin  depuis  sa 
source  jusqu'^  cet  objet  est  ouvert  suivant  de  telles  lignes. 
Car  si,  par  exemple,  il  y  avoit  une  ouverture  BG,  born6e 
par  des  corps  opaques  BH,  GI ;  I'onde  de  lumiere  qui 
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sort  du  point  A  sera  tousjours  termin^e  par  les  droites 
AC,  AE,  comme  il  vient  d'estre  demonstr6 :  les  parties 
des  ondes  particulieres,  qui  s'i^tendent  hors  de  I'espace 
ACE,  estant  trop  foibles  pour  y  produire  de  la 
lumiere. 

"  Or  quelque  petite  que  nous  fassions  I'ouverture  BG, 
la  raison  est  tousjours  la  mesme  pour  y  faire  passer  la 
lumiere  entre  des  lignes  droites ;  parce  que  cette  ouver- 
ture  est  tousjours  assez  grande  pour  contenir  un  grand 
nombre  de  particules  de  la  matiere  etlier6e,  qui  sont 
d'une  petitesse  inconcevable ;  de  sorte  qu'il  paroit  que 
chaque  petite  partie  d'onde  s'avance  necessairement 
suivant  la  ligne  droite  qui  vient  du  point  luisant.  Et 
c'est  ainsi  que  Ton  peut  prendre  des  rayons  de  lumiere 
comme  si  c'estoient  des  lignes  droites. 

"  II  paroit  au  reste,  par  cequi  a  est6  remarqu6touchant 
la  foiblesse  des  ondes  particulieres,  qu'il  n'est  pas  neces- 
saire  que  toutes  les  particules  de  I'Ether  soient  6gales  entre 
elles,  quoique  r6galit6  soit  plus  propre  a  la  propagation 
du  mouvement.  Car  il  est  vray  que  I'in^galit^  fera 
qu'une  particule,  en  poussant  une  autre  plus  grande, 
fasse  effort  pour  reculer  avec  une  partie  de  son  mouve- 
ment, mais  il  ne  s'engendrera  de  cela  que  quelques  ondes 
particulieres  en  arriere  vers  le  point  lumineux,  incapables 
de  faire  de  la  lumiere :  &  non  pas  d'onde  compos6e  de 
plusieurs,  comme  estoit  CE. 

"  Une  autre,  et  des  plus  merveilleuses  proprietez  de  la 
lumiere  est  que,  quand  il  en  vient  de  divers  costez,  ou 
mesme  d'opposez,  elles  font  leur  effet  I'une  a  travers 
I'autre  sans  aucun  emp6chement.  D'ou  vient  aussi  que 
par  une  mesme  ouverture  plusieurs  spectateurs  peuvent 
voir  tout  a  la  fois  des  objets  differens,  &  que  deux  per- 
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sonnes  se  voyent  en  mesme  instant  les  yeux  I'un  de 
I'autre.  Or  suivant  ce  qui  a  est6  expliqu6  de  Taction 
de  la  lumiere,  &  comment  ses  ondes  ne  se  d^truisent 
point,  ny  ne  s'interrompent  les  uues  les  autres  quand 
elles  se  croisent,  ces  efFets  que  je  viens  de  dire  sont  aisez 
a  concevoir.  Qui  ne  le  sont  nullement  k  mon  avis  selon 
I'opinion  de  Des- Cartes,  qui  fait  consister  la  lumiere 
dans  une  pression  continuelle,  qui  ne  fait  que  tendre  au 
mouvement.  Car  cette  pression  ne  pouvant  agir  tout  k 
la  fois  des  deux  costez  opposez,  contre  des  corps  qui 
n'ont  aucune  inclination  a  s'approcher ;  il  est  impossible 
de  comprendre  ce  que  je  viens  de  dire  de  deux  personnes 
qui  se  voyent  les  yeux  mutuellement,  ni  comment  deux 
flambeaux  se  puissent  eclairer  I'un  I'autre." 


III. — LAPLACE    ON    THE   UNDULATORY    THEORY    (§    227) 

"  J'ai  re9U  la  lettre  que  vous  m'avez  fait  I'honneur  de 
m'^crire,  et  dans  laquelle  vous  cherchez  a  ^tablir  que, 
suivant  le  syst^me  des  ondulations  de  la  lumiere,  les 
sinus  d'incidence  et  de  refraction  sont  en  rapport  constant, 
lorsqu'elle  passe  d'un  milieu  dans  un  autre.  Quelque 
ingenieux  que  soit  ce  raisonnement,  je  ne  puis  le  regarder 
que  comme  un  aper^u,  et  non  comme  une  demonstration 
g^ometrique.  Je  persiste  a  croire  que  le  probleme  de  la 
propagation  des  ondes,  lorsqu'elles  traversent  difF^rens 
milieux,  n'a  jamais  6t6  r^solu,  et  qu'il  surpasse  peut-etre 
les  forces  actuelles  de  1' analyse.  Descartes  expliquoit  ce 
rapport  constant,  au  moyen  de  deux  suppositions  ;  I'une, 
que  la  vitesse  des  rayons  lumineux  parallelement  a  la 
surface  du  milieu  refringent  ne  changeoit  point  par  la 
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refraction ;  I'autre,  que  sa  vitesse  enti^re  dans  ce  milieu 
6toit  la  meme,  sous  toutes  les  incidences ;  mais  comme  il 
ne  rattachoit  aucune  de  ces  suppositions  aux  lois  de  la 
m^canique,  son  explication  a  6t6  vivement  combattue  et 
rejettee  par  le  plus  grand  nombre  des  physiciens  jusqu'a 
ceque  Newton  ait  fait  voir  que  ces  suppositions  r^sultoient 
de  Faction  du  milieu  refringent  sur  la  lumifere ;  alors  on  a 
eu  une  explication  math^matique  du  ph6nom6ne  dans  le 
systeme  de  remission  de  la  lumi^re :  syst^me  qui  donne 
encore  I'explication  la  plus  simple  du  ph^nomene  de  I'aberra- 
tion,que  n'explique  point  le  systfeme  des  ondes  lumineuses. 
Ainsi  les  suppositions  de  Descartes,  comme  plusieurs 
aper9us  de  Kepler  sur  le  systeme  du  monde,  ont  6te 
v^rifi^es  par  I'analyse :  mais  le  m^rite  de  la  decouverte 
d'une  verit6  appartient  tout  entier  k  celui  qui  la  demontre. 
Je  conviens  que  de  nouveaux  ph6nom6nes  de  la  lumi^re 
sont  jusqu'a  prc^sent  tres  difficiles  a  expliquer ;  mais  en 
les  etudiant  avec  un  grand  soin,  pour  d^couvrir  les  lois 
dont  ils  dependent,  on  parviendra  peut-^tre  un  jour  a 
reconnaitre  dans  les  molecules  lumineuses  des  propri6t6s 
nouvelles  qui  donneront  une  explication  math^matique 
de  ces  ph^nom^nes.  Remonter  des  ph(^nomenes  aux  lois 
et  des  lois  aux  forces,  est,  comme  vous  le  savez,  la  vraie 
marche  des  sciences  naturelles." 
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Aberration,  66. 

spherical,  108. 
Absorption,  76,  193-203,  313. 

by  Earth's  atmosphere,  335. 
Absorptive    j)ower    equals    emis- 

sivity,  317. 
Achromatism,  136-138. 
Action,  least  and  varying,  189. 
Analogies  between  light  and  radiant 

heat,  311. 
Analysis,  spectrum,  324-336. 

discovery  of  new  elements,  332. 
composition   of  solar  atmos- 
phere, 332-334. 
Angle,  critical,  117. 

of  incidence  and  of  reflection, 

83. 
polarising,  277. 
Astigmatism,  16. 

Batscha,  tides  of,  232. 
Black  bodies,  29,  315. 
Brightness,  50-53,  55. 
Brushes,  Haidinger's,  297. 

Camera,  lucida,  117. 

obscura,  46. 
Caustic,  103-104. 

by  refi'action,  119,  165. 
Centres,  focal,  158. 
Collimator,  133,  325. 
Colour,  9,  19,  195,  202,  214  (/). 


Coloiir  blindness,  16,  20. 

box,  21. 

sensations,  20-21. 

top,  21. 

of  pearl,  of  butterflies'  wings, 
259. 

of  striated  surfaces,  259. 

of  thin  plates,  252-258. 

scale  of,  258. 
Confusion,  circle  of  least,  107. 
Convergence,  148. 
Coronas,  180. 

Corpuscular  theory,  31-32. 
Crystal,  biaxal,  298. 

plate  of,   effect  on  polarised 
light,  291. 

Deviation,  minimum,  134. 
Diffraction,  180. 
Dispersion,  130. 

cause  of,  72,  113,  260. 

abnormal,  204-206. 

false,  polarisation  by,  280. 
Distance,  judgment  of,  18. 
Divergence,  14. 
Doppler's  principle,  262. 

Eclipse  of  Moon,  44. 

of  Jupiter's  Satellites,  65. 

of  Sun,  44. 
Emissivity,    equal    to    absorptive 
power,  317. 
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Exchanges,  theory  of,  312-317. 

extension  of,  316, 
Eye  offish,  187-188. 

Fluorescence,  26,  76,  207-209. 
Focal,  distance  of  lens,  145-147. 

centres,  158. 

lines,  105-106. 

planes,  158. 
Foci,  conjugate,  96. 
Focus,  principal,  100. 
Fuchsine,  205-206,  295. 
Function,  characteristic,  189. 

Ghost,  90. 
Glories,  175. 
Grating,  243-246. 

Halo,  176-179. 

Harmonic  motions,  composition  of, 

290. 
Hauptpunkte,  158. 
Heat,  radiant,  3,  309-317. 
Hodograph,  66. 

Illumination,  49. 
Illusions,  87. 
Images,  87. 

virtual  and  real,  88. 

vistas  of,  91. 

magnification  of,  102. 

perfect,  162. 

by  lens,  148. 
Index,  refractive,  114,  136. 

relation  to  wave-length,  260- 
261. 
Interference,  214  (c),  229-259, 
Isotropic,  58. 

EIaleidoscope,  92. 

Lens,  144. 

Light,  mechanical  definition  of,  1. 
flow  of,  56. 
speed  of,  64. 
direct  measurements  of  speed, 

68-69. 
speed  equal  to  the  ratio   of 
electro-magnetic  and   elec- 
tro-static units,  308. 


Light,  speed  in  water,  70. 

speed  as  afi'ected  by  speed  of 

-   medium,  242. 

common,  nature  of,  281,  283. 

corpitscular  theory  of,  31-32. 

undulatory  theory  of,  31,  33, 
213, 

electro  -  magnetic    theory   of, 
282. 
Limits  of  vision,  16, 

Medusa,  27. 
Microscope,  simi^le,  148. 

compound,  150. 

magnifying  povrer,  151,  160. 

limit  of,  16. 

achromatic,  154, 
Mirage,  185-186. 
MiiTor,  concave,  94-102. 

cylindric,  109-111, 

parabolic,  108. 

plane,  89, 
Motions,  composition  of  harmonic, 
290, 

Normal,  83. 

Observatory,  mountain,  59. 
Optics,  geometrical,  2,  36. 

physical,  36. 

physiological,  1,  12-23, 

Paints,  luminous,  26. 
Parallax,  18. 
Paraselene,  176. 
Parhelia,  176. 
Path,  shortest,  85-86. 
Pencil  of  rays,  38. 
Pendulum,  Blackburn 's,'290. 
Penumbra,  41-42. 
Phantoms,  48. 

Phosphorescence,  26,  76,  212. 
Phosphoroscope,  210. 
Photometry,  60-63. 
Planes,  principal,  158. 

conjugate  focal,  158. 
Polarisation,  263-307. 

by  refraction,  285. 

by  reflection,  271,  276-277. 
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Polarisation,  discovery  of,  269. 

of  light  of  sky,  281. 

elliptic    and    circular,    291- 
292. 

Fresnel's  rhomb,  294. 
Polariscope,  279. 
Polariser,  286. 

tourmaline,  etc.,  287. 
Polarising  angle,  277. 
Potential,  56-57. 
Prism,  129-141. 

Nicol's,  286. 

Radiation,  24,  309-331. 

invisible,  310. 

oblique,  55. 
Rainband,  328. 

Rainbows,  primary  and  secondary, 
165-175. 

intersecting,  173. 

spurious,  174. 

lunar,  175. 

■white,  175. 
Rays,  38,  58,  217. 

curved,  59,  181. 
Reflection,  6,  74,  83. 

Law  of,  83. 

corpuscular  explanation  of,  93. 

undulatory    explanation     of, 
220-222. 

total,  117. 

metallic,  295. 
Refraction,  7,  74. 

Law  of,  112. 

corpuscular    explanation    of, 
128. 

undulatory    explanation    of, 
223-224. 

at  water  surface,  116-120. 

at  concave  sxirface,  142. 

by  thin  lens,  144. 

at    cylindrical    surface,  164- 
165. 

terrestrial,  183-184. 

double,  263-307. 

in  bodies  imder  stress,  300. 

conical,  299. 

in  diamagnetics  and  paramag- 
netics,  306-307. 


Refraction  in  liquids  under  shear- 
ing stress,  305. 

in  quartz,  301-304. 
Refractive  index,  114. 
Retina,  1,  17,  31,  47. 
Reversal  of  rays,  81. 

of  spectral  lines,  329-331. 
Rings,  Newton's,  257. 

in  doubly-refracting  crystals, 
296. 

Scattering,  75,  78,  191-194. 
Sextant,  84. 
Shadows,  39-40. 

bright  point  in  centre  of,  251. 
Sight,  4. 

ideas  of  the  ancients,  5. 

amount  of  sensation  of,  22. 

duration  of  sensation  of,  22-23. 
Sound,  mechanical  definition  of,  1. 

speed  of,  34. 

inaudible,  310. 
Spectacles,  4. 
Spectral  lines,  139. 

origin  of,  314. 

conditions  for  bright  or  dark, 
321. 
Spectre  of  the  Brocken,  175. 
Spectrum,  130. 

pure,  141,  163. 

by  grating,  248-249. 

analysis,  324-336. 

analysis,    discovery    of    new 
elements,  332. 

analysis  of  solar  atmosphere, 
332-334. 

of  black  body,  326  a. 

of  gaseous  currents,  326  7. 

of  gaseous  mixtures,  326  0. 

of  hydrocarbons,  327. 

of  incandescent  gas,  326  /3. 

of  metallic  chlorides,  328. 
Stars,  variable,  72. 
Stellar    spectra,    red,    blue,    and 

yellow  stars,  336. 
Stereoscope,  18. 

Telescope,  149. 

achromatic,  152. 
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Telescope,  magnifying  power,  160. 
Theory,  test  of,  225,  241. 

author  of  uudulatory,  226. 

triumph  of  uudulatory,  227. 
Thermodynamics,  Second  Law  of, 
322. 

Umbra,  41-42. 

Uudulatory  theory,  31,  33,  213. 
Universe   of  stars,  finite  or  not  ? 
54. 

Vibration,  direction  of,  272-275. 
Vibration,  direction  of,  in  polarised 

light,  281. 
Vision,  10-12. 


Vision,  distinct,  13-1-1. 
limits  of,  16. 

Wave-front,   82,  214   (c),   216- 
217. 
-length,  235,  239,  247,  249. 
-length,  loss  of  half,  256. 
-motion,     characteristics     of, 

214. 
-period,  235,  239. 
-surface  in  Iceland  spar,  266- 

267. 
in  biaxal  crystals,  298. 
Waves  in  water,  in  air,  230. 
on  stretched  string,  274. 
Wind,  speed  of,  34. 
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